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1 Overview

Physics Mathematics
Feynman integral$ multiple polylogarithms
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Supersymmetry | super Lie algebras
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2 Review of the standard model

The Lagrange density for the standard model is split inteehparts:
Lsm = Lgauge+ Ltermionst LHiggs~

The Lagrange density for the gauge bosons:

1 1 1
Lgauge = —ZFS;FaW —ZWS;WWa _ZBWBW +LGF + Lrp
sU3) sU2) u(y)

where
Fo = 0uA— AL+ 03 fE ADAS,
Wﬁ\t} _ ap\/\()a_avwﬁ_i_gfabc Mc

For SU(3), the indicesa, b andc label the generators &U(3) and run from 1 to 8. FoBU(2),
they label the generators 8J(2) and run from 1 to 3.

SU(n): Uut=1 deU=1
Elements of a Lie group are written in terms of the generaiers
g = exp(—iT%a,)

The generator$ @ satisfy a Lie algebra, e.g. the commutators of generaterfregar combina-
tions of the generators, i.e.

[T2,TP] = ifabere
The gauge fixing part ('t Hooft gauge):
1
LoF = ——(0"A})?
~—_——
suU(3)
_ L owe i + -4 - ! u
“Ew (O — imwew@™) ("W +imwéwe ) — 2%, (6 4, — szzX)/ ZEy(a Au)

SG(rZ) U ( 1)

& = 0 corresponds to Landau gaudes 1 to the Feynman gauge™, ¢~ andy are called the
would-be Goldstone fields and have their origin in the Higgstar. The field$\¢ andB,, are
related to th&\;", Z, andA,, fields as follows:

1 .
- ),

(%) = (o o) ()
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The Faddeev-Popov term for QCD reads:
fep = T (~9"DF") P(x)
The covariant derivative in the fundamental representagads
Di* = &°0,—0g3f&k AL

In the electroweak sector we have the ghost fielt&), d%(x) anddY(x). The Faddeev-Popov
term has the form

Lep = dY(x)KOBdB(x)

The Lagrange density for the fermion sector:
— T u — . =
Liermions = 3 {(ULad'L)'V“Du< o )+uan“DuuR+daw“Duda
families L
—\ . V| . _ .
+(vi,a) IV“Du( e'L‘ ) +\7R|y“Duv’R+eR|y“DueR}

—_— Ou—igT3AZ —igl2W2 —ig'$B, quarks
T ou—iglaW2 —ig' 3By, leptons

Note that a right-handed neutrino (with no interactionstighD,,) has been added.
The Lagrange density of the Higgs sector
1 1 2
LHiggs = (Du(p) (Du(p) + UZ(PT(p_ Z)\ ((pT(P> + Lyukawa
The covariant derivative is given as before by
Dy = 0,—igl®W2—i Al B
W = Ou— 1G9 5By

The Higgs doublet is parameterized as follows:
¢ (x)
w0 = ( L(v+H) +ix(0) )
+ 1 .
0 = (0 050 HE - ix00))

The Higgs doublet hag = 1.
The Yukawa couplings are given by

Lyukawa = Z {—)\d (0L, d) @dr — Ay (0L, dL) ¢°UR — Ae (VL, 8L) gER — Ay (VL, €1) VR + h-C-}
families
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The CKM-matrix connects the weak eigenstdid’ss, b’) with the mass eigenstatéd, s, b):

d’ Vud Vus Vub d
s = Ved Ves Veb S
b Via Vs Vip b

In the lepton sector one uses for Dirac neutrinos the leptamgmatrix

V/e Ue]_ Ue2 Ue3 Vi
/

Vu = Upl UMZ Uli3 Vo

VA Ui U U V3

Ve, v[l andv; are the weak eigenstates, wheregsy, andvs are the mass eigenstates.

3 Review of quantum field theory

3.1 Path integral formalism

The “generating functional”

2] = [ Do) exp|i [ d' L(@)+ I

Functional derivatives:

. Z[I(X) +€d(x—y)] —Z[I(X)]
oJ(y) £—0 €

We have

(=" 3Z[I(x)]

(QTO(x1)...000)[Q) = G (X, %) = Z[0] dJ(x1)---8J(%n) |30

The functionalZ[J] generates all Green functions:
in ~ ~
Z3) = 20y / Ay A% (Q[THX)...00)| Q) I(xq)... (%)
£ n!

For the computation of scattering amplitudes we would liké@ave as boundary condition not
the vacuum but an particle state. If we assume that interaction are only eglewithin a finite
volume, we can take this particle state as the superpositionrohon-interacting one-particle
states. We call such a state an asymptotic state. If we caresgtalar field theory, the asymptotic
field satisfies the Klein-Gordon equation

(04 MP) QasymdXx) = O.



Consider now:

Zeomidd = [ @cpexp[i [ d£@)+369000
lim @=@asymp

Then
Zasympl0] = ZIi,]_r;/d4X1~--d4Xn(Pasymp(X1)---(Pasymp{xn> (Oxy +1MP) ... (Oxy + 1) GN(Xq, .., Xn).-

Define now the Fourier transform of the Green functions by

Gn _ d4pl d4pn _izijj 4 <4 ~n
(X17"'7Xn> - (2.'_[)4(2T[>4e (ZT[) 6 (p1++pn)G (p17--'7pn>

and the truncated (amputated) Green function in momentacesipy

. 1 . 1

~ i i ~

Gi P1,-.-,Pn) = (7) (7) G"(ps,-.., Pn)-
trunc( P n) p%_mz p%_mz (P2 n)

3.2 Cross sections and decay rates

To calculate an observable at an collider with no initi@tsthadrons (e.g. an electron-positron
collider):

1 1 1

_ _ - ,
° 7 XK@ @h+1) (232+1)/d(p(pA+pB’p1"“7pn)’M<pApB PLP2-..)|

where X (Q?) is the flux factor and we havekZQ?) = 2Q? for massless incoming particles.

M (PaPB — P1P2...) = cgtnrunc,connectec(pApB — p1P2...).
For a decay rate we have

1 1

= — d ' P1, - M — )P
2mA(ZJ+1)/ ®(pa; P1 pn)he%ty} (Pa— p1p2...)]

The phase-space measure is given by
1 d*py
I_lj nj! I:l (2]'[)32Eﬁf

if the final state containg; identical particles of typg. If the colliding particles are not elemen-
tary (like protons or antiprotons), we have to include thebability of finding the elementary
particleA inside the proton or antiproton. If the proton has momenpgworie usually specifies
the probability of finding a parton with momentum fractiwby the parton distirbution function

fF(x)

8
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The parton has then the momentum

Pa = XPp.

For the cross section we have to integrate over all possiblaentum fractions and the formula
for a hadron-hadron collider becomes

1 1 1 1
o = dxq f(x /d f(x
/ 1f0) [ et 02) 3o 20, 7 1) (2% £ 1) s

/d(P(DA-i- PB: P1, -, Pn) | M (PaPB — plpz---)lz-

n1 andny are the number of colour degrees of the initial state pasicl

3.3 Feynman rules for QED and QCD

Propagators

The propagators for the gauge bosons are in the Feynman fasgb).

gauge bosonsgluon | A3 | =2y,

photon | A, | —2

fermions quarks | g | i35

leptons| Y 'mez

ghosts c?

Vertices:
Quark-gluon-vertex:
gy Tif

3-gluon-vertex:



g fabc [(kz - k3)llg\}}\ + <k3 - kl)VgAu+ (kl — kz)AgW}

4-gluon-vertex:

p,d ua

Al

AC v,b

—ig? | 12212 (g gvp — GoGnn) + F2°°F*™ (GuGrp — GuoThy) + 2951 (GhGhp — GaGup) |

Gluon-ghost-vertex:

ka_
NS
$Ooo0 Wb
/(
a.c’
—g fabcku
Fermion-photon-vertex:
ieQyu
Additional rules:
An integration
/ d*k
(2m*
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for each loop.

A factor (—1) for each closed fermion loop.

Symmetry factor: Multiply the diagram by a factoy3 whereSis the order of the permuta-
tion group of the internal lines and vertices leaving thegchan unchanged when the external
lines are fixed.

External particles:

Outgoing fermionu(p)
Outgoing antifermiony(p)

Incoming fermion:u(p)
Incoming antifermionv(p)

Gauge bosore (k)

Polarization sums:

Yu(pMu(p,A) = p+m,
A

ZV(pJ\)\Rp?)\) = F/_m7

A

* _ kunv+nukv_ 2 Kuky
Zsu(k,)\)s\,(k,)\) = —Ow+ n n (kn)2"

Heren* is an arbitrary four vector. The dependencenbrrancels in gauge-invariant quantities.
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4 Loop integrals

Having stated the Feynman rules, let us look at an exampte: Fshows a Feynman diagram
contributing to the one-loop corrections for the proogss™ — qoq.

Ps P1
P2

Pa P3

Figure 1: A one-loop Feynman diagram contributing to theepsse™ e~ — qg.

At high energies we can ignore the masses of the electrorhanight quarks. From the Feynman
rules one obtains for this diagram:

V1 pa) (iey") u(ps) ——

123
a,
X/%k_éu_(pl) (i9T%¢ (p2)) 21122 (IQTb ) LAt (Ieru)% (lgTby"> v(p3)
_ a 1 d4k1 _ Ile Kl KS
= —€Q¢’ (T TbT) V(Pa)yu(ps) —— 7 / Wk—%uml)s/(pz) 2, e i ToVV(pa).

Here,p12 = p1+ P2, P123= P1+ P2+ P3, ko = ki — p12, k3 = ko — p3. Furtherg (p2) = y:e'(p2),
wheree®(py) is the polarisation vector of the outgoing gluon. All extrmomenta are assumed
to be masslesgp? = 0 fori = 1..5. We can reorganise this formula into a part, which depends
on the loop integration and a part, which does not. The lotggnal to be calculated reads:

/d"'kl KPS
(2m)* k2kak3’

while the remainder, which is independent of the loop irdégn is given by

~Q (TOTPTY) Wpau(Ps) T PLIF (P2 oV V(s .

123p12

The loop integral in eq. (1) contains in the denominatorelpmpagator factors and in the nu-
merator two factors of the loop momentum. We call a loop irdgkgn which the loop momentum
occurs also in the numerator a “tensor integral”. A loopgné, in which the numerator is in-
dependent of the loop momentum is called a “scalar integrélie basic strategy consists in
reducing tensor integrals to scalar integrals. The scatagral associated to eq. (1) reads

/ d4k1 1
(2m)* k2kak3”

12



4.1 Regularisation

Before we start with the actual calculation of loop integrélshould mention one complication:
Loop integrals are often divergent ! Let us first look at tha@e example of a scalar two-point
one-loop integral with zero external momentum:

_ d*k 1
P=? N /WW
” 1 7..1 1 fdx
- (4n>20/dkzﬁz(4n)20/x‘

This integral diverges at
e k? — o (UV-divergence) and at
e k? — 0 (IR-divergence).
Regularisation schemes:
e Cut-off:

e Mass regularisation for infrared divergences:

d*k 1 d*k 1 1 K2
e Dimensional regularisation.

4.2 Loop integration in D dimensions

In this section | will discuss how to perform tH&-dimensional loop integrals. It would be
more correct to say that we exchange them for some paraméggrals. Our starting point is a
one-loop integral witn external legs:

% de 1
Ve /inD/Z(—Pl)(—PZ)"'(_P”y

where the propagators are of the form




and p; are the external momenta. The small imaginary pdrtare not written explicitly. In
eg. (1) there are some overall factors, which | inserted émvenience is an arbitrary mass
scale and the factqr® ensures that the mass dimension of eq. (1) is an integer. abter &Y
avoids a proliferation of Euler’s constagpt in the final result. The integral measure is now
dPk/(imP/2) instead ofdPk/(2m)P, and each propagator is multiplied ky1). The reason for
doing this is that the final result will be simpler.

In order to perform the momentum integration we proceed byfdHowing steps:

1. Feynman or Schwinger parametrisation.

2. Shift of the loop momentum to complete the square, sudithieantegrand depends only
onk?.

3. Wick rotation.
4. Introduction of generalised spherical coordinates.

5. The angular integration is trivial. Using the definitiasfsEuler's Gamma and Beta func-
tions, the radial integration can be performed.

6. This leaves only the non-trivial integration over the k@an parameters.

Although | discuss here only one-loop integrals, the metstmé@sented in this section are rather
general and can be applied iteratively fmop integrals.

4.2.1 Feynman and Schwinger parameterisation

As already discussed above, the only functions we reallyt wamtegrate oveD dimensions
are the ones which depend on the loop momentum only thr&@igirhe integrand in eq. (1)
is not yet in such a form. To bring the integrand into this fome first convert the product of
propagators into a sum. To do this, there are two technigquresdue to Feynman, the other one
due to Schwinger. Let me start with the Feynman parameténigge. In its full generality it
is also applicable to cases, where each factor in the dermbomiis raised to some power The
formula reads:

fiewe - e j(w P

The proof of this formula can be found in many text books anabisrepeated here. The price
we have to pay for converting the product into a sum(are 1) additional integrations. Special

14



cases:

— = /dx 1
AB (xA+ (1—x)B)?

1 1 1—x 1
— = Z/dx/ dy
ABC s (XA+yB+ (1—x—y)C)3
1 1 1-x  1-x-y 1
T _ 6 / dx / dy / dz
ABCD T / (XA+yB+2zC+ (1—x—y—2z)D)*

Let us look at the example from eq. (1):

1 O(1—x1— X2 —X3)
= Z/dX]_/dXz/ng
(—KE) (—k3)(—K3) —X1k2—X2k2—X3k2)

1X]_

= Z/dX]_ / dX2 1 3
; 4 (—x1kZ — xok3 — (1 —x1 — X2)K3)

An alternative to Feynman parameters are Schwinger paeasaéiere each propagator is rewrit-
ten as

( By~ Fi/ dx X ~Lexp(xP).
0

Therefore we obtain for our example

1
(—kD(—K3) (—K3)

/dxl/dxz/dx3 exp(xak + %2k + X3K3) .
0

4.2.2 Shift of the integration variable

We can now complete the square and shift the loop momentwh,teat the integrand becomes
a function ofk?. This is best discussed by an example. We consider agairl)eq\th ko =
k1 — p12 andks = ko — p3 we have

—x1kZ —XokZ —xgkd = — (Ki—X2P12— X3P123)? — X1X2S12 — X1X35123,
wheres;» = (p1 + p2)? ands;23 = (p1+ P2 + p3)?. We can now define

Ki = ki—Xopi2—Xap123

15



and using translational invariance our loop integral bee®m

dPky 1 B
/hﬁﬂ(—zﬂ—ﬁﬂ—ﬁ)_

1
dPk] O(1— X1 —Xp — X
Z/T[D/Z/dxlfdxz/dx3 17X =) 3

2
—k’ — X1X2S12 — X1X35123>

The integrand is now a function k{z.
Second example:

d*k 1
P /—2 2
T 12 (k— p)
k
Feynman parameterization leads to

all+(1-a)(k—p)? = k2—2(1—a)kp+(1—a)p?
= [k—(1—a)p/®+a(l—a)p?
T

4.2.3 Wick rotation

Having succeeded to rewrite the integrand as a functideg,ofre then perform a Wick rotation,
which transforms Minkowski space into an Euclidean spacam&nber, thak? written out in
components ifD- dimensional Minkowski space reads

K-k -k —K5— ...

(Herek; denotes thg-th component of the vectdy; in contrast to the previous section, where
we used the subscript to label different vectlys It should be clear from the context what
is meant.) Furthermore, when integrating okgr we encounter poles which are avoided by
Feynman’dd-prescription.
[

k2 —m?+id
In the complexp-plane we consider the integration contour shown in fig. 2ac&ithe contour
does not enclose any poles, the integral along the completeur is zero:

fﬁmmm>: 0.

16



Figure 2: Integration contour for the Wick rotation. Thélditcircles along the real axis exclude
the poles.

If the quarter-circles at infinity give a vanishing conttiiaun (it can be shown that this is the case)
we obtain

0 —joo

[ dkofiko) = ~ [ diof(ko).
—o0 joo
We now make the following change of variables:
ko = Ko,
ki = Kj, forl<j<D-1
As a consequence we have
k¥ = —K?
d°k = idPK,

whereK? is now given with Euclidean signature:
K? = K§+KZ+KZ+KS+...

Combining eq. (1) with eq. (1) we obtain for the integratidradunction f (k%) overD dimen-
sions

dPk ) d°K .

whenever there are no poles inside the contour of fig. 2 andritgeat infinity give a vanishing
contribution. The integral on the r.h.s. is now odimensional Euclidean space. Eg. (1)
justifies our conventions, to introduce a factan the denominator and a minus sign for each
propagator in eq. (1). These conventions are just such fteat\&ick rotation we have simple
formulae.

17



4.2.4 Generalised spherical coordinates

We now have an integral over-dimensional Euclidean space, where the integrand depmeiygs
onK?2. It is therefore natural to introduce spherical coordieata D dimensions they are given

by

Ko = Kcosh,
Ki = KsinB1co0s0,,

Kp_2 = KsinB;...sinBp_»c0s0p_1,
Kpo1 = Ksinel...sinGD,zsinGD,l.

In D dimensions we have one radial variabBleD — 2 polar angle$); (with 1 < j <D —2) and
one azimuthal anglép_;. The measure becomes

d°K = KP~1ldKdQp,

where

D-1 ,
dQp = r!sinD‘l"ei do;.

Integration over the angles yields
T T 2n
/2
[doo = [ deusiP26,... [ doo_sin6o [ dBp-1 — 2o’
4 ; ; r(2)

wherel (x) is Euler’s Gamma function. Note that the integration on theslof eq. (1) is defined
for any natural numbdd, whereas the result on the r.h.s is an analytic functioD,afhich can
be continued to any complex value.

4.2.5 Euler's Gamma and Beta function

It is now the appropriate place to introduce two special fioms, Euler's Gamma and Beta
function, which are used within dimensional regularisatio continue the results from integer
D towards non-integer values. The Gamma function is defineRéxx) > 0 by

rx = / ettt
0
It fulfils the functional equation
rx+1) = xr(x.
For positive integers it takes the values

rn+1) = n=1.2.3-...-n.

18



At x=1/2 it has the value

(2) -
which can also be inferred from the relation
FOr(l—x) — g;u'
For integersr we have the reflection identity
r(x—n) _ M(1-x) .
I (X) M(1—x+n)

The Gamma function (x) has poles located on the negative real axis-at0, —1, —2,.... Quite
often we will need the expansion around these poles. Thidbeavbtained from the expansion
aroundx = 1 and the functional equation. The expansion arausdl reads

MNl+e) = exp(—yEs—i— i(_l)nzns”>,

n

whereyg is Euler’s constant

N1
Ye = lim (Z —.—|nn> = 0.5772156649.
j

n—oo :1J

andd{p is given by
=1
L= Y =
" jlen

For example we obtain for the Laurent expansion arcausad

()= - — Ve +Ofe).

Euler’s Beta function is defined for Re > 0 and Réy) > 0 by

1
Bixy) = [t1-tr i
0

or equivalently by

00

tX—l

B(xy) — /Cﬁiﬁwm'
0

The Beta function can be expressed in terms of Gamma fursction

rrey)

B(xY) r(x+y)’

19



4.2.6 Result for the momentum integration

We are now in a position to perform the integration over theplonomentum. Let us discuss
again the example from eq. (1). After Wick rotation we have

| — /del 1 —Z/dDK/d3 l X1—X2—X3)
iT0/2 (—k2) (—k3)(—K3) To/2 — X1%0S12 — X1XaS123)°
Introducing spherical coordinates and performing the &rgaotegration this becomes

iy e [

D
(%) — X1XoS12 — X1XaS123)°

b2
2

For the radial integration we have after the substitutienk? /(—X1X2S12 — X1X35123)

D-2 00 D2

K2 - D_ t =2
/ dK® 2 ( ) 3 (—X1X2S12 — X1X35123) 2 3 / dt 3
9 (K% — X1X2S12 — X1X35123) / (1+1)

The remaining integral is just the second definition of EslBeta function

[ 2 _ T(3)re-3)
[fg = e

Putting everything together and settiDg= 4 — 2¢ we obtain

N|O
NlU

/del 1 .
iT0/2 (—Kk§) (—k3)(—k3)
r(1+s)/d3x (1 — X1 — Xp — X3) X7 1% (—XoS12 — X3S123)

Therefore we succeeded in performing the integration dwefdop momenturk at the expense
of introducing a two-fold integral over the Feynman parasmet

As the steps discussed above always occur in any loop ini@grse can combine them into
a master formula. IftZ and # are functions, which are independent of the loop momentuen, w
have for the integration over Minkowski space with dimendlo= 2m— 2¢:

d®™ %k (—k?)? _ T(mt+a—g)l(v—m—a+g) U ™2t
/ iTin—¢ [—‘Zlk2+j77]v r(m_g) r(v> Fyv-—m-ate’

The functions and ¥ depend usually on the Feynman parameters and the externadma
and are obtained after Feynman parametrisation from cdimgléhe square. In eq. (1) we al-
lowed additional power§—k?)2 of the loop momentum in the numerator. This is a slight gen-
eralisation and will be useful later. Here we observe thatdbpendency of the result @
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apart from a factof (m+a—¢)/I'(m—¢), occurs only in the combination+a—&=D/2+a.
Therefore adding a power ¢f-k?) to the numerator is almost equivalent to consider the iategr
without this power in dimensior3 + 2.

There is one more generalisation: Sometimes it is convetoesiecomposé? into a (2m)-
dimensional piece and a remainder:

2 _ 2 2
Koy = Kam K2

If D is an integer greater tham@ve have

Kom = K-k .~ K 1.
K ze) = —Kom— - — Kb 1.

We also need loop integrals where additional powe(schf_Zs)) appear in the numerator. These
are related to integrals in higher dimensions as follows:

r<r _ 8) / d2m+2r—2e

d2m—28k 5 . " ) ’ ,
| e K ) (0 K 2r) = e | e | (KomkC2e).

Here, f(kt‘Zm), (2728)) is a function which depends d@m, kom:1, ..., ko_1 only throughk(zfz‘s).
The dependency ok, K, ...,Kom_1 IS not constrained.
Finally it is worth noting that

/d2m2£k (_kz)a B (_1)ar(a+ 1), ifm+a—e=0,
e - 0, otherwise
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4.3 Performing the Feynman integrals

Summary of the last lecture:

The cooking recipe: In order to perform the momentum intégmave proceed by the following

steps:

1. Feynman parametrization

. Shift of the loop momentum, such that the denominator ea$arm (—ck2 — L)n.

. Wick rotation

2
3
4. Introduce generalized spherical coordinates
5

. The angular integration is trivial. Using the definitimfsthe gamma- and beta-functions,
the radial integration can be performed.

6. This leaves only the non-trivial integration over the k@an parameters.

Master formula for the integration over the moment®idimensions:

(k2 1

F(m+a—¢)f(n—m—a+g) g m2are

d2m728k
/ (2r)2m-2j [~ k2 + F]"

(4ym-¢ [(m—¢) r(n)

4.3.1 The one-loop tadpole

No Feynman parameterization needed:

Euler's constant:

Ao(mP) = —16Tr2u4‘D/ il !

(2mPi (—KZ+ 1)
1
(4m)>—¢

= —nP(4m)°r(—1+¢) (g)_s

= —16mp* M(—1+¢)

1 Y
= m| - In4n+1—In—;
c Ye +In4Tt+ nllz

| —
A

) n1
ve = lim (Z —.—Inn) =0.5772156649

Nn—oo j:1 J
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4.3.2 The one-loop two-point function

- dPk 1
Bo(p*,mi,mp) = 16mY’ D/ (2Pi (—k2+mf) (—(k— p)2+mp)

D
= 16y S :
16 /da (2% [ k2 +a(1—a)(—p?) +amt + (1—a)mg)”

— 16T[2u28(4n7;_8/da[a(1—a)(—p2)+amf+(1—a)m§}_e
0

1
= (45T (e) / dafa(1-a)(—p?) +anmg + (1-aymp]

0

The caseré = m5 = 0:

Bo(P%,0,0) = (4°WZT(e) / dafa(l-a)(—p)]”

2
_ (4n)€r<e)( u‘z’) r<1r(§)_r(2‘; 2

= %—yE—|-In4n+2—In_u—22.
The casem = m3 = m# O:
1
Bo(p?.mP) = (4T (e) | dafa(1—a)(—p?)+n?]

0

With the substitution

b=4a(l—-a), a= % (1—@), da=

4/1—Db
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one obtains

Bo(f?.nP.?) — (an
= —(4m®
1 €
= 5(4“)
Using
one obtains
Bo(p27m27m2)

s 1
) F(s)%/db(l b) 3 [1-bx"¢, x:%
0
s 1
) F(s)/dbbi[l—(l—b)x]_s
s ° 1 L )
) r()lxﬁo/dbbzl by] le—x:pz—p4mz
1 Z2T(n+o) ,
A= = Fg 2, fn+1)”
1 £ m? —€ o MNn+eg) i -3
S(4m ( ) > i 0/de
1 Z Fnt+eg) X"

2

e (MY
() 003 o =)

Divergent parts can only come from= 0, therefore separate the sum imte- 0 andn > 0. If
we are only interested up to the finite terms, we carg se0 in then > 0 part.

BO( p27 m27 m2)

We further have

- . R —£ . 1 ® Xn

= (4m) (?) r(e)(1—x) +§n21n(n+%)

1 (1 1

= (E—VE+|FI4T[—|FI—2—|I‘I(1—X) +n;<ﬁ_(n+%)>xn
_ln(l_X)7
22" _ 2 (VR (V)
2+ -2 G+
ot o re(-w o 1 o 1
2+\/Xj; ; \/)_(gl = 2 ﬂln(l \/)_()+\/Xln(l+\/)_()



Exercise: The case? = n? # 0,m3 = 0:

1
Bo(p?,n?,0) = (411)51128F(s)/daa8 [(1—a)(—p2)+mz}78

- (%52) e e
= (4">( ) > F::: n+yln—8)

¢ (P —p? SF(E) 2y
- <4">( 2 ) Ao 2nniD

— (%—\/5+|n4n+1—|n<mzM ))+1+ yyln(l—y>

) N

4.3.3 More general methods

More complicated integrals are one-loop integrals with enexternal legs as for example the
one-loop three-point function

C0<p%7 p%? plz% mzlv m%, m§) =

_16T[2u4_D/ d%k
(2Pi (—k2+ 1) (—(k— py) +m%)( (k—p1— p2)2+mB)

or, in general, integrals with two or even more loops. Methtdtackle these integrals are

- Mellin-Barnes representation
- Nested sums
- Differential equations

- Sector decomposition

4.4 Tensor integrals and Passarino-Veltman reduction

We now consider the reduction of tensor loop integrals (atggrals, where the loop momentum
appears in the numerator) to a set of scalar loop integrajs ifgegrals, where the numerator is
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independent of the loop momentum). The loop momentum appe#ne numerator for example
through the Feynman rules for the quark propagator

i p+m
p? —m?

or the Feynman rule for the three-gluon vertex

g fabc [(kz - k3)llg\}}\ + <k3 - kl)VgAu+ (kl — kz))\gw}

For one-loop integrals a systematic algorithm has beenwiosked out by Passarino and Velt-
man. The notation for tensor integrals:

dPk 1, Ky, Kk
(2mPi (k2 —mg) ((k+ p)2 —m3)’
Co,uw (P1, P2, My, My, Mg) = 16mp* P
dPk 1, Ky, kuky
/ (2m)Pi (k2 —mg) ((k+ p1)? = mB) ((K+ pr+ p2)? — M)
The reduction technique according to Passarino and Veltraasists in writing the tensor inte-

grals in the most general form in terms of form factors timdsmal momenta and/or the metric
tensor. For example

Bo, (P, My, mp) = 16m2u* P /

B = puB]_
BY = p"p"Ba1+9"Bo2

Ct = piCii+p5Cr
CW = pipiCor+ phpsCoz+ {p1p2}Cos+ g Cos
with
{pip2}™ = pipY+piph

One then solves for the form factdBs, B»1, Boo, C11, etc. by first contracting both sides with
the external momenta and the metric tengt On the left-hand side the resulting scalar prod-
ucts between the loop momentutth and the external momenta are rewritten in terms of the
propagators, as for example

2p-k = (k+p)>—K—p”

The first two terms of the right-hand side above cancel prafmg, whereas the last term does
not involve the loop momentum anymore. The remaining stép solve for the formfactors by
inverting the matrix which one obtains on the right-hanegsflequation (1).
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P1

ko

Figure 3:An example for irreducible scalar products in the numeraidre scalar produc®pikp
cannot be expressed in terms of inverse propagators.

Example for the two-point function: Contraction wigh or p,p, andg,y yields

P81 = (Ao(my) — Ao(mp) + (3 — % — p?) Bo)

(3 3)(3)-(~mdet ™)

Solving for the form factors we obtain

B, — Z—EZ(A()( 1) — Ao(mg) + (M — % — p?) Bo)
Bai = 6—;2 2Ao(mz)—2n€Bo+4(m%—rr€—pz)Bﬁ(%pz—rrﬁ—n%))
B2 — g (Aolmo) + 2miBo (g - )8y — (367 - )

Due to the matrix inversion in the lasr step Gram determmastially appear in the denominator
of the final expression. For a three-point function we wouldainter the Gram determinant of
the triangle

AS — 4' p% pl '2p2
P1-P2 P35
One drawback of this algorithm is closely related to thegerd@nants : In a phase space region
wherep; becomes collinear tpy, the Gram determinant will tend to zero, and the form factors

will take large values, with possible large cancellationoag them. This makes it difficult to
set up a stable numerical program for automated evaluatitameor loop integrals.

The Passarino-Veltman algorithm is based on the observatiat for one-loop integrals a scalar
product of the loop momentum with an external momentum cagxipeessed as a combination
of inverse propagators. This property does no longer hadéf goes to two or more loops. Fig.
(3) shows a two-loop diagram, for which the scalar produetiobp momentum with an external
momentum cannot be expressed in terms of inverse propagator

27



5 Renormalization

Recall: Loop diagrams are divergent !

d*k 1 1 r.,1 1 [dx
/(2n)4(k2)2 - <4n)20/dk2@: (4n)20/7

This integral diverges at

e k? — o (UV-divergence) and at
e k? — 0 (IR-divergence).
Use dimensional regularization to regulate UV- and IR-dje&ces.

Recall the scalar one-loop two-point function fof = m3 = 0:

2 1 —p°
Bo(p*,0,0) = g—yE+In4n+2—InF.

Infrared divergences cancel by summing over degeneratsstdltraviolet divergences are ab-
sorbed into a redefinition of the parameters. Example: Therrealization of the coupling:

Obare = Zy  Oren -
divergent divergentfinite

The renormalization constay absorbs the divergent part. Howewvgyris not unique: One may
always shift a finite piece frorgren to Zg or vice versa. Different choices f@f; correspond to
different renormalization schemes. Two different rendrnaéion schemes are always connected
by a finite renormalization. Note that different renormatian schemes give numerically differ-
ent answers. Therefore one always has to specify the retinati@n scheme.

Some popular renormalization schemes:

e On-shell subtraction: Define the renormalization constagtconditions at a scale where
the particles are on-sheif = n?.
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e Off-shell subtraction: For massless particles the renbrat#gon constants in the on-shell
scheme would contain an infrared singularity. Thereforethie off-shell scheme one
defines the renormalization constants by conditions at ginysical (space-like) scale
p? = —A2. This scheme is also called momentum-space subtracti@mseh

e Minimal subtraction: The minimal subtraction scheme absaxactly the poles in/E
into the renormaliztion constants (and nothing else).

e Modified minimal subtraction: As Euler’s constagtand In4m) always appear in combi-
nation with a pole 1g, the modified minimal subtraction absorbs always the coatlnn

1
A = E—yE+In4Tr

into the renormaliztion constants.

5.1 Renormalization in practice
The modified minimal subtraction is popular in QCD. The Lagradensity of QCD reads
(i 1 aca 1 a\2 | -a ab\ b
Loco = 3 W(iyDu—m)w— ZRAF™ — o (MAD)"+ () (—9"Df°) (),

MV
quarks 4 ZE

FS, = 0uA%—0,A%+gfaP°ARAT,
Dab _ au —g fabCA}Cl

The Lagrange density depends on the (unrenormalized) ﬂﬁld,ls, c? and the (unrenormalized)
parameterg, mand¢. We redefine the fields as follows:

A= VZAY, W=VZlr, = \Z5
We redefine the parameters as follows:
9=290, M=ZnM, &=Zg& =2Z3&.
Substituting these relations into the Lagrange density iaio

Locp = Lrenormt Lcounterterms

where Lrenormis given by Lgocp Where all bare quantities are replaced by renormalized. drres
counterterms are given by

Leounterterms = (Zo—1) Py (iyuau - mr) Wr — (ZoZm— 1) meQr Yy
+(Zs—1) %A“ (0% — 0H0") AD, — (Z5— 1) cRo?c?
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3 1
— | 2025 1 | 0 1005 ) ALAS — | Z5Z5 1 | SR TTCIOAY A AT A
\Z,-/ \Z:-/

1

+ ZgZZ\/Z»S—l OrBr TAHAG Yy — 2923\/?3—1 grfabc(auC?)CPAﬁ,r-
—— —_——

Z)F )

The the various constants are not independent, but satisfy

21 L L 2 /-
Z3 I3 L 4 Lves

These are the Slavnov-Taylor-identities (or Ward-Takbhhakentities). As a consequence, the

coupling constant renormalization constant may be conapiuten the corrections to the three-

gluon-vertex, the four-gluon-vertex, the quark-gluomter or the ghost-gluon vertex. The Slavnov-

Taylor identities guarantees that the result is the same.

Example of the relevant one-loop diagrams.

5.1.1 Renormalization of the coupling constant

Let g be the unrenormalized coupling constaptthe renormalized coupling constant aggthe
dimensionless renormalized coupling constant. They dageckby

g = Zgor
£

O = OrM

From a one-loop calculation one obtains

1 02 1. g3
Zg = 1-¢ (11CA — 4TgN¢) (4%2A+O(g§) = 1—530(4%2A+0(g§)

where as usual

and the coulor factors are

N2 -1 1
Ca , Cr 5N R=5
Bo is given by
11 4
= =Ca—=TrNf.
Bo 3 CA— 3 TRNS
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The unrenormalized coupling constags of course independent pf

d
ad = °

Therefore
o ZakfaR) = 0

d 3 d 3 d e
Mg (G HOR+ b () Zg0r+ K (R) Zk = O

Let us define

Then
Blor) = —W°Z 1ud%(u8)zggR— uZy 1ud%<zg) LR
= —E0R— (Zg_lli%Zg) Or

Note that the first coefficient of tH&function is calculated as follows:

. d . d 1 2
(—Bod)  d

,1 ~
1 (—BoA
= Zgl<<4§[0)2)9R(—89R)
2
_ -1 Or
= BO(4T[)2
8 o
(4m)2
Therefore
d o
Bor) = HgOR = ~ gR—Bo(4T[>2
As usual denote
_ %
ST oA



We then have

d 1 d gr d
7 8, 9% O
oHap®s ™ antqp®R

3
_ R . a 9R
- ATt < E0R BO (4“)2)

Bo0t3
4mn

— —ECXS—

Going toD = 4 we have therefore

d a Os)\ 2
2. 7 ¥ B, (=28

H di8 4m Bo ( )
At LO the exact solution is given by

as(H) 1
4m BOln (/It_i)

or by

as()  ds(Ho) 1

depending on the preferred choice of boundary conditoar(as(Hp)).
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5.1.2 Mass renormalization

As an example we consider massive quarks. The quark selfpeiegiven by the following
diagram:

dPk i —I
i _ 2 . o !
iz gCF/(ZT[)DlypKl—mlyp >

—ig—ch {(1— £) {éAo(mz) - <1+ g) Bo(pz,mz,O)} g +4m (1— %s) Bo(p?, mZ,O)}

(4m)2
= —i{Apg+Bm}
Resummed:
i i _ i i _ i 12 i 1 i
L e (S B gom(i z) pom-

Modified minimal subtraction
We had for the resummed propagator

g-m-%  pg-m—(Ag+Bm (1-A)p—(1+B)m
1 i i(1+A)

1-Af-1+A+B)mM pP-(1+A+B)m

Let
m = Zym

wherem denotes the unrenormalized mags, the renormalisation constant ang the renor-
malized mass. We require that

Zn(1+A+B) = finite,
therefore

Zm = 1-(A+B)gy
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We have

Bl = e | ot (1
= g [ttty (o= )ttt o)}
2
- G (D)
- 3%CFA

Therefore we found that at one-loop-ord&gyis given by

2
Zm = 1-3Cr—R_A+O(gh)

(412
The anomalous dimension is defined by
W dZy
vho= Zm dp

Expandy in powers ofas = as/(41):

Y = Yog. +y1(as) +...

= yoas+yiai+...
The first coefficients is then given by
Yo = 6Cr
The running mass:
d
—m = 0
udum
Therefore
d 1 1.,.a
2 7 - _= =Ty
K™ oY M =¥,
With
d 0s\2 d
24 n(Ys
g Bo () 4%

) p?,n?,0) + 4Bo(p?, NP 0)}

div



we find

Therefore

The on-shell scheme

Recall that we had for the resummed propagator

Fom-s
with
> = A(p°)p+B(p*)m

Note thatA(p?) andB(p?) are functions of?. Expands:

) = Ty M) o3

Then

|
pP-m-%  p-m—(f-m)+m

On-shell condition:

with mg = Zymy:
1
Zn = 1——3%
m m |y
Then
| i1+
p-m—Z p—m



Calculation of%|;_,

Yyem = AMP)M+BMP)m,  p=m+(p—m)
N——

can be neglected

2 1 1
= (fWCF {(1—8) [WAo(mz) —ZBo(mz,mz,O)} m-4m (1— és) Bo(mz,mz,O)}
With
Ao(m?) = mz<A+l—Ing),
Bo(m?,m?,0) = A+2—Ing
one finds
g m2 3 P
Ty = e { (-a-2e ) medm(as 3T}
2
_ m(4%_[>2C|:{3A—|—4—3|n—2}
Therefore
1 Qs m?
Zn = 1—HZ|m:1—ETCF <3A+4—3InP)

Calculation of2’:

9 _ 9 a2 2
55| ag e

= A(M)+ p% A(pz)\p:mr + m% B(p2>}g:m,

5=

= A(M) +2ppaip2 A(pz)}p(:mr +2m;zsaip2 B(pz)\p:mr

d )
— A(mz)—|—2mza—p2A(p2)}p2:n€+2mza—p2 B(P?)| g+ B =M+ (p—m)

can be neglected
0 2 2
= A(n?) +2m26—p~2 (A(P?) +B(P?)) | e
We keep the Feynman parameter integral, differentiateheantegral and expand in the end in
€

2
g 3 P
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The propagator is a two-point Green function
Ga(p) ~ (O[Tyy|0)

Under field renormalization

l]J = \/Z_Zqu
we have
G2(P)bare = (\/Z_Z)ZGZ(p)r
Therefore
iZ;1(1+2)
G po= 2/

The residue of the propagator has to be 1, therefore

a me
Zo = 1+3 =1+-—Cf <—3A—4+3|n—2)
41 I
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5.2 Renormalization to all orders
5.2.1 Power counting

The superficial degree of divergence is given by

d~I+Z&,—2nB—nF
v

whered is the dimension of space-timleis the number of loops), is the number of momentum
factors at the vertex in the diagramG, ng is the number of internal boson lines amgl is the
number of internal fermion lines.

Power counting theorem: The Feynman intedigefor the diagranG is absolutely convergent if
the superficial degree of divergence is negative for all egrdmsH of G (including the case
H=G).

Nested, overlapping and disjoint

If a diagramH; is completely included il as a subdiagrarfH; C Hy) we say thaH; is nested

in Ho. If they are not included in each other but have common iaddimes and vertices, they are
said to overlap. The unioH; UH> is called the overlapping diagram. If they are neither reeste
in each other nor overlappingl{ "H> = 0), they are said to be disjoint.

Renormalizability

The BPHZ-method (Bogoliubov and Parasiuk, Acta Math 97,71227; Hepp, Comm. Math.
Phys. 2, 1966, 301; Zimmermann, Comm. Math. Phys. 15, 1988), 2n dimensional regular-
izion a Feynman diagram is given as a Laurent series

© .
lc = 5 ap
=

wherel is a positive integer less or equal the number of loopS.iDefine an operatofg for a
diagram, which picks out the divergent part, by

—1
Tglg = aie!
J
2

Define Bogoliubov’s R-operation by
Re = (1-Tg) (1-Th)
1,

where® is a set of all one-particle irreducible subdiagrathsf G, which are superficially diver-
gent. A one-particle irreducible (or proper) subdiagtdrof G, which is superficially divergent
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is also called a renormalization part.Hf C H; the order is such that-1 Ty, comes to the right
of 1— TH2'

Lemma on overlapping divergences: If two renormalizatiangH; andH, of G overlap with
each other, we have

(1 - Tle) THlTHZ =0

for all suitable renormalization part$;» of G which includes bothd; andH» as subdiagrams.

5.2.2 Hopf algebras

Let Rbe a commutative ring with unit 1. An algebra over the g aR-module together with
a multiplication- and a unite. We will always assume that the multiplication is assoeetiln
physics, the rindR will almost always be a fiel&k (examples are the rational numbéps the
real number® or the complex numbeC). In this case th& module will actually be &-vector
space. Note that the unit can be viewed as a map fRam A and that the multiplication can
be viewed as a map from the tensor prodfict A to A (e.g. one takes two elements frof
multiplies them and gets one element out).

A coalgebra has instead of multiplication and unit the diraictures: a comultiplicatio
and a counie. The counitis a map fromAto R, whereas comultiplication is a map froyto A®
A. Note that comultiplication and counit go in the reversediion compared to multiplication
and unit. We will always assume that the comultiplicationoassociative. The general form of
the coproduct is

A@) = Ya'ea?,

Whereai(l) denotes an element éfappearing in the first slot A& A andai(z) correspondingly
denotes an element éfappearing in the second slot. Sweedler’s notation consisteopping
the dummy index and the summation symbol:

Aa) = aYga?

The sum is implicitly understood. This is similar to Einsteisummation convention, except
that the dummy summation indéxs also dropped. The superscrigtsand @ indicate that a
sum is involved.

A bialgebra is an algebra and a coalgebra at the same timie tisacthe two structures are
compatible with each other. Using Sweedler’'s notation citrapatibility between the multipli-
cation and comultiplication is expressed as

Ala-b) — (am . b(1>> & (a<2> . b(2>> ,

A Hopf algebra is a bialgebra with an additional map frénmo A, called the antipode,
which fulfills
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id®S ‘
ABA —ggig —~ ARA

Examples of Hopf algebras
The group algebra

Let G be a group and denote G the vector space with basid KG is an algebra with the
multiplication given by the group multiplication. The catais given by:

e(@ = 1
The coproduch is given by:

Alg) = 9®g.
The antipode$ is given by:

S(@ = gt

KG is a cocommutative Hopf algebriG is commutative ifG is commutative.

Lie algebras

A Lie algebrag is not necessarily associative nor does it have a unit. Tacowee this obstacle
one considers the universal enveloping algeéb(a), obtained from the tensor algebrédg) by
factoring out the ideal

X@Y-Y®X—[X,Y],

with X,Y € g. The couniteis given by:

The coproduct\ is given by:
Ale) =e®e, AX)=Xet+exX.

The antipodes is given by:



Quantum SU(2)
The Lie algebrau(2) is generated by three generatbfsX, with

[H,Xe] =£2X;,  [Xi, X ]=H.
To obtain the deformed algeblti(su(2)), the last relation is replaced with

q _qu‘
q—q?!

The undeformed Lie algebs(2) is recovered in the limig — 1. The counikis given by:

XX ] =

e(eg=1, e(H)=e(Xy)=0.
The coproduch is given by:
AH) = H®etex®H,
AX:) = Xeod'2+gH2eX,.
The antipodes is given by:
SH)=-H, §(Xs)=—-g"X..

Shuffle algebras

Consider a set of lette’s. A word is an ordered sequence of letters:
W = |1|2---|k-

The word of length zero is denoted by A shuffle algebrag on the vector space of words is
defined by

(2 0) - (herde) = Y lolo@)-low):

shufflesO

where the sum runs over all permutatiansvhich preserve the relative order af2l..., k and of
k+1,...,r. The couniteis given by:

e(e)=1, e(l1lz...In) = 0.

The coproduct is given by:

k

Alalz..ly) = _ZO(|j+1...|k)®(|1...|j).

The antipodes is given by:

Sl ) = (=¥l q..alg.
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Figure 4. An element of the shuffle algebra can be represditedrooted tree without side-
branchings, as shown in the left figure. The right figure shawgneral rooted tree with side-
branchings. The root is drawn at the top.

Rooted trees

Consider a set of rooted trees (fig. 4). An admissible cut afcded tree is any assignment of
cuts such that any path from any vertex of the tree to the ra®ahmost one cut. An admissible
cut maps a treé to a monomial in treeg x ... x t,y1. Precisely one of these subtreeswill
contain the root of. We denote this distinguished tree By(t), and the monomial delivered by
then other factors byP®(t). The couniteTs given by:

ele) =1, et)=0 fort #e
The coproduch is given by:

Ale) = e®e
At) = teetent+ Y PHR(L).

adm. cut of t

The antipodes is given by:

st = —t— ¥ 5<Pc(t)>><RC(t).

adm. cut of t

5.2.3 Renormalization revisited

Short-distance singularities of the perturbative expgamef quantum field theories require renor-
malization. The combinatorics involved in the renormdi@mais governed by a Hopf algebra.
The model for this Hopf algebra is the Hopf algebra of rooteés (fig. 5 and 6).

Recall the recursive definition of the antipode:

st = ~t— 3 5(PC(t))><RC(t).

adm. cut of t

The antipode satisfies
m[(S®id)A(t)] = O,
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Figure 6: Overlapping singularities yield a sum of rootests:.

wherem denotes multiplication:
m(a®b) = a-b

Let R be an operation which approximates a tree by another tree thit same singularity
structure and which satisfies the Rota-Baxter relation:

Rtatz) +R () R (2) = R(LR(t2)) +R (R (t2)t2).
For example, minimal subtractioM®)
00 -1
R < S cksk> - 5 crek
k==L k=L

fulfills the Rota-Baxter relation. To simplify the notatidrdrop the distinction between a Feyn-
man graph and the evaluation of the graph. One can now tvesrtipode withR® and define a
new map

517((1:) = —-R <t+ Sz (Pc(t)> X Rc(t)) .

From the multiplicativity constraint it follows that

Sg (atz) = Sg (1) g (t2).
If we replaces by S we obtain

adm. cut of t

m[(Sg ®id)At)] = finite,
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since by definitionsy differs from$ only by finite terms. The formula above is equivalent to the
forest formula. It should be noted th&tis not unique and different choices f& correspond to
different renormalization prescription.
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6 Mathematical structures of loop integrals

Recall: Shuffle algebras Consider a set of letferé word is an ordered sequence of letters:
W = |1|2~~~|k-

The word of length zero is denoted by A shuffle algebrag on the vector space of words is

defined by

(2 0) (herde) = Y lolo@)-lor):

shufflesO

where the sum runs over all permutatiansvhich preserve the relative order af2l..., k and of
k+1,...,r. The couniteis given by:

ge)=1  &(l.ly) =0.

The coproduch is given by:
k

Alglo..ly) = ZO(|j+1...|k)®(|1...|j).

i=
The antipode$ is given by:
S(ala ) = (=D 1. lal1.

Recall: Feynman- and Schwinger parameterisation.

1 .
o1 () D e i1 i
ig(_PI)Vi N r(Vi)/<i|'ld>qx, )

0
i

s 1>
H:I

Vi.

||
™

1 O(1—X1 — X2 —X3)
= 2/dX1/dX2/dX3
(—KE) (—K3)(—K3) X1k2—X2k2—X3k2)

1X1

= Z/dX]_ / dX2 ! 3
; 4 (—x1kZ — xok3 — (1 —x1 — X2)K3)

An alternative to Feynman parameters are Schwinger paeasaéiere each propagator is rewrit-
ten as

l 00
- = —— [ dx®X texpxP).
(—=P) r(v o/
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ko

Figure 7:An example for irreducible scalar products in the numeraiidre scalar produc®pskp
cannot be expressed in terms of inverse propagators.

Therefore we obtain for our example

l (o) (o] (e¢]
e = /dxl/dxz/dx3 exp(xtkZ + x2K3 + X3K3) .
(—kD)(—k3)(—k3) S S

Recall: Tensor reduction at one-loop with Passarino-Vaitmlgorithm:
2p-k = (k+p)>—K—p”

The Passarino-Veltman algorithm is based on the observatiat for one-loop integrals a scalar
product of the loop momentum with an external momentum cagxipeessed as a combination
of inverse propagators. This property does no longer hadéf goes to two or more loops. Fig.
(7) shows a two-loop diagram, for which the scalar produetiobp momentum with an external
momentum cannot be expressed in terms of inverse propagator

Recall: If 27 and ¥ are functions, which are independent of the loop momentuenhave for
the integration over Minkowski space with dimensBni= 2m— 2¢:

g2m-2e (_kZ)a B r(m+a_8) r(V—m—a—|—8) g m-ate
| i —uet+ 7~ T(m-g) rv)  gomar

6.1 General tensor integrals

Let us now consider a tensor integral. After the change ablées for the diagonalization of
the quadratic form, we have a polynomial in the Feynman om@uer parameters and the
loop momentunk in the numerator. Integrals with an odd power of a loop monn@nin the
numerator vanish by symmetry, while integrals with an evewqr of the loop momentum can
be related by Lorentz invariance to scalar integrals:

dPk 1 dPk
M v 2 v 2 2
/inD/2k K1) DY /inD/zk T,
D
k

d®k d
UV L PLO 2 W ~PO Up 4VO o VP 2\2 2
/inD/zkkkk f (k) (0¥ + g™ +¢°g™) | 575 (K)7F (k).

D(D+2)
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The generalization to arbitrary higher tensor structuseshvious. From the master formula:
a factork? in the numerator is equivalent (appart from prefactors) ghidt in the dimension
D — D+ 2. Let us introduce an operatbr”, which shifts the dimension:

dPk d(®+2k
+ 2y _ 2
0 [ ' 09) = [ ezt 09)
Shifting the loop momentum like ik = k — xpintroduces the (Feynman or Schwinger) param-

etersx; in the numerator. For the tensor reduction it is convenientork temporarily with
Schwinger parameters. Recall:

l 00
= — [dx ¥ texpxk?).
(— 5 = ) LX)
o
A Schwinger parametex in the numerator is equivalent to raising the power of thgioal
propagator by one unitz — v + 1. It is convenient to denote by the operator, which raises the
power of propagatarby one.

vii T (—kliz)vi :vi( klz ST = /d)q Iy exp(xik?).

All Schwinger integrals are rewritten in terms of these acahtegrals. Therefore, using an
intermediate Schwinger parametrization, we have expdesisgensor integrals in terms of scalar
integrals. The price we paid is that these scalar integnatdve higher powers of the propagators
and/or have shifted dimensions. Each integral can be speédfi its topology, its value for the
dimensiorD and a set of indices, denoting the powers of the propagdtogeneral the number
of different integrals is quite large.

6.2 Expansion of transcendental functions

To eliminate powers of the loop momentum in the numeratoraametrade the loop momentum
in the numerator for scalar integrals (e.g. numeratdr) with higher powers of the propagators
and shifted dimensions:

/ dZm—Zsk1 1
(@2 (i)™ (18) (14)™

In the second step an integral of type (1) is now convertemlantinfinite sum. Introducing
Feynman parameters, performing the momentum integratidrtlzen the integration over the
Feynman parameters one obtains

/d2m28k1 1 1 1
I8 (—k2)V1 (—k3)V2 (—k3)Vs
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(v m+€)
_ (_p%23)m e~ Vlzsr( 123 + /da &2-1(1—a)yVst

x / db g™ ev2s k(1 _p)™EVal[1 g (1 x)| eV

M—€—V1p3 1 F(m—g—vi)l (Mm—g—vy3)
r(Vl)r(Vz) F(2m— 2¢ — V123)

(1_X)n7

= (— p%z?,)

(o]

" F(n+v2)l (n—m+ €+ V123)
nZO r(n-l—l)r(n—l—Vzg)

wherex = p2,/p2,5, Vo3 = V2 + V3 andvizz = V1 + V2 + V3. To arrive at the last line of (1) one
expandgl —a(1—x)]™*V12 according to

(1z°: Z)I_

Then all Feynman parameter integrals are of the form

1
- v-1 _ Trv)
/daai1 li—avt = Fluv)

The infinite sum in the last line of (1) is a hypergeometricdiimn, where the small parameter
occurs in the Gamma-functions:

oF1(V2, —M+€4+V123 V23,1 — X) =
r(Vzg) ol r(n-i-Vz)r(n—m—l—&-i-Vlzg)
r(Vz)r(—m+8+V123> n;) F(n—|— 1)|_(n+V23)

(1-x)",

6.3 Nested Sums

In this section | review the underlying mathematical stnoetfor the systematic expansion of
transcendental functions like the hypergeometric fumatiq(1). | discuss properties of particular
forms of nested sums, which are callB&ums and show that they form a Hopf algebra. This
Hopf algebra admits as additional structures a conjugatmaha convolution producZ-sums
are defined by

i i
X X

i
n>ig>issn. >i>0 11 k

Z(nmy, ..., MG X1, .., Xk) =

k is called the depth of th#-sum andw = m; + ... + my is called the weight. If the sums go to
Infinity (n = o) theZ-sums are multiple polylogarithms:

Z(oo;my,...,M; X1, ..., %) = Limy,.m (X, X)-
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Forx; = ... = xx = 1 the definition reduces to the Euler-Zagier sums:
Zin;my,...mgl,...,1) = Zm  m(N).

Forn= o andx; = ... = Xx = 1 the sum is a multiplé-value:
Z(oo;my,...,mgl ..., 1) = {(my,...,m).

The multiple polylogarithms contain as the notation algeadggests as subsets the classical
polylogarithms Lj(x), as well as Nielsen’s generalized polylogarithms

X) = Li x,1,...1),
Sn,p( ) n+1,1,-..,1( )

pf

and the harmonic polylogarithms

k—1

The usefulness of th#-sums lies in the fact, that they interpolate between mieligolyloga-
rithms and Euler-Zagier sums.
In addition toZ-sums, it is sometimes useful to introduce as Betums.S-sums are defined

by

i1 i
X X
: : 1
S(n,m]_,...,rn(,X]_,...,Xk) - |—ml|—rn<
n>ig>ip>.. >i>1"'1 k
The S-sums reduce fox; = ... = xx = 1 (and positivar;) to harmonic sums:

S(nmy,....mg1..,1) = Sn...md(N).

TheS-sums are closely related to thesums, the difference being the upper summation boundary
for the nested sumgi — 1) for Z-sums,i for Ssums. The introduction d&sums is redundant,
sinceS-sums can be expressed in termsZesums and vice versa. It is however convenient to
introduce bottZ-sums ands-sums, since some properties are more naturally expressedns
of Z-sums while others are more naturally expressed in terrSssoins.

TheZ-sums form an algebra. The unit element in the algebra isi\dlyehe empty sum

e = Z(n).

The empty sunZ(n) equals 1 for non-negative integerBefore | discuss the multiplication rule,
let me note that the basic building blocks&ssums are expressions of the form

n
X
nmi’
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which will be called “letters”. For fixedh, one can multiply two letters with the same

n n n
X1 X (xax)
n™m M Mg’

e.g. thex;’s are multiplied and the degrees are added. Let us call thaf ad |etters the alphabet
A. As a short-hand notation | will in the following denote adgtjust byX; = xrj‘/nmi. A word is
an ordered sequence of letters, e.g.

W = Xg,Xo,..., Xk

The word of length zero is denoted By The Z-sums defined in (1) are therefore completely
specified by the upper summation linmtand a wordW. A quasi-shuffle algebra&d on the
vectorspace of words is defined by

eoW = Woe=W,
(X1, Wh) 0 (X2, o) = Xy, (Who (X2, Wa)) + X2, (X1, Wh) 0 W)
+(X1-X2), (WaoWL).
Note that “” denotes multiplication of letters as defined in eq. (1), vélas ©” denotes the

product in the algebral, recursively defined in eq. (1). This defines a quasi-shufteyct for
Z-sums. The recursive definition in (1) translatesZesums into

n
1 .
= g Zmg,.mi1= D) Zy (i1 —1)
ii=1"1
n 1 .
+ZWZm1 ,,,,, mk(|2_l>zrr¥2 ,,,,, rq’('Z_l)
I2=1i2
n 1

The proof thaZ-sums obey the quasi-shuffle algebra is sketched in Fig. 8 olkermost sums
of the Z-sums on the |.h.s of (1) are split into the three regionscaidid in Fig. 8. A simple
example for the multiplication of tw@-sums is

Z(n;my;X1)Z(n;my; X)) =
Z(n; My, Mp; X1, X2) + Z(N; My, My; X2, X1) + Z(N; My + Mp; X1X2).

The quasi-shuffle algebra is isomorphic to the free polynomial algebra on the Lyndon
words. If one introduces a lexicographic ordering on thiefstof the alphabe¥, a Lyndon word
is defined by the property

W<V
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Figure 8: Sketch of the proof for the multiplication gfsums. The sum over the square is
replaced by the sum over the three regions on the r.h.s.

for any subword$&) andV such thaww =U,V. HereU,V means just concatenationdfandV.

TheZ-sums form actuall a Hopf algebra. It is convenient to phthsecoalgebra structure in
terms of rooted treeZ-sums can be represented as rooted trees without any sidéings. As
a concrete example the pictorial representation of a suremtihdthree reads:

n il—liz—l Xil Xi2 Xi3 Xl
z(n: . _ M "2 8
(n; m17m27m31X17X27X3) - Z jaM j,M2 |, - X
ii=li,=1iz=1'1 " 12713
X3

The outermost sum corresponds to the root. By conventianydhbt is always drawn on the
top. Trees with sidebranchings are given by nested sumsawmotie than one subsum, for exam-
ple:

. X1
C X1 C oy

ZL_Z(I —1;mp, %) Z(i — 1;mg;x3) =

L |

i= X2 X3

Of course, due to the multiplication formula, trees withefichnchings can always be reduced to
trees without any sidebranchings. The coalgebra strugurew formulated in terms of rooted
trees. | first introduce some notation how to manipulateadatees, following the notation of
Kreimer and Connes. An elementary cut of a rooted tree is afcatsingle chosen edge. An
admissible cut is any assignment of elementary cuts to @ddot¢e such that any path from any
vertex of the tree to the root has at most one elementary cuadiissible cut maps a treéo a
monomial in trees; o ... oty 1. Note that precisely one of these subtrgesill contain the root

of t. Denote this distinguished tree B (t), and the monomial delivered by thkeother factors
by PC(t). The couniteis given by

ee) = 1,
eit) = 0, t#£e
The coproduch is defined by the equations
Ale) = e®e,
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A) = est+toet+ Yy PC(t) @ RE(1),

adm. cut of t
A(tlo...otk) = A(tl)(o®o)...(o®o)A(tk).
The antipodes is given by
S = e
st = —t—= Y S(PPW) R,
adm. cutCof t
S(t1o...oty) = S(t1)o...085(t).
Since the multiplication in the algebra is commutative thi¢epde satisfies
$2 = id.
Let me give some examples for the coproduct and the antipwde$ums:
AZ(mmy;x) = e®Z(nmy;X) +Z(nmyxg) @€,
AZ(n;my,Mp;Xg, %) = €e®Z(N;my,Mp;Xg,X2) +Z(N; My, Mp; X1, X2) @ €
+Z(n;mp; X2) ® Z(n; my; X1),

SZ(nymy;xg) = —Z(nmyg;xa),
SZ(n;my, Mp; X, X2) = Z(N;Mp, My; X2, X1) 4+ Z(N; My + Mp; X1%2).

The Hopf algebra of nested sums has additional structurves #llow expressions of the form

n

X0 : :
n—mOZ(n, My, ..., M X1, ., Xk,
e.g.Z-sums multiplied by a letter. Then the following convolutiproduct

n—1 i —i
) iX—mZ(i—l;...) (ny_ni)mzm—i—l;---)

can again be expressed in terms of expressions of the forrAifldxample is

n—1 X' ) yn—i
=L (n—1i)

X X) 4z (n—1;1,1,1;3—’,1,)—(>
y'X Xy
In addition there is a conjugation, e.g. sums of the form

2 () e
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can also be reduced to terms of the form (1). Although one eailyeconvert between the
notations forSsums andZ-sums, expressions involving a conjugation tend to be sharhen
expressed in terms &sums. The name conjugation stems from the following fastarly func-
tion f(n) of an integer variable one can define a conjugated function f(n) as the following
sum

cum):ii<?)VQWm.

Then conjugation satisfies the following two properties:

Col = 1,
CoCof(n) = f(n).

An example for a sum involving a conjugation is

S(n 1,1;1-x, 11 )—S(n;l,l;l—x,l).

Finally there is the combination of conjugation and contioly, e.g. sums of the form

yl"l i

_Z<) b ) i

can also be reduced to terms of the form (1). An example isdiye

_Z( ) " S(ii1x) S(n—i;1yy) =
H{S(n:l:y)Jr(l x)" [S(nl 111>_s<n;1;i:§>]}
Jr(_nl)n{S(n;l;X)Jr(l—Y)n S(” L 11)1,> _S<n;1;i:§>]}'

6.4 Expansion of hypergeometric functions

In this section | discuss how the algebraic tools introdundtle previous section can be used to
solve the problems outlined at the end of Sect. 6.2. Firstd gome motivation for the introduc-
tion of Z-sums: The essential point is thatsums interpolate between multiple polylogarithms
and Euler-Zagier-sums, such that the interpolation is @irble with the algebra structure. On
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the one hand, we expect multiple polylogarithm to appeahénliaurent expansion of the tran-
scendental functions (1), a fact which is confirmed a pasteriTherefore it is important that
multiple polylogarithms are contained in the clasZeums. On the other the expansion param-
etere occurs in the functions (1) inside the arguments of Gammatfans. The basic formula
for the expansion of Gamma-functions reads

F(n+¢€) = (1+€)r(n) [1+&Zy(n— 1) +€%Z13(n—1)
+s32111(n — 1) +...+ En_lz]_]_m]_(n — l)} ,
containing Euler-Zagier sums for finite As a simple example | discuss the expansion of

e F(i +a +tle)r(i +az—|—t2€) i
i; r(i—l—l)r(i-i-a?,—thS)

into a Laurent series ia. Hereas, ap andag are assumed to be integers. Up to prefactors the
expression in (1) is a hypergeometric functigf. Usingl™ (x+ 1) = X" (x), partial fractioning
and an adjustment of the summation index one can transforint@lterms of the form

© (i +te)l (i +1€) X

i; rir(i—+tze) im

wheremis an integer. Now using (1) one obtains

 (1+et1Zy(i—1)+...) (L+etpZy(i—1) +..) %
ra+e 2 (I+etsZa(i—1) +..) im

Inverting the power series in the denominator and trungatire one obtains in each order
terms of the form

| ix—mzml...nk(i —DZny (i =1)Zy (i —1)

Using the quasi-shuffle product farsums the three Euler-Zagier sums can be reduced to single
Euler-Zagier sums and one finally arrives at terms of the form

00 Xi ‘
_ i—mzml...mk(| —-1),
i=

which are harmonic polylogarithm$m m, ... m (X). This completes the algorithm for the expan-
sion in€ for sums of the form (1). Since the one-loop integral disedss (1) is a special case
of (1), this algorithm also applies to the integral (1). Iddibn, this algorithm shows that in the
expansion of hypergeometric functions;F;(as, ...,a3+1; b1, ...,bs; X) around integer values of
the parameteray andb; only harmonic polylogarithms appear in the result.
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Let me come back to the example of the one-loop Feynman mdtdggcussed in Sect. 6.2.
Forvi =v2 =v3=1andm=2in (1) one obtains:
/d4—2€k1 1 1 1
i (k) (—K3) (—K3)
—1-¢
M(—e)F(1—¢e)r(1+€) (—pf >
(COLU_eraye) (Pl " oy oy
M(1—2¢) 1-x & 0T

Here, all harmonic polylogarithms can be expressed in t&ihNielsen polylogarithms, which
in turn simplify to powers of the standard logarithm:
-1 n
H 100 = Soa@-x = 2 nw
—— '

n

This particular example is very simple and one recovers glekmown all-order result

r(1—e)%r(1+e) (—Pleg) = “1-x°
M(1-—2¢) €2 1-x’

which (for this simple example) can also be obtained by dirgegration.

6.5 The integral representation of multiple polylogarithms

The multiple polylogarithms are special caseZedums. They are obtained froArsums by
taking the outermost sum to infinity:

Z(OO, ml7 L) rrl(; le 7Xk) = Liml,...,m((xb ~~~7Xk)'

Being special cases &-sums they obey the quasi-shuffle Hopf algebraZzesums. Multiple
polylogarithms have been defined in this article via the sepnesentation (1). In addition, they
admit an integral representation. From this integral regméation a second algebra structure
arises, which turns out to be a shuffle Hopf algebra. To dsthis second Hopf algebra it is
convenient to introduce fa # 0 the following functions

t t_
Fody, fodb 7 di

t1—z/) tb—2 ) tk—z%
0 0 0

G(z,...,zcy) =

In this definition one variable is redundant due to the follgyscaling relation:
G(z1,...,zqy) = G(xz,...,XZ;Xy)

If one further defines
1
adzy) = —
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then one has
d
d_yG(ZL ,Zk,)’) = 9(21;Y)G(227 e 2k y)

and
Gz, 2,....z5y) = /dtg(zl;t)G(zz,...,zk;t).

One can sligthly enlarge the set and def3(®, ..., 0;y) with k zeros forz; to z to be

G(0,...,0;y) = %(Iny)k.

This permits us to allow trailing zeros in the sequelfee...,z) by defining the functiorG
with trailing zeros via (1) and (1). To relate the multipldydogarithms to the function& it is
convenient to introduce the following short-hand notation

Gmy,..m(z1,---,20y) = G(0,...,0,21,...,2-1,0...,0,7;y)
m—1 mg—1

Here, allzj for j = 1,...,k are assumed to be non-zero. One then finds

1 1 1
; k .
LI ml,...,m((XL sy Xk) - (_1) Gml,....l”f‘k (Xl X1X2 ey Xl Xk, 1) .

y 2 @)
2122"Zk .

Gm,..m (2, Zsy) = (— 1) Limy,. JW(

Eq. (1) together with (1) and (1) defines an integral repriediem for the multiple polyloga-
rithms. To make this more explicit | first introduce some tiotafor iterated integrals

AN N to

/ dt dt / dt, / dth_1 / dty
0...0 = X ... X

/ t—an t—a th— th-1—an-1 4 ti—a1

and the short hand notation:

A m A

/(dt ) dt /dt dt dt
—O _— = — O0...—O .
t t—a / t t t—a

g
mtimes
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The integral representation fordi . m, (X, ...,X1) reads then

Frdt \™ !
Liml,...,w(xl,...,xk):(_1)k0/(To) -

dt \™ 1 dt dt \™ ! dt
(@] —O0 O...0 —0 _—
t t— Dby t t— by’

where thebj’s are related to thg;’s

1
X1X...Xj

bj =

From the iterated integral representation (1) a secondbedggtructure for the functior(z, ..., z;y)
(and through (1) also for the multiple polylogarithms) isabed as follows: We take thg’s as
letters and call a sequence of ordered lettefsz, ..., z. a word. Then the functio®(z, ...,z;Yy)

is uniquely specified by the womd = z1, ...,z and the variablg. The neutral elememis given

by the empty word, equivalent to

GGty) = L
A shuffle algebra on the vector space of words is defined by

eow = woe=w,
(z1,w1) 0 (22,W2) = 71, (Wr0(22,W2)) + 22, ((z1,W1) o W2).

Note that this definition is very similar to the definition et quasi-shuffle algebra (1), except
that the third term in (1) is missing. In fact, a shuffle algelsra special case of a quasi-shuffle
algebra, where the product of two letters is degeneréteX, = 0 for all lettersX; and Xz in
the notation of Sect. 6.3. The definition of the shuffle pradag translates into the following
recursive definition of the product of twe-functions:

G(z,...,zY) X G(Zi1,--, ZnY) =

dt
t—G(ZZ, 7Zkat)G(Zk+l7 aZn,t>
0 A

y

dt

+/ G(Zl,,Zk,t)G(Zk+2,,Zn,t)
A t—Z

For the discussion of the coalgebra part for the functi@(wa, ..., z;y) we may proceed as
in Sect. 6.3 and associate to any funct®fz, ..., z;y) a rooted tree without sidebranchings as
in the following example:

VAl
Gz, z,z3) = 1z

V4
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The outermost integration (involvirg) corresponds to the root. The formulae for the coproduct
(1) and the antipode (1) apply then also to the functiG(w, ..., z;Yy).

A shuffle algebra is simpler than a quasi-shuffle algebra aredfmds for a shuffle alge-
bra besides the recursive definitions of the product, theochyrt and the antipode also closed
formulae for these operations. For the product one has

G(z1,...., ZY) G(Zuy1, .., Zessy) = Z G (Zo(1)r s Zo(s1)3Y)
shuffle

where the sum is over all permutations which preserve ttaivelorder of the stringz, ..., z
andz. 1, ...,z . This explains the name “shuffle product”. For the coprodunet has

k
AG<Zl7 ,Zk,y) = ZOG(ZL 7Zj’y) ®G<Zj+17 7Zk1y)
j=

and for the antipode one finds

SG(z,...,z0y) = (—1)"G(zk,...,zl;y).
The shuffle multiplication is commutative and the antipoalis$ies therefore

From (1) this is evident.

6.6 The antipode and integration-by-parts

Integration-by-parts has always been a powerful tool fdcwtations in particle physics. By
using integration-by-parts one may obtain an identity leemvwariouss-functions. The starting
point is as follows:

y
G(z,...,z5y) = /dt (%G(Zl;t)) G(z,...,z;t)
0
y
:G(zl;y)G(zz,...,zk;y)—/dt G(z1;1)9(22;1)G(z3, ..., 4 t)
0

WL
=G(z1;y)G(2, ...,z Y) —/dt (EG(zz,zl;t)) G(zs,...,z;t).
0

Repeating this procedure one arrives at the following iratgn-by-parts identity:

Gz, ... z¢y) + (—1)*G(z, ..., z1;y)
= G(z1;y)G(z,...,2zY) — G(22,21;Y)G(2z3, ..., Z; Y) + ...
—(=1)*'G(Zc 1, 2Y)G(Z6Y),
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which relates the combinatid®(zy, ..., zy) + (—1)¥G(z, ..., z1;y) to G-functions of lower depth.
This relation is useful in simplifying expressions. Eq. ¢An also be derived in a different way.
In a Hopf algebra we have for any non-trivial elementhe following relation involving the
antipode:

Zw(l).5(w(2)) — 0.
(w)

Here Sweedler’s notation has been used. Sweedler’s notatites the coproduct of an element
w as

Alw) = ZW(l)(X)W(Z).
(W)

Working out the relation (1) for the shuffle algebra of thedtionsG(z, ..., z;y), we recover
Q).

We may now proceed and check if (1) provides also a non-trigiation for the quasi-shuffle
algebra ofZ-sums. This requires first some notation: A composition obsitpve integek is a
sequencé = (iy, ...,i|) of positive integers such that+ ...i; = k. The set of all composition of
k is denoted byC(k). Compositions act oA-sums as

(i1, ..0yi)) 0 Z(N; My, .oy MG X, -0 Xk)
= Z(Mmy+ .4 My, M1+ e Mg, e My i 41+ e
+m1+...+i| s XLee Xig s Xig41- - Xig+ins '“7Xi1+...+i|,1+1---Xi1+...+i|) s
e.g. the firsti; letters of theZ-sum are combined into one new letter, the niexietters are

combined into the second new letter, etc.. With this notatay compositions one obtains the
following closed formula for the antipode in the quasi-steudlgebra:

SZ(Mmy, . Mixe, %) = (D% S ToZ(mmy ..., M, ..., Xa)
leC(k)

From (1) we then obtain

Z(n;ml,...,rn(;X]_,...,Xk)‘i‘(_1)kz(n;rn(,...,ml;Xk,...,X]_)
- — Z P(Z(m;my, ..., M X, .., X))

adm cuts
5 (R @m0
—(—1) Z o Z(n; My, ..., My Xy -vey X1)-

lec(\@1,....1)

Again, the combinatioZ(n; my, ..., Mg; X1, ..., X) + (—1)"Z(n; m, ..., My X, ..., X1) reduces t&-
sums of lower depth, similar to (1). We therefore obtainedimtegration-by-parts” identity for
objects, which don’t have an integral representation. Vé¢ dibserved, that for th@-functions,
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which have an integral representation, the integratiompdnys identites are equal to the iden-
tities obtained from the antipode. After this abstractiowards an algebraic formulation, one
can translate these relations to cases, which only havepihveriate algebra structure, but not
necessarily a concrete integral representation. As angeane have

Z(n; my, My, Mg; X1, X2,X3) — Z(N; Mg, Mz, My ; X3, X2, X1) =
Z(n;myg; X)Z(N; Mg, Mg; X2, X3) — Z(N; My, My; X2, X1)Z(N; Mg; X3)
—Z(In; My + Mg; X1 X2) Z(N; Mg; X3) + Z(N; My + Mg, My ; XpX3, X1 )
+Z(n; Mz, My + Mp; X3, X1X2) + Z(N; My + My + Mg; X1X%2X3) ,

which expresses the combination of the tdksums of depth 3 a&-sums of lower depth. The
analog example for the shuffle algebra of Gdunction reads:

G(a,22,23Y) —G(z, 22,21,y) = G(z1,Y)G(22,23Y) — G(22,21,Y)G(23,Y).

Multiple polylogarithms obey both the quasi-shuffle algebnd the shuffle algebra. Therefore
we have for multiple polylogarithms two relations, whicle @ general independent.

6.7 Numerical evaluation of multiple polylogarithms

The real part of the dilogarithm kx) is numerically evaluated as follows: Using the relations

Lio(x) = —Lia(1—x)+ g —In(X)In(1—x),

. - R - e 4 B 2
Lio(x) = —Liz (x) 53 (In(=x))“,
the argument is shifted into the rangé& <x <1/2. Then

Lis(x) = ii : +Bi1)!2i+1

B il B
= Bzt 2+ Y

2 & (2n+1)! ’
with z= —In(1—x) and theB; are the Bernoulli numbers. The Bernoulli numbBysire defined
through the generating function
t > tn

e-1 = 2P

It is also convenient to use the Clausen functiogp(las an auxilary function.
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6.8 Mellin-Barnes integrals

joo
-a __ i/ r(—O)r(G—I—O) opA—0—C
(AL+Ax) 2 = 5 | do ra) AJA,

—joo

with |argA; — argAz| < Tt The contour is such that the poleslaf—o) (UV-poles) are to the
right and the poles df (a + o) (IR-poles) are to the left.

Closing the contour to the left:
i/

211 gs
Closing the contour to the right (negative “umlauf” number)

i/

e do... = —

211 gs
Barnes first lemma:

Na+c)r(a+d)r(b+c)r(b+d)
MNa+b+c+d)

Zim. / dz (a+ 2 (b+ 2 (c— 2T (d—2)

—joo

if none of the poles of (a+ z)I" (b+ z) coincides with the ones from(c— z)I (d — z) and if the
contour separates the increasing series of poles from tireaking ones.

Barnes second lemma:

1 i°°d Ma+ 2 (b+2)(c+2M(d—2) (e—2)
2_Tu‘/ ‘ Ma+b+ct+dtetz)

7Ioor(a+ d)l (b+d)r(c+d)r(a+er(b+el(c+e)
MNa+b+d+el(a+c+d+el(b+c+d+e)
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7 From differential geometry to Yang-Mills theory

Additional textbooks:
- O. Forster, Analysis 3, Vieweg, (differential forms)
- M. Schottenloher, Geometrie und Symmetrie in der Physigweg,

- M. Nakahara, Geometry, Topology and Physics, Institutelofsics

7.1 Manifolds
M is ann-dimensional differentiable manifold if
e M is atopological space

e M is provided with a family of open sefdJ;} together with corresponding mappindis
such that the familfU; } coversM, that is,

UJ = M
and wherad; is a homeomorphism froftd; onto an open subsgt C R".

e GivenU; andU; with UinU; # 0, the mappj = ¢i(|)j_1 from ¢;(UiNUj) to ¢pi(UiNU;) is
infinitely differentiable.

The pair(U;, ¢;) is called a chart, while the whole famify{Ui, ;) } is called an atlas. The subset
U; is called the coordinate neighbourhood wiiilas the coordinate function or simply the coor-
dinate. Note thaM is locally Euclidean and in each coordinate neighbourhdddoks like an
open subset dR". But note that we do not require thdtbe R" globally.

A map f : X — Y between two topological spacesandY is called a homeomorphism if it
is continous and has an inver§e! : Y — X which is also continous. In that ca¥eandY are
said to be homeomorphic to each other.

Amapf : X —Y is called a diffeomorphism if it is a homeomorphism aie¢: C*.

Let| C R be an interval an¢: | — M c R" a differentiable map. A tangent vector kb at
the pointy(tp) is defined by

d n
&y(t) eR"

to

The set of all tangent vectors kb at the pointp is denoted byf,M. We denote by;M the dual
vector space ofpM, i.e. the set of all linear forms

@: ToM — R.
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Elements ofpc TyM are called co-tangent vectors.

A vector field is a map
X:M—R"

X associates to each poip M a tangent vectoX(p) € R".

7.2 Differential forms

A differential form of order one is a map
w:M—JTM

with w(p) € TyM. The differential formw associates to each poipte M a co-tangent vector
w(p) € TyM. We denote the value of(p) applied to the tangent vecters T,M by

(w(p),V)
Example: LeU ¢ R" and letf : U — R be a differentiable function. The total differentdf of
f is defined by
(df D of(p
6x, Vi

Coordinate representation: Every differential form oferdne can be written as

i fi (x)d>q

Integrals along a curve: Lgt [a,b] — U be a curve . The the integral afalongy is defined by

/“’ = /b<w<v<t),\/(t)>dt.
Y a

Wedge product of linear forms: Lef, ..., € V* denote linear forms. The wedge product is
a map

WA AW VKSR
defined by
(m,v1) ... {(oo,Vk)
(I A...Aox) (V1,...,) = det
(O, V1) e (O, Vi)
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Coordinate representation of differential forms of orkter

1
W = Ezfilmikd)ql/\“‘/\d)qk‘

Pull-back of differential forms: Let) ¢ R" and let
1
w = W Z fi, i dXg AL AdX,.
be ak-form inU. Further assume that an open'¢et R™ and a differential map

¢ =(¢1,....¢n) :V —U

are given. Then itis possible to definé-form ¢*winV by

. 1
0w = HZ(fil...ikod))dd)il/\~~~/\d¢ik~
Remark:k-forms can be integrated ovieidimensional (sub-) manifolds.

Example:
e

A = i%A“(x)d)dJ,

defines a one-form. Further
e
dA = d(i—
(I hec

h—eC% (3uA, — BuA) A A X'

e

AdxX’) = | A A X
=i

This motivates the definition of the field strength two-form

el
F = dA=i—¢

N
thFwdx“/\ dx’.

7.3 Riemannian geometry

We consider the transformation from a coordinate syst&m?, x2, x3 to the coordinate system

x’O, Xt x’2, X3

o= (0 Xt X2 x3).
Under this transformation the differentials of the cooedes transform according to

oxH
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A contra-variant four-vectoA" is a set of four quantities, which transforms under a coartein
transformation as these differentials:

oMy
ox'V

A =

Let @ be a scalar function. The derivativég/0x" transform under a change of coordinate sys-
tems as

o  opox"
XM oxVooxe’

A co-variant four-vectord, is a set of four quantities, which transforms under a coatin
transformation as the derivatives of a scalar function:

IV
ox” ,

Au = OXHAV

A tangent vector can be expressed at every point as a line#rination of basis vectos,.”

For the basis vectors the notation

is often used. A vector field associates to every point of aifolaa vector.

The dual of a vector field is a one-form. A one-form associatesvery point of the mani-
fold to a vector a (real or complex) number. A basis for thecepaf one-forms is given by the
differentialsdx:

w = wydx
The duality between vector fields and one-forms implies
d(ay) = &

A tensor field withr contra-variant and co-variant indices maps at the poxy M r co-tangent
vectors ang tangent vectors to a real (or complex) number.

(T x = (TIM)' % (M) = R,
W, @V, Ve — (TS (wh oy 0 Ve, 0 V)

Coordinate representation:
t\tli::\lj;(x> = (TSr>X (d)éllw”ud)é#:avlw"?avs)-
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Representation of the tensor field in the basis:

D-1 D-1
= Y ) (O © - ®0y) © (AR .. @ dX™).

Example: A(0,2)-tensor field is defined by

D-1
g = Z g (x)dxX @ dx’.
wv=0

Definition of a Riemannian manifold: L& be a differentiable manifold. A Riemannian metric
gonM is a type(0, 2)-tensor field orM which satisfies the following axioms at each poirt M:

gX(U7V) = gX(Vvu)
ox(U,U) > 0 where the equality holds only whéh= 0

HereU,V € TxM andgx = g|x.
In short,gy is @ symmetric positive-definite bilinear form.

A metric is called semi-Riemannian metric, if

gX<U7V) = gX(V7U)7
and if gx(U,V) = 0 holds for alll € TyM, thenV = 0.

A manifold with a semi-Riemannian metric is called a sengfRannian manifold.

Remark: Since the metric is symmetric, all eigenvalueg,pfare real. For a Riemannian man-
ifold all eigenvalues are positive. A semi-Riemannian rf@ddimay have in addition also neg-
ative eigenvalues. A manifold with exactly one positivesgigalue ofg,, (and(D — 1) negative
eigenvalues) is called Lorentz manifold.

Let (U,¢) be a chart irM and{x"} the coordinates. The metric is written as
g = Gw(p)dx'@dx’

where Einstein’s summation convention has been used.

The inverse ofyy is denoted byt".
O™ = 9"Pgop =9},
The metric gives rise to an isomorphism betwdgd andT,"M expressed by
w=gwU’  Uf=g"w,

whereUH € TuM andwy, € Ty M.
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Summary
Differential form:
w = wdx
Vector field:
X = XM,
Differential forms of order:
W = Wy XA A

In general: tensor fields:

D-1 D-1

Metric: (0, 2)-tensor field

D-1
g = > guwxd¥edx.
wv=0

The metric induces an isomorphism betwdgll andT,'M expressed by

Wy = G X"
Example for a differential form:

. e
A = |EA“(x)dx“,
This defines a one-form. We have further
e
A = —
d d (. =

el
> (0uAy — uAy) X A X,

AR ) =i 3uA X A AR’

This motivates to define the field strength two-form as

el
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7.4 Hodge theory

Let M be am-dimensional manifold. M is endowed with a metric, there is a natural iso-
morphism between the space of efforms and the space of aliln—r) forms, given by the
Hodge-operatok.

*  Q'(M)— Q™ "(M)

‘g‘ r m
*(d)é’ll AN d)é#) = meul thjrlmvmd)e} +1 AN d)@’

Remark:
*x0W = T
The sign depends on the signature of the metric. In particula

evey — | (V™Y@ Euclidean manifold
B (—1)" M-+l Lorentz manifold

With the help of the Hodge operator one defines a scalar ptddiveen twa -forms. Let

1
W = ﬁoo“lmprd%l A A

We define

1
= ﬁ/%lmprr]“l“‘“f\/@dxl/\.../\dxm
M

This scalar product is symmetric:

(wn) = (n,w)
Example:
1

2lfwd>dJ/\ dx’.

el le . e

We have further

1l eN2 oy W
(F,F) = é('ﬁ:) /d XA F

/d“xL — %(%)Z(F,F).
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7.5 The covariant derivative

Motivation: In flat space-times the derivatives of a vector
0
axi
form a tensor. However, in curved space-times this is nodotrgie: The derivatives of a vector

do not transform as a rank two tensor. Taking the derivatiyglies comparing a vector field at
two different points.

Definition of an affine connection: An affine connectidns a map

O : VectM) x Vect(M) — Vect(M)
<X7Y)_>|:|XY7

which satisfies the following conditions

OxivZ = OxZ+DhZ
DY = fOxY

Ox(Y+2Z) = OxY+0OxZ
Ox(fY) = X(f)Y+ fOxY

wheref € F(M) andX.,Y,Z € Vect(M).
Take a chartU, ¢) with the coordinatex = ¢(p) and defineD? functions called the connection
coefficientsC! , by

Ue& = eAC)\uv

where{e,} = {0/0,} is the coordinate basis if,M. For functionsf € F(M) one defines

Oxf = X(f)=XxH (%)
ThenOx (fY) looks exactly like the Leibnitz rule,
Ox(fY) = (Oxf)Y+ f(OxY)
We further set for tensors
Ox(MeT) = (OxT)@T+Ti®(OxT?)
In the following we use the notation
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We have
M v H ov”
OxY = XHO,(Y =XH| —
X U( Q’) <0Xu

ay?
= XM (W +YVC)‘W> e.

OxY is independent of the derivative Xf

CY +Y"Du6\;)

is called the covariant derivative.

Parallel transport: A vectoX is said to be parallel transported along a curve given throug
Vif

yX = 0

holds.

70



Summary

Recall: We already formulated electro-dynamics in the leagg of differential geometry. There
we associated to the gauge poterdiglx) the one-form

e
A = i— dx
A
This one-form defines the covariant derivative
Da = d+A=d+i—Add
hc
and the field strength / curvature by
2 el
F = Diz=dA+AANA=dA=i——-Fyd¥Adx’.
hc?2
Fu is the usual field strength tensor:

If we introduce the Hodge operation for differential forms

(AL ARY) = 9l b

(m_ r)! Vr+1...Vm

dxX/r+I AL AdX™,

we can write the action for electromagnetic fields as

1 /hc 2
S = s (—e) /F/\*F.
7.6 Fibre bundles

Recall: We already considered manifolds. For every pdiof a manifoldM we considered the
tangent spac&M. For aD-dimensional manifold we have

™M ~ RP,
It is therefore tempting to consider the product space
E = MxRP,
together with a projection

m : MxRP M,
(X,V) — X.
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Let

i and i
oxH oyM

be two bases of the tangent space at pxifithen we have for the transformation matrix

oyY
5a € GLDR).

The groupGL(D, R) is called in this context the structure groupkaf

This construction can be generalised in the following mint

- Instead of the tangent space, which is attached to eveny pbihe base space, we can consider
an arbitrary manifolds attached to every point of the baseap

- The structure group need not 8¢ (D, R), but can be any Lie group.

- The requirement of a global product structure is very retste. This can be relaxed towards a
requirement, that this holds only locally, i.e. in a neightfmod of every point.

A differentiable fibre bundI€E, 1, M, F, G) consists of the following elements :
¢ adifferentiable manifold called the total space
¢ a differentiable manifold/ called the base space
¢ a differentiable manifoldF called the fibre

e asurjection: E — M called the projection. The inverse image!(p) = Fy, is called the
fibre atp.

e aLie groupG called the structure group, which actserirom the left.
e a set of open coveringdJ; } of M with a diffeomorphism
@ Ui xF -1 U)

such thatw (p, f) = p.
The mapy is called the local trivialisation, sineg* mapsrt(U;) onto the direct product
U; x F.

o Ifwe writeq(p, f) =@ p(f), the mapp p: F — Fpis a diffeomorphism. Ol NU; # 0
we require that

tj(P) =@ p@ip:F —F
be an element dB, satiesfying the consistency conditions
ti = id,tij =t tijtje = tic.
The {tjj } are called the transition functions.
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Remark: The product structutg x F is required only locally. Therefore a fibre bundle can be
twisted (example: Mdbius strip).

Special cases of fibre bundles: A vector bundle is a fibre lsyndhose fibre is a vector space.

A principal bundle has a fibre, which is identical with theusture grougs. A principal bundle
is also often called & bundle oveM and denoted®(M, G).

A sectiono : M — E is a smooth map, which satiesfirg = idy.

7.7 Connections on fibre bundles

If we consider as fibre the tangent space, we obtain a bundighvwsknown as tangent bundle.
A point in the total space is denoted pyV ), wherex is a point of the base space avidienotes
a tangent vector. We already considered the problem of congptangent vectory andW
attached to the points andy, respectively. The problem was solved with the introduciod
an affine connection. The affine connection was used to défepadrallel transport of tangent
vectors.

We now consider the corresponding situation for a principallde. First we note, that in this
case the fibre is not a vector space, but a Lie group. Nevee#ise We face the same problem:
We consider a poinfx, go) in the total space. If we move in the base space fxdmy, to which
point (y,g1) does this correspond in the total space ?

In order to answer this question we again define parallesprart through a connection.

We consider the tangent spat® of the total spac®. Letu = (x,go) be a point in the total
space of the principal bundM, G) and letGy be the fibre ak = 1(u). The vertical subspace
WP is a subspace of the tangent spage, which is tangent t&y at u.

A connection one-formw € g® T*P, which takes values in the Lie algebra g ®f is a pro-
jection of TP onto the vertical componeht,P = g.
We require further

wug(RyrX) = g twu(X)g.

The horizontal subspac#,P is defined to be the kernel of. Thusw defines a unique separation
of the tangent spacg,P into the vertical subspadé,P and the horizontal subspatP such
that

TuP - HuPEBVuP

Horizontal lift : LetP(M, G) be a principal bundle and lgt [0,1] — M be a curve irM. A curve
¥:[0,1] — P is said to be a horizontal lift of if iy =y and the tangent vector fgt) always
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belongs tdHy)P.

A pointu; is said to be parallel transported fram, if there exists a horizontal liff betweernu;
andup.

Remark: Therefore the connection defines the horizontadrifl parallel transport.
Pull-back of differential forms: Ldt) C R" and let
W = % > fisidXg A AdX.
be ak-form inU. Further consider an open 8¢t R™ and a smooth map
= (¢1-bn) 1V — U.

Then one defineslaform ¢*win V through

d'w = % Z (fipi,o®)ddi, A... Add,.
Remark:k-forms can be integrated ovierdimensional (sub-) manifolds.
With the help of a sectioo : M — P we can pull-back the connection formmto M:

A = o'w.

We use the notation

A = (o) Teamd = () TeATN
Here,g is the coupling constant. In electro-dynamgisquals the elementary charge
Remark: For two sections; ando, we always have

o2(x) = 01(x)U(x),

whereU (x) is ax-dependent element of the Lie groGp Then we obtain for the local expressions
of the connection one-form

A, = u~lau+Utdu
This is nothing else than a gauge transformation.
The connection one-form defines now the covariant derigativ
_ _ g T AAQ
Da = d+A=d— (5 )ToAld¥.
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Remark: This holds for any Lie group. For electro-dynamics we have the grduifl). In this
case the group has only one generator, which we can take deXofimula reduces to

ey.
Do = drA=d— (h—c) iA A%,
This formula we encountered already previously.

With the help of the connection one-form and the covariamivdgve we define the curvature
two-form of the fibre bundle by

F = DaAA=dA+AANA

Remark: This definition is in close analogy with the defimtimf the Riemannian curvature ten-
sor. Also the Riemannian curvature tensor can be calcuthtedgh the covariant derivative of
the affine connection.

Note that with

we have
dA = d(Avdx’) =9, Adx¥ Adx’
= 2 (OA —BA) AR
ANA = Audx”/\A\,dx":%(AHAV—AVA“)dx“/\dx"
= %[Au,Av]dx”/\dx"
and therefore

1

in agreement with the previous notation.

g

_ ara
v = STORY
In local coordinates one has
1/,9)\.
E — __(—) TaF2dx A dX,
2 hcl w @XA
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where
g bcab
FE = 0uAS—auAT+ (o) FARAS,
In this context we also introduce the dual field strength
. 1
Fw = quvoo':pc

or equivalently, the dual field strength two-form

1 1
1~
Then the action can be written as
1 4 1
S = _Z/d xF@FaW:?/TrF/\*F

Substituting the explicit expressions, we recover theiprey/result:
1
s = —/ Tr R PR A dx AR A A
292
With the Hodge inner product the action can be written as

1 1 1
S = —Z/TrF/\*F:—ZTr (F,F) == Tr [|F|?
g g g

Fo = OuAS—0uAl+ () FRooRbAS,
The Lagrange density is invariant under the following gatugesformation:
T2AR(X) — U(x) <TaAf}(x) +i%°au> ux)"
where
U (x) = exp(—iT20%(x)).

The Bianchi identity reads

05" + [Au W] = 0
The (classical) Yang-Mills field equations read

OFW + [ALFY] = 0

Summary:
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Maxwell

Yang-Mills

Bianchi

Euler-Lagrange

OuF™ + [ALFM] =0

OuFW + [ALFW] =0
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7.8 Instantons

Recall from the last lecture:

1 1
S = —Z/TrF/\*F:—/d“xTrFWF“"
g 29

1 g

A = A A=ITAL

F = dA+AANA

Dual field strength:

1. ~ 1

Bianchi identity:
OF™ +[ALFM] = 0
Euler-Lagrange equations:
OFW + [ALFY] = 0
Gauge transformations:
A, = UTTAU+U 19U

In this lecture:SU(2) Yang-Mills theory in euclidean space. The generatorSdf2) are pro-
portional to the Pauli matrices:

I1:} 01 12_1 0 —i |3:} 1 0
2\ 1 0 2\i 0 2\ 0 -1
Let us look at classical solutions for the Yang-Mills theaych that the action is finite
= L [axTrR
S = 2—92 XTr Ry
In Euclidean space this implies

lim Fy(x) = O.

[X| e
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One is tempted to conclude that this implies

lim Ay(x) = 0.

[X|—e

But this condition is too strong. In fact, the vanishing of field strength implies only

lim Ayx) = U 1(x)0U(x),

‘X‘—)OO

which is obtained from\,(x) = 0 by a gauge transformation. A field configuration like(x)a U (x)
is called “pure gauge”. Therefore we look at classical sohs, which approach a pure gauge
configuration at infinity.

For four-dimensional Euclidean space the points at infifdtyn a three-sphere. The gauge-
transformatiorl at infinity represents therefore a mapping fr&hto SU(2). SinceSU(2) is
topologically equivalent to a three-sphere, we llok at niagp

s - s

These mappings are characterized by a topological windingjer.

Simple example:

Ul — U@,
de — e
The winding number is given by
n— - /d“xTrF FW
1612 w

In Euclidean space we have the positivity condition
[ dXTr (RuRa) (FW£F) > 0

Since further

we have
and therefore

/d"’xTr FoFW > ’/d”’xTr lef“"' = 1617|n|.
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Thus the action satisifes

812|n
s> o
The action is minimized for

These solutions are called — depending on the sign — selfathdizanti-self-dual solutions.

Remark: Self-dual and anti-self-dual configurations ar®matically solutions of the Euler-
Lagrange euqation. From the Bianchi identity

OuF™ + [ALFY] = 0
andF,, = £F,, it follows immediately
0FW + [ALFY] = 0.

The instanton solution of Belavin, Polyakov, Schwartz apdplin (Phys. Lett. 59 B, 1975, 85):
2

X _
A= e Y ()9 (%)
wherep is the instanton radius and
1 -
Ux) = ﬁ(Xo—I—IXG)

With the identity

(86)(bd) = (ab)1+i(ax b)o
we obtain

(Xo+iX0) (xo—iX8) = X3+X%°
Therefore one shows for

Ul = — (0—ix0)

[EEN
5

that

Ulx = ufx).
Further

det(xg+iX3) = X2,

and therefore

U(x) € SU(2).
In the limitx? > p? the gauge field reduces to a pure gauge configuration

A~ U1 ()8,U (%)
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7.9 Chern classes and Chern characters

Invariant polynomials: LeN be a compleX x k matrix andP(N) a polynomial in the compo-
nents ofN. P(N) is called an invariant polynomial if

P(N) = P(g7'Ng)
for all g € GL(k,C).
Examples for invariant polynomials:

det(1+N),
Tr expN.

Remark: IfA has eigenvaluef\1, ..., Ac}, P(A) is a symmetric function of the eigenvalues.

For a principal bundle we consider invariant polynomials disnction of
i

211

The total Chern class is defined by

iF
c(F) = det|{1+—
®) = det(1+5 )
SinceF is a two-form,c(F) is a direct sum of forms of even degrees,

c(F) = 1+4ci(F)+ce(F)+...

wherec;(F) € Q?/(M) is called thejth Chern class.
In anm-dimensional manifold, the Chern class;j(F) with 2j > mvanishes trivially.
Irrespective of dirM, the series terminates a{(F ) = det(iF /2m) andc;j(F) = 0 for j > k.

Example:SU(2) over a four-dimensional manifold with

19
F = F32 Fa=ZZ2Fadx'Adx.
' 2i W

3 iF\ i _aja) 1+ LR L(F1-iF?)
c(F) = det<1jL E{) —det<1jL E[F I )—det< L (FI4iF?) 1-LF3

1
= 1+ — (FAAF +F2AF2+F3AF3
+16T[2( + + )

1
= 1+-—TrFAF.
+8n2
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Working out the first few Chern classes we find

cu(F) = ZI—T[TrF,
1
co(F) = @[TrFAF—TrFATrF].

Remark: For &8U(n) bundle we have TF = 0 and therefore the Chern classes simplify to

c(F) = 1,
Cl(F) = 0,
1

The total Chern character is defined by

ch(F) = Tr exp(iz—le)

The jth Chern charactesh;(F) is
1_ (iF\!

If 2j > dimM, ch;(F) vanishes, hencen(F) is a polynomial of finite order. The first few Chern
characters in terms of Chern classes are

o
S
S

T

= k,
Chl(F> = Cl(F>,

chp(F) = %(cl(F)z—Zcz(F)).

T

For aSU(n) bundle we obtain
cho(F) = Kk,
ch(F) = 0,

1

An important property of the Chern classes and Chern chersaid the fact that they topologi-
cally invariant integrals. An example of such an integralemeountered for the winding number:

1 . 1
n = — [d*TrF F“":—/TrFAF:/C F).
16112/ X 1w 8 2(F)
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8 Supersymmetry

8.1 Groups and symmetries of space-time
8.1.1 The Poincaré group

The symmetry properties of four dimensional space-timedaseribed by the Poincaré group.
The group elements act on four vectors according to theviahig transformation law :

/
= AW XY +al

N describes rotations in four dimensional space-time (e.glinary rotations on the spacial
components plus boosts) whereedescribes translations.
The group multiplication law is given by

{ar,\1}{az, A2} = {a1+A1a2,N1/\2}.

The generators of the Poincaré group can be realised asedifif@ operators :

P. = 0y,
Mw = i (X0 —Xy0).
The algebra of the Poincaré group is given by
[Miw:Mps] = i (9upMvo — GupMyus +GuoMpy — GuaMopy) ,
[Mpv, Po] = | (gvopu_ guopv) )
[PL,R] = O

The Poincaré algebra s a Lie algebra, but it is not semi-&ngince it has an Abelian non-trivial
ideal (Py,).
Casimir operators afel? andW? where
1
MZ=RP ~ WH= SePIR Mpg.

WH is called the Lubanski-Pauli vector.

8.1.2 The homogeneous Lorentz group

With the notation
(B) = (M¥%,M%Z M%),
(R) = (MZ M3 MY,

the algebra of the homogeneous Lorentz group is given by

[Bi,Bj] = —igijkR
[R,Rj] = igiKR,
[Bi,Rj} = i&jkBk
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If one defines

1 ,
o= S(R+iBi),
1 .
Ki - é (Rl - IBi) )
the algebra can be writen as direct product of 8ud(2) algebren :
[3,3]] = —ieijd
[Ki,Kj] = ieijpKi,
[Ji, Kj] =0

8.2 Mixing internal symmetries with space-time symmetries

No-go theorem by Coleman and Mandul&ny Lie group containing the Poincaré group and
an internal symmetry group as maximal subgroups is thetmproduct of both. In other words,
internal symmetry transformations always commute withRbecaré transformations.

Extended by Haag, Lopusiski and Sohniusto superalgebras, e.g. some generators of the
symmetry obey anticommutation rules instead of commutatites.

8.3 Grassmann algebra

Ordinary number commute:

%] = 0.
The Grassmann algebra consists of anti-commuting numbers
{ei,e,—} = 0.

A Grassmann algebra afanti-commuting variable§0,, ..., 8, } can be regarded as a vectorspace
overC or R with basis

6i, 6i6j, 6i66k, ..., 61...6n,

(withi < j <k, etc.) and dimension

The differentiation is defined by

0 . 5
g (01.-8..6m) = (-1)1716;...6;...6m,
J

1S. Coleman and J. Mandula, Phys. Rev. 159 (1967), 1251
2R. Haag, J. Lopuszeki and M. Sohnius, Phys. Lett. B88 (1975), 257
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where the hat indicates that the corresponding variablédias omitted. Note that

0 0 00

The Taylor expansion of a functidf(0) depending on a Grassmann variablis given by
F(O0) = F+Fb.
The differentiald@ is also a Grassmann variable:
{6,d6}

Integration over a Grassmann variable is defined by

/de:o, /deezl.

Multiple integrals are defined by iteration:

/ d6.d6,F (1, 6,) / a6, ( / d6,F (61,6,) )

8.4 Sign conventions

The convention for the metric tensor is
OQw = diag(+1,-1,-1,-1)

2-dimensional antisymmetric tensor :

0 1
EAB=<_1 O)’ €BA= —€AB

AB
=& =EAB=E5p-

o (28) a=(2 %) (3 5)

4-dimensionab*-matrices

Furthermore:
¢AB

Pauli matrices

H 1 _& “—WAB _ (4 =
O =(1,-0) 07" =(1,0)

Weyl representation for the Dirac matrices
0 ot 1 0
= S) w5 %)
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Raising and lowering of indices:
ph = 8A_BDB, o = e,
Pe=Pes  Os=0eas.

Note that raising an index is done by left-multiplicatiorheveas lowering is performed by right-
multiplication.

Spinor products:
(pd) = plaa
[pd = pad®

The spinor product is anti-symmetric: jix andgg are Weyl spinors (two-component spinors
with complex valued entries), then

(pg) =—(ap), [pq =—[ap.
Spinor products of Grassmann valued spinors are often eérmst
WX = xa,
X = WX
Note that we have
Ux=xu, Ux=xu.

Here we have one sign from the anti-symmetry of the spinodygeband another sign from
exchanging two Grassmann variables.
Useful relations:

—WAB _ _AD_BC,M
o = € .s Ocp
M _ ~UCD.. .
GAB = O EcBEDA-

8.5 Superspace

The superspace coordinates are (X, 04, éA) where thefa and éA (A,Ac {1,2}) are Grass-
mannian coordinates:

{9A7 eB} = 07
0?2 = 670, =0ge"Bo,,
Balle = —Yg0a.
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The supersymmetric transformations are generated by

0 . . =
—i 0 AA U BA 0 - —LAB
QA = @‘1"9 O-ABE au: a—eA—i_lc_)-u eBa“'

They satisfy the supersymmetry algebra:

{Qa.Qa} = —2ich;0u=—20" R,
{Qa,QB} = {QA_,QB} =0,
[P Qa] = [RuQ4] =0.

The covariant derivatives are given by

Du prm— au,
0 T
DA — @ |0-! A 9 au,
4] ; 0
A _ A~H BAy _ ~HLAB
D - ﬁ—|e O-ABE au—aeA—|0- 956

By construction they anticommute with the supersymmetregators
{Qa,Dg} = {Q4,Ds} = {Qa.Dg} = {Q4,De} = 0.
Further
{Da,Di} = 2iah; 0y,
{Da,Dg} = {D4,Dg} = 0.

8.6 Supersymmetric fields

A superfieldF (x, 6, 0) is expanded according to

F(x,6,8) = f(x)+0¢(x)+ 0¢(x)
+62m(x) + 82n(X) + BBV (x)
+6%001(X) + B20(x) + 626%d(x)

It contains four scalarsf( m, n andd), four spinors @, cE \p and) and one complex vectoy,.

8.6.1 Chiral super-fields

Chiral superfields are defined by

Da®(x,0,8) =0, Du®(x,6,6) =0.

87



Let
W=x"—iBo"0, y"'=x"+iBc"0 = x*—i6aHo.
Then
DAV =0, Da#=0.
Therefore a chiral superfied; ® = 0 depends only ogH = x* — 66+ and®:
® = ®(y,6) = @y) +V20U(y) + 6°F(y).

Use Taylor expansion:

(o]

f<y>=n20$<y—x>”aﬂf<x>, (¥ X¥) = ~iBaHe.
Therefore
O = @x)—i(60"9) 6u(p(x)—%62§20u6“(p(x)
+v/28(x) —iv/2(80"8) 89uWa(X) + 8°F ().
Then

Sl
I

@(x) +i (80M8) du@(x) — 192620 aua(x)
+v/20( )e+|¢§(eo“e) OulA(X)0A + B2F (x).

8.6.2 Vector super-fields
A vector superfield is defined by
vV = V*
The general form of a vector superfield (after expansionén@nassmann variables) is given by
V = C(x)+i0n(x) —i6n(x) + 60H6Vy(x)
+|§99(|\/|(X) +iN(x)) — l(%(M(x) —iN(x))
+i99§()_\( X) + émauq( )) — 660 ()\(x) + Iéo“auﬁ(x))
1 — 1
+-0606 (D(x) + —DC(X))
2 2
In the Wess-Zumino gauge we have

The vector superfield reduces then to

V = (80"8)V,+i6?(BN) —i6%(8M) + %92620.
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8.7 Transformation of the fields

Infinitessimal susy-transformations are given by
O = N*Qa+ rTBQ—B

A finite susy-transformation is given by

expi (NQ+nQ)
Useful relations
DY =0, D=0,
Q' =0, Q=0
as well as
Qa = Da+2ich.6%9,
Q® = DB+2ic"E%ca.
For a chiral superfield
®(y,8) = @y)+V26U(y) +6%F(y).
we have
5P = (NQ)P+2i(nc"e)o,d

V2nW(y) + 2n6F (y) + 2i (na8) dud
= V2nW(y) +26nF (y) — 2i80"Na,@(y) — V2i62N5Ha,W(y).

Therefore

¢ = vy,
Y = —V2ic"no.e+ v2nF,

The vector superfield transforms as
V¥ = i(no"A%—A%GM) = —i (A%Hn + M%) =i (no¥A% +na*A?)
1 .
A = éouévnﬁf\‘, +inD?,
Da/ — I’]Guau)\a + au)\aO'”I’T
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8.8 Lagrange density for supersymmetric QCD

To construct supersymmetric Lagrange densities one usdsghets component fields of a su-
perfield, e.g. thd=-terms for chiral superfields and tli®terms for vector superfields. Note
that the projection onto these components can be writterd#dtegentiation or integration with
respect to the Grassmann coordinates:

The Lagrange densitiy for supersymmetric QCD:

1 1 —
+ Cl_9+e29VCD+’D i Cl_J_e—ngch_’D +md_d |+ md_9+d_>_ £
The function

W(CD+,CD_> - mCD_CD+

is often called the superpotential. In the Lagrange dengtyrave

Wh = —%—- (D_|5) (eingDAGZQV) ,

— 1 — B
Wiy = —7(DD)((Dae") ),
vV o= Tav®

andV?2 is given in the Wess-Zumino gauge by
V3 = (80M8)V2+i6% (8N?) —i6 (ON?) + %926206‘.

We further have

Vavh = (60"6) (60"0) V2Vy,

vavbye — o
Therefore
' = 1+2g(80"8) VT2 + 2gi6? (BA?) T2 — 2gi6? (ONF) T2
+6%0 (DT + g AVHPTAT®)
and

.y T . — . — _ =
o, N, |, = (Dli_(p+) (DVey) - G, oDy +iv2g [@ A T3, — B A T, |
+0¢,. DT, +F,F,,
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where the covariant derivative is given by
Dy = 0Ou+igTaV2
For the vector field we find
e 2VDa? = 290H8V; +4gif (BN) — 2gi6°A — ig8aHGV6 (9,Vy — 2igVi\y)
+2667 (gD + g?V,VH) — g8282aHa,\ + 4g2i6%aHE [V, B ,
(DA€Y)e 2V = g;5{295"0V,+4giB(BN) — 2gi8\ — igB°aHa"8 (9 + 20V W4 )
—26%6 (gD + g?V\V¥) — g826%aHay\ + 4g%icM08? [V, BA] } .

oy = 0L 0 e 0o e

DiD* = EAB%O%B - ZiSABE“ACGCa%Baqu 020
We obtain for the Lagrange density
L = —% (F@)2+ iA3gH (D) + %Daoa
+ (Du@:) " (DHg.) +i5, *Dy, +iv29 [0 AT, — AT, ]
+9¢p, DT, +FLFy
+ (Byo-) (B¥.) 150Dy —iv2g[p A ToT Y~ GATT g |
—gp_D* T3 g_+F_F_
+m[—P_gy — PP +@.F +@ F +@.F +o_F],
where
Dy = du—igTaTv2
Elimination of theD-terms and--terms:
0L 0L

D ~ oF

1 — — 1., /- — 2
Lp = ;D%D%+gp,D*T%, —go DT @ = —>g° (cmacm —@_T27 tpf)

2
Lr, = F_+F++m(p—F++m(B—F_-¢- = —mZ(B_(p_
Lp. = FF_+mpF +me.F =-nfe g,

The relations are
D? = —g <(B+Ta(l)+ —@_TT ([L) :
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Finally:
L= —1(F3)%+in%H (D)’
4\ W B
+ (Dp(p+)T (Du(p+) —+ ill_J+aJDuLIJ+ + |\/§g [(P+)\aTalIJ+ . l.I_J+)\aTa(p+}
+

Bup-)' (B¥-) +iB- D —iv2g e AT Ty —F AT g |

- — — 1.,/ — 2

Note that (after one partial integration)

Eliminating T2T we obtain

1, 4 =
L= —7(RY)"+r O)°

+ (Dp(p+)1- (Du(p+) + illj+6uDuqJ+ + |\/§g [(‘p+)\6’l'|'6’llp+ _ l]_J+)\aTa(p+}
+ (Du(B_)T (DU(E_) + ilp_oUDuq_J_ + i\/ég [(p_)\aTal]j_ _ llJ_)\aTa(E_}

- — — — 1 _
—my_ gy —m@ P — P, @y — e — 592 (@: T —-To% )2

With

we obtain

L = —% (F3)*+ iZKay“ (DuA)? + WD W — myw
+(Dy0+) ' (D*9,) 1P+ (Duo-) ' (DH-) 1P
+V29 [, AT3P, W+ WP_A3T3p, — @ A3T2P_W — WP NPT ]
—%gz (@: T — @_To_)°.
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8.9 Supersymmetry breaking

Qq andQq can be considered as creaticﬁaq and annihilationQq) operators. The vacuum is
defined by

Qa |O> = 0.
Take the trace over
{ded} = 2044Pu.

Then
. o
H=P = 7 (QuQi+QiQu+QxQ;+Q:Q2)
4 - j _ _
= 2 [(Q+Q) (Q+ Q) +(Q+Q) (2 + Q)]

whereH = Py is the Hamiltonian. The operator on the right-hand side Etp@ semi-definite.
(The operatof)y + Qq is a hermitian operator, due @y, = Qq '. A hermitian operator has real
eigenvalues and the square of these eigenvalues is a nativeagumber.) Therefore the linear
combinationQq + Qg annihilates the vacuum

(Q+Qu)[0) = 0,
if and only if the Hamiltonian does as well,
(O|H|0) = 0.

Therefore the vacuum energy serves as an order paramef@it |D) -4 0 then the supersymme-
try is broken. On the other hand, if supersymmetry is unbmoiteen the supercharge annihilates
the vacuum. Since the vacuum is definedQy|0) = 0, we conclude that if supersymmetry is
unbroken, all supercharges annihilate the vacuum :

90(|0> - 07
Qx|0) = 0.
8.10 Supersymmetric relations

After removing the colour factors, QCD at tree-level may @wed as an effective supersym-
metric theory, where the quarks and the gluons form a supdtipiet (aN = 1 vector super-
multiple). In an unbroken supersymmetric theory, the stipenge

o= (3)
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annihilates the vacuum, and therefore

n

(0][Q, ®1®P,...D]|0) = Zl<0|¢l"' [Q,®i]...®,|0) =0

where the fieldd; denotes either a gauge bospar a fermionA. It is convenient to multiply the
supercharg® by a Grassmann sping. ) is usually chosen to be a Grassmann nun@d@nes
a spinoru(q) for an arbitrary null-vectoq. It is convenient to define

Q(q) = 6u(a)Q.

The commutators are then given by

[Q(a), g™ (K)] FIE (K, q)A*(K),
[Q(a),A*(K)] = FIF(ka)g(k),

with
r*(k,a) =06(a+k—)=0[ak, I (k) =6(q—k+) =6(ak).
The simplest case is the all-equal helicity one. Using thpessymmetric relation

0 = (0|[QA{ds --6i]|0)
= T (pL,AAG], 95, 0n) + T (P2, AN, A ... 00)
+o T (P AN, G5, -, ).

Note thatl" (p,q) anticommutes with the fermion operataksdue to the Grassmann nature of
0. Since massless gluinos, like quarks, have only heliaiyserving interactions, all of the
amplitudes but the first one must vanish. Therefore so madiké-helicity amplitude

A9{.930) = O.

Similar, with one negative helicity one gets

0 = (0][QA{G;95--G][0)
= I (pL,AAG]. 95,95, .00 ) — T (P2, AAT,AS,05 ..., 05)-

Choosingg = p2 one shows that
A97,97:93,-Gn) = O.
Settingg = p1 one obtains

A(/\;Li_7/\£7g;’)_"'7gl_‘]._) - O'
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With two negative helicities one starts to relate non-zenplgudes:

0 = (0|[QATdEg;-G g [0)
= _r_(pJ-?q)A(g:—Li_?g;?_i_?7gj_77g|_‘1._—17gn_)_r_(phq)A(Ai._?g_Z._?7Aj_77g|j1._—17gn_)
_r_(pnaq)A(Ai_?g;_?"'7gF7"'7g;i]__17ArT>'

setting the reference momentum equabte- pj and using the expression for the maximally
helicity violating gluon amplitudes one obtains the expres for an amplitude with a pair of
quarks:

-2 (1j)(jn)®
(12)(23)...(n1)"

R 520~ (1)

8.11 Spontaneous breaking of supersymmetry
8.11.1 The mechanism of O’Raifeartaigh

The simplest model consists of three chiral superfieldshiBwhodel the superpotential is given
by

W(P1, Do, P3) = AD1+ mPord3+ gd1 PP,

8.11.2 The mechanism of Fayet and Iliopoulos

Fayet and Iliopoulos considered a model of two chiral suglelsid; and®, and a vector super-
field V corresponding to an abelian gauge group. The potentialsmmbdel is given by

1
2K <F1F1* +RFs + éDZ) :

8.12 The minimal supersymmetric standard model

The supersymmetric part of the minimal supersymmetricdgtechmodel (MSSM) reads:
1 1 1
Lsysy = 82 Tr WeuaWeu(2) | + 8q? Tr Wy yWo () | + 82 Tr WeyaWeu(3)| +h.c.
S

n defzg’v’tzgvazgsvsTQ‘ 1 UeddV/+2v2sVsy ’ 4 6e29’V’+29V+295V3D‘
D D D

— N IT T
+ Lefng —29V L

n N—eZg'v’+2ng‘ n E—ezg’v’+2ng‘
D D D
4 |_Tle29’V’+29VH1’ 4 |_T2e29’V’+29VH2’
D D
+ [ (AgH1QD + AyH2QU + AeH1LE + AyHoLN — pHiH2) | + h.c]

Remarks: The Higgs boson is in a chiral superfield and hasralggi partner, the higgsino.
Anomaly cancellation in the fermion triangle loop requitieat there are two Higgs superfields.
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The supersymmetric part alone would predict equal massedlfparticles in a super-multiplet.
This is not observed. Therefore one adds additional terntisetd.agrange density, which ex-
plicitly break supersymmetry. As these are rather arlyiframe usually requires that the SUSY-
breaking terms

- generate no quadratic divergences,
- are gauge-invariant,

- conserveR-parity
These three conditions define the “soft-breaking-terms”.

Loott = —Mg |2 —mB|trl%— mB|dr|” — @ |iL|* — m 0|2 — mB|&rl?

1
i [H[2 = Bl 4 5 (MINA + MaAA® + MaAZA)

~&ij (MoAdHIG] A Aquq'LaRJr)\eAeHllﬂéL+>\VAVH2|LVR méH{H} + hec.)
R-parity: Consider a transformation, which transforms tlmassmann coordinates as
Bp — e 1? 6A — ei¢§A

Furthermore, require that each superfield has a well-defraadformation law under this trans-
formation, like

® — o0,
Jo is called theR-charge of the superfield Writing out the superfield in cormgras

= 0y)+V20U(y) +°F(y),

it is clear that the component fields transform widtharge

® I Qo,
Y Jo+1,
F @ do+2

Assign theR-charge+1 to all quark and lepton superfields, aRetharge O to the vector super-
fields and the two Higgs superfields.

R-parity: Restrice® to +1.

It then follows with the assignment of tHecharges above, that all standard model-like par-
ticles haveR-parity +1, whereas all superpartners h&parity —1.

Conservation oR-parity implies that at each vertex the product of Biparities of the involved
particles evaluates to1. This implies that the supersymmetric particles do alveeysir in pairs.

Corollar: The lightest supersymmetric particle is stable.
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