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1 Overview
Literature:
- M. Peskin und D. Schroeder, An Introduction to Quantumd-iéieory, Perseus Books, 1995.
- D. Bailin und A. Love, Introduction to Gauge Field Theory, Ailger, 1986.
- T. Muta, Foundations of Quantum Chromodynamics, Worle&tific, 1987.
- C. ltzykson and J.-B. Zuber, Quantum Field Theory, McGidni;-1980.

- M. Bohm, A. Denner and H. Joos, Gauge Theories of the Stroddéectroweak Interactions,
Teubner, 2001.

- J.D. Bjorken and S.D. Drell, Relativistic Quantum MeclaniMcGraw-Hill, 1964.
- J.D. Bjorken and S.D. Drell, Relativistic Quantum Fieli¥g;Graw-Hill, 1965.

1.1 Units

Convention:

For example, the equation
E2_ 2 — nict
simplifies to
B2 = nP
Energy is measured in eV:

1eV=1.60217641019]

1keV = 10°eV
1MeV = 1CPeV
1GeV = 10°eV
1TeV = 10%eV

Momenta are measured in g¥/= eV, masses are given in ¢v” = eV.
From the uncertainty relation

AX-Ap >

NSt
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it follows that lengths are given iac-eV—1 = eV—1.
Cross sections are given in barn:

1 barn= 10" m?

1nbarn = 10 %barn
1pbarn = 10 '?barn
1fbarn = 10 ®barn

Conversion constant:

( hc)? = 0.38937929210° GeV? pbarn

1.2 The fundamental forces

We know four fundamental forces: the strong force, the weagd, the electro-magnetic force

and the gravitational force. Particle physics deals with strong, the weak and the electro-
magnetic force. The gravitational force is negligible agaithe other three forces at present
energy scales.

The standard model is based on a local gauge theory with gaoge
SU(3)®SU(2) ®U (1)

SU(3) corresponds to the strong interactio®$)(2) to the weak isospiny (1) to the hyper-
charge. The symmetry of the subgro8p/(2) ® U(1) is spontaneously broken down to the
familiar U (1)e1—magnSymmetry of electro-magnetic interactions.

1.3 The elementary particles

The spin of the particles:

- Fermions have half-integer spin. In the standard model all fermicengetspin ¥2. In exten-
sions of the standard model higher spins may occur, e.g.réwitigo with spin 32.

- Bosonshave integer spin. All bosons, which have been observed npwo have spin 1. In
addition the standard model predicts a boson of spin 0, thgddoson. In extensions of
the standard model there might be particles of higher spin,aegraviton of spin 2.
1.3.1 Spin 1/2 particles

Quarks: Quarks feel the strong, the weak and the electro-magr@te$. There are six quarks:



charm, Q.= 3% top, Q=3

WIN

up, QU =

my < 10 MeV m.=115-1.35GeV| m = 174+5 GeV
down, Qq=—% | strange, Qs=—3 bottom, Q,=—1

mg<10MeV | ms=80—130MeV | mMS—41_44Gev
miS—4.6—4.9 GeV

The different quark types (up, down, strange, charm, battop) are calledflavours”.

Leptons. Leptons do not feel the strong interaction. There are gitoles:

Ve, Que=0 [vy Qy,=0 Vi, Qy, =0

my, <3 eV my, <0.19 MeV | m,, <182 MeV
€ Qe: -1 H, QH =-1 T, QT =-1

me =511keV| m,= 1057 MeV | m; = 1.78 GeV

Neutrinos are electrically neutral and interact only tlglothe weak force.

The family structure of the standard model The fermions can be grouped into three fami-
lies:

u C t
d S b
Ve |’ vu |’ Vr
e VI T

The families differ only by the masses of their members.

1.3.2 Spin 1 particles

Within the standard model the mediators of the interactayesspin 1 particles.

The strong interaction: SU(3) The gauge groupU(3) describes the strong interaction. The
number of generators for a gro@(N) is N2 — 1, therefore there are 8 generators $i(3),
and hence 8 gauge bosons for the strong interactions. Thyedpsons of the strong interaction
are calledgluons. The fields are denoted by

Al

wherea runs from 1 to 8.



The weak isospin: SU(2) The weak interaction is described by the gauge gi®uf?). There
are three generators

W WE, W,
each with two polarization states. After electro-weak systrgnbreaking we have
W, W, Z,,
with three polarization states. We have the following relat:
W= ),
Zy = —sinBwBy+ CosByW;.

The hypercharge: U(1) The last piece of gauge-symmetries within the standardesdjiven
by an abeliatJ (1) gauge symmetry, the hypercharge. The field is denoted by

By

After electro-weak symmetry breaking the photon figjds given as a linear combination Bf,
andw?:
]

Ay = cosByBy+sinBuW.

() = (oof o) (%)

and thatA, remains a massless field.

Note that

Quantum numbers of the fermions in the electro-weak sectorThe left-handed components
(u,d.) and (v, e ) transform as the fundamental representation undeSt&) group. The
right-handed components, dgr, Vg ander transform as a singlet under tB&J(2) group.

In detail one has:

s Y| Q I3 Y| Q
w338 w0 4|
d -3 |- dr| 0 2|1
w| 3 -1 o VR| 0O 0| O
e |-3 —-1|-1 eR| 0 —2| -1



The electric charge is given by the Gell-Mann-Nishijimanaia:

Y
Q - |3+§

Remark: The table contains a right-handed neutrino, whméscot interact with any other
particle.

1.3.3 Spin 0 particles

Up to now, no elementary spin 0 particle has been observed.

The Higgs boson Within the standard model one assumes an additional congglkdar field,
transforming as the fundamental representatio8Wd(2):

¢ ()
ox) = (%(v+H(X>+ix(X>)>'

@' (x) is a complex field (two real components). The three compeng) andx(x) are ab-
sorbed as the longitudinal modes\/qft andz,. H(x) is the Higgs field.

1.4 Experiments

The first experiments were fixed-target experimedeef inelastic scatteringof electrons on
proton targets).

Accelarators:
-LEP,ete", 210 GeV,L = 10*?cm2s%;
- TEVATRON, pp, 1.96 TeV,L =5-10%cm 2 s 1;
-HERA, e p,e :30GeV.p: 960 GeV,L =75-10%cm 2s1;
-LHC, pp, 14 TeV,L = 103*cm?s1;
- Linear Colliderete—, 500 GeV,L =5-10**cm 2s1;

Quarks and gluons are not directly observed in these expatsninstead one obsentesdronic
jets. A jetis a bunch of particles moving in the same directiontiBlas in a jet are not neces-
sarily elementary.



1.5 Observed, but not elementary particles

Due to confinement, quarks and gluons cannot be observe@apérticles. In experiments
we observe particles which are colour-singlets Itkesonsand baryons. Within the quark
model, mesons argg-states and baryorgggstates. Mesons and baryons are called collec-
tively hadrons.

Examples are:

Mesons: Pions, kaong,s, D-mesonsJ/y, ...

Baryons: protons, neutrons, =, ...



2 Review of quantum mechanics

2.1 The harmonic oscillator in classical mechanics

The Lagrange function for the harmonic oscillator reads

L= Lo lmpe
From the Euler-Lagrange equation
daL o
dtdx  ox
follows the equation of motion
K4+ WX = 0,

which has the solution
x(t) = Ad“Bel™

Remark: The conjugate momentum is given by

oL -
p - 6X - 9
and the Hamilton function reads
. 1 ., 1 p?
H = px—L==m¢+-mw’x% = — + Zmu’x®.
P 2™t om 2

2.2 The harmonic oscillator in quantum mechanics

In guantum mechanics the harmonic oscillator is descrilyeieave functionp(x,t). This wave
function can be expanded into an orthonormal basis. We ddndk, t) a wave function, which
is an eigenvector of the position operator ~

Xx,t) = Xx[Xxt).
We are interested in the transition amplitude
(Xt,te]%, b)),

which gives us the probability that the system which was edlgenstatéx;, t;) at timet; will
be found in the statgs,t¢) at timet;.

10



2.2.1 Creation and annihilation operators

The time evolution of the wave function is given by the Sclimgedr equation

2wt = A,
ot
where the Hamilton operator is given by
A2
<R

= MWK
2m+2

We make the Ansatz

ljJ(X,t) = 0<t7ti)|xvti>
The evolution operator satisfies the equation
ihﬂﬂ(t t) = HU(t)
at I - st ).

If the Hamilton operator is time-independent, the solufimrJ (t,t) is given by
Ut,t) = exp(—%(t—ti)-l—]).

Remark: If the Hamilton operatdt depends on the timie a formal solution fotJ (t,t;) is given

by
ot
U,t) = Texp(;i/dt’lfl(t’)).
t

Here, T denotes the time-ordering operator, which orders opesdtom right to left in non-
decreasing time. Expanding the exponential one obtains

) = 1——/dt1H t) + ( ) /dtlH t1) /dtzH to)
< ) /dtlH (t) /d'[zH (t2) /d'[gH (t3) +

Note that the factor An! disappears.

To determindJ (t, 1) |x, t;) we expandx,t;) into eigenstate of the Hamilton operator. These eigen-
states will be labelle¢h):

J(t,6)xt) = exp(—ﬁ(t—t. )|xt. :Ze—'ﬁt WEn n) (n|x, ;).
n

11



For the energy eigenstates we have
Hin) = Enln).
To find these eigenstates we define two operators

_OmRFip g omk—ip

 V2omi V20omh

If we introduce the characteristic length

we can equally write them as
a_i<1+xoi) af_i<i_xoi)
V2 \x0 dx/’ V2 \xo dx/ -

%P = xTh }:ih

From

it follows that

[a, all = 1

The Hamilton operator can be rewritten as

~ 1 1
H = éhw (aTa-i— aaT> — h (aTa+ 5) .

We call
A = ala

the number operator and the problem of finding the energynstgees is reduced to the problem
of finding the eigenstates of the number operator. We have

n(n|n) = (nja’an) = (anjan) > 0.

Thereforen > 0 and the lowest energy state corresponds+o0. Since the norm o#|0) van-
ishes, we have

a0y = 0,

d X
<&+%)|O) = 0.

A solution is given by

One easily shows that

12



e a'|n) is an eigenstate with eigenvaloe- 1.
e a|n) is an eigenstate with eigenvaloe- 1.

a' is called a creation operatarjs called an annihilation operator.

Therefore one finds

v = () o= mme s () ().

whereHp(t) are the Hermite polynomials.

The corresponding energies are given by

Finally, we get

(Xf,t5 %, L) Z Xt,tg[n)ye” i (t-t) E”<n|x ti).

2.2.2 Pathintegrals

An alternative approach to determine the transition amgéitx;,ts|x,t;) divides the time inter-
val (tf —t;) into n+ 1 small sub-intervals with time steps at

ti7t17t27 -~~7tn7tf-

At each intermediate time step we insert a complete set t#fssta
/oodx|x,tj)(x,tj| = 1
Therefore
(xe. %) = /dxn.../dx1<xf,tf\Xn,tn><xn,tn|xn1,tn1>...<x1,t1\xi,ti)
Let us study(Xj;1,tj+1/Xj,tj). If the time interval(tj 1 —tj) is small, we have

it i n
X, traXj t) = (Xjale nlin t')H\XjW<Xj+1\1—ﬁ(tj+1—tj)H|Xj>

13



We have
17 i
(Xje1lxj) = 5(Xj+1—xj):ﬁ o SXP\ 7 Pi (Xj+1—X)

Remark:

Therefore

i .
(Xj+1|1— ﬁ(tm —tj)HI[x;j)

Q
=
+
=
X

|

|
=

+

[N

|

Mg
/\
X
+
[N

dp i
— ?‘L Z—T:exp( Pi (XJ+1—XJ)) (1—7—1(t1+1_t) (X p,))
1 °°dp- i i
~ 7 —n’exp<ﬁpj (Xj+1=%) = 2 (G —t)H(X; p'>)
1 00dp i
A ﬁ/Z—JEXp<ﬁ(t1+1 tJ)(prJ—H(X,,pJ)))
Let us set
AT = i(tj1—t;)
With the help of
Q’fzay%vw _ L
2T[ V2T

—00

we may perform the integration ovpy:

T dp; ) AT P\ _ [Aam (AT
2P\ \PXmom ]| =V zmar &P\ T 2™

14



Therefore

i . m AT (1 ., 1 L,

Finally we get

(xp, b % t) = / d¥... / A (Xt [ Xyt kst X1t 1) (X, %, )

[ee]

n+1 © n
= 2T[77,AT /an /dxljl_LeXp< (G —tj)L (Xj,Xj)),

—00 (29

with tg = tj. We rewrite this as

. tf .
(Xp b XLt~ /Q)x(t)exp Iﬁ/dt L(x(t),X(t)) :/@x(t)exp(lﬁs)
t

2.3 Summary

The quantum mechanical harmonic oscillator shows alreagrakconcepts, which will reappear
later in quantum field theory:

e Annihilation and creation operator.
e Transition amplitudes can be expressed as path integrals.

e The appearance of the Lagrange function and the action ipdtreintegral.

15



Summary of the last lecture

Transition amplitude with creation and annihilation opers:

(xt,tex,ti) = Z<Xf,tf|n>ef%(t7ti)E”<n|X,ti>-

n

Eigenstates of the Hamilton operator:

= ()"0
Creation and annihilation operator:
a- LX) aL(Ed).
V2\x dx V2\X dx
The canonical commutation relation:
[a,aq = 1

The transition amplitude with path integrals:

. tf .
(Xp b XLt~ /@x(t)exp(;i/dt L(x(t),X(t))) :/@x(t)exp(lﬁs)
tj

3 Review of special relativity

3.1 Four-vectors and the metric

Four-vectors: The space-time coordinatetsx, y, z) are regarded as the components of a vector
in a four-dimensional space.

X=ct, X*=x, =y, =z

o= 00,x %23,
= (X0,%).

Greek indicequ, v, ..., which take the values,Q, 2,3, are used to denote the components of a
four-vector. Latin indices, |,... are used to denote the (spatial) components of a threervecto
They take the values, 2, 3.

The distance between two points in four-dimensional spizce-is
sp = (R—X)7 -0 —%)° - 06 —x)* - (€ —x)

16



s2,>0 time-like distance;
there exists a frame, in which evemstandb occur in the same place.

s2

op < 0 space-like distance;

there exists a frame, in which evem@andb occur at the same time.

s2, =0 ligth-like distance;
light cone

Two events can only be related by causality, if the distaretevéen them is> 0. This follows
directly from the finiteness of the speed of light.

We define the metric tensgyy by

10 0 0
o -1 0 o0
9 = 10 0 -1 o0

00 0 -1

The distance is then given by

S - éovig*” (8- (2.

Summation convention of Einstein: The symbol of the sum @pped and it is understood, that
there is an implicit summation over any pair of indices, vihoccurs twice. Within a pait, one
index has to be an upper index, the other one a lower indexeldre:

Sb = O (Xa—Xo)" (Xa—Xp)".

We call a four-vector* with an upper index a contravariant four-vector, and wea&lur-vector
Xy With a lower index a covariant four-vector. The relationvbegn the two is given by

X = gwX'.
Therefore we can write the distance equally as
Sab = (Xa—X),(Xa—Xp)" = (Xa—%)" (Xa —Xp) ;-

Remark: The geometry defined by the quadratic fggn= diag(1, —1, -1, —1) is non-Euclidean.
The special case of a four-dimensional space with metrig(dlia-1,—1,—1) is often called
Minkowski space.

17



3.2 The Lorentz group

Axioms for a group: LeG be a non-empty set with a binary operati@his called a group, if it
satisfies the axioms

e Associativity:a- (b-c)=(a-b)-c.
e Existence of a neutral elemem:a= a.
e Existence of aninverset l.a=e

Definition of the Lorentz group: Matrix group, which leavls metric tensogy, = diag(1,-1,-1,-1)
invariant:

ANoA = g,
The same equation with indices:
Nogws = Gor.
This group is denote@(1,3). It is easy to show that
(detA)? = 1,
and therefore
detA = +1

If we have in addition def\ = 1 the corresponding group is called the “proper” Lorentzugro
and denote® (1, 3).
One further distinguishes the cases whether the time drest conserved or reversed. If

/\00 Z 17

the time direction is conserved and the corresponding gioaglled the orthochronous Lorentz
group. If on the other hand



To summarize: The Lorentz group consists of four componeiegsending on which values the
guantities

detA and A%
take. The “proper orthochronous Lorentz group” is defined by
NogwAy = Gor, detA=1, A%>1,

and contains the identity. Elements of the group corresgonmatations in four-dimensional
Minkowski space. Each rotation can be decomposed intoootain the planegy, yz zx tx, ty
andtz. A spatial rotation in they-plane is given by

1 0 0 0
0 cogp —sing O
0 sinp cosp O |’
0 O 0 1

/\IJV —

and similar for theyz andzxplanes. A boost in thex-plane is given by

coshp sinhp 0 O
sinhg@ coshp 0 O

VO
Ny = 0 0 1 0}’
0 0 0 1
with
Y 1
sinhp= —°-— =By, coshp= =Y,

1_V2 1V

c? c?

where we used the standard abreviations

\Y; 1

[3267 Y=

>
\'
|_g

Elements of the other three components can be obtained froeleament of the proper or-
thochronous Lorentz group and a discrete transformatidimaf reversal

-1 000
0 100

Ho
Ny = 0 010
0 001

and / or spatial inversion
1 0 0 O
0 -1 0 O
o

Ny = 0 0 -1 0O
0 0 0 -1



Tensors THik2-W i called a tensor if it transforms under Lorentz transfdioms as
! _ 3 M b TVvivo..Vv
T HibeHe o — A 1\,1/\ 2\,2.../\ e T2

The number is called the rank of the tensor.

Pseudo-tensorsPseudo-tensors transform under elements of the progevaimonous Lorentz
group as tensors. Under the discrete transformations eftaversal and spatial inversion there
is however an additional minus sign. Pseudo-tensors of ranét are called pseudo-scalars,
pseudo-tensors of rank one are called axial vectors.

Examples:
Rank 1: Positon vecto#, momentum vectop*.
Rank 2: Metric tensog™" .

Rank 4: Total anti-symmetric tensor (Levi-Civita tensg?P°. The total anti-symmetric tensor

is defined by
€123 = 1,
gwps = 1 if (Kv,p,0)is an even permutation ¢0,1,2,3),
gwps = —1 if (K, v,p,0)is an odd permutation D, 1,2,3),
gwps = 0 otherwise

The total anti-symmetric tensor is a pseudo-tensor, itspmrants are unchanged under time
reversal and spatial inversion.

3.3 The Poincaré group

The Poincaré group consists of elements of the Lorentz gandptranslations. The group ele-
ments act on four vectors according to the following transfation law :

/
xHF = A X +at

N\ describes rotations in four dimensional space-time (e.glinary rotations on the spacial
components plus boosts) whereadescribes translations.
The group multiplication law is given by

{ar,\af{az,\2} = {ar+A1az, iz}
The generators of the Poincaré group can be realised asedifif@ operators :
P. = idy,
Mw = i (X0 —X0y).

20



The algebra of the Poincaré group is given by

[Mw,Mpo] = i (guvao—gvauo+gqupv —gvoMpu)7
[Mpv, Po] =i (gvopu - guopv) )
[Pu, Pv] — O.

The Poincaré algebra s a Lie algebra, but it is not semi-&ngince it has an Abelian non-trivial
ideal (R).
Casimir operators afel? andW? where

1
MZ=PPH  WH= ésWF’f’PVl\/lpc.

WH is called the Lubanski-Pauli vector.

4 Review of classical field theory

Hamilton’s principle of the least action can be generalizeslystems with infinite many degrees
of freedom:

e Countable degrees of freedagn Example: Model of an elastic rod, described by points of
massm separated by a distaneeand connected by massless springs with spring constant
k.

Lagrange function:

—
NIH

Z( ?— k(G2 — ) ):%IZ ( (qu+1a q.))

¢ If we have more than countable coordinatgsve will also use the notatiog(x); In the
example above we take the lingit— 0 and we set

im™ =
ava P
imka = Y
a—0
Further
Gr1—G q(x+a)—q(x) _ dq(x)
Iim — = i =
a—0 a a—0 a dx



and we obtain for the Lagrange function

L = %/dx<uq2_Y<dg(;())2>
e = 3w ("))

is called the Lagrange density. The action is given by

S:/dt/de.

We now consider the generalization to four-dimensionategane. We assume that the La-
grange density is a function of the fieldx) and its first derivativé,(x).

L (W(x),0,0(x))

The expression

The action is given by

t2
S = /dt///dSXL:%/d“xL
t1

From the principle of least action
0S = 0,

we can derive the Euler-Lagrange equations as in classieahamics, if we assume that the
variation of the field vanishes on two hyper-surfatest; andt = ty:

5S — jdt///dsx :Z_iéera(ajiqLJ(x))é(a“qJ(x))]

_ jdt///d% :g—$6w+a((;37$(x))6u(6w(x))]

. _
_ t{dt///dsx_g—i—aua((;zij(x))

0L 5 0L
p Mo (auw(x)

o

Therefore

= 0

22



4.1 The Klein-Gordon field
The Lagrange density for a real scalar field:
L020) = 5(00) ') TP,
The corresponding Euler-Lagrange equation yields thenlk@ordon equation:
(O+m)e = 0.
The Lagrange density for a complex scalar field reads
L(9.¢°,0,0.0,0°) = (0u¢") (OM9) P,

4.2 The Dirac field

The Lagrange density for the Dirac field depends on four-ammept spinorgiy (x) (a =1,2,3,4)
andia () = (WF(x)P),:

L(l]J,q_J,OullJ) = iq—JV“aullJ—mq_—'qJ

Here, the(4 x 4)-Dirac matrices satisfy the anti-commutation rules

RN} = 2071, (961 =0 ¥ = IPYYA° = o VY

Pauli matrices:
oo — 0 1 o — 0 —i 5. — 1 0
*\10 Y=\i o0 7\ o -1

4-dimensionab*-matrices:
ohy=(1,-0) "°=(10)

Weyl representation for the Dirac matrices:

0 ot . 1 0
The Euler-Lagrange equations yield the Dirac equations

(iyYop—my = 0,
q?(iy*‘gwtm) = 0.
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4.3 The Maxwell field
Lagrange density:

1

where

Then Maxwell’s equation follows from the Euler-Lagrangeatpn

oL 5 oL _ 0
A US@A)
This yields

ODAY — oMo AY = 0.
Remark: The first set of Maxwell’s equations
OhFw +ouFp+0Fhy, = 0
is fulfilled identically withF, = dp A, — dvA,.

Gauge invariance If AH = (¢, ,3\), then the electric and magnetic fields are given by

B = OxA
- a —
= —Oo— A
"
Therefore, the potentid\, determines the electric and magnetic fields. We may ask teese
question: GiverE andB, does this define uniquely the potentfgl ? This is not the case. We
may add toA, the divergence of an arbitrary function:

Au(X) = Au(X) +0uA(X).

mu

Since
aua\)/\ - a\;au/\ - O,
this leaves the field stregth

0 E* EY FE*
—EX 0 -B* P
-BY B 0 —B
-E* B B* 0

FV =
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and hence the electric and magnetic fields unchanged. Therefe may impose additional
conditions on the gauge potential. A common choice is thagamt Lorenz gauge

A variational problem in the presence of constraints is etlwith Lagrange multipliers. This
leads us to the Lagrange density

1 1 )
L(ALO0A) = _ZF“"FW_Z_E(GHA“)

and the equation of motion
1 \Y%
OAM — (11— z oMo,A” = 0,

oo (13 )ad|& = 0
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5 Quantum field theory: The canonical formalism

Classical physics: Classical point-like particles andsieal fields.
Quantum mechanics: Particles described by a wave funcfiost Quantization”).
Quantum field theory: Fields described by operators (“sécprantization”).

5.1 The Klein-Gordon field as harmonic oscillators

We start with the simplest example, a real scalar field asssidal field with Lagrange density

L(@0.9) = %(au(P) (a“cp)—%mchz-

We define the momentum density conjugatete) by

X = 0L
0Q(x)

For the Klein-Gordon field we find
X = QX

The Hamiltonian is given by
H = /d3x [n(x)cp(x> —L] = /d3x Erﬁ%(mcp)%%mchz} = /d3xﬂ.

The energy-momentum tensor is given by

TV 20— gL~ (00 0 (0u) (0P + 3

Note that
H = /d3xT0°:/d3x}[
and
Pl = /o|3xT0i - —/d3xnaicp.
If we expand the classical Klein-Gordon field as

3p .
o) = [ s,
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then the Klein-Gordon equation becomes
02 2
et (97 em?) a0 = o0
This is the same as the equation of a harmonic oscillatorfnetiuency

wg = \/|pP+m

For a harmonic oscillator we know how to make the transitiamf the classical picture to the
guantum world. The Hamilton operator for a quantum-meatatarmonic osciallator with this
frequency is given by
1 1
H = I+ o3¢’
o™+ 30
The corresponding creation and annihilation operators are

dg = % + | Tt aT_ % —#T[
PN 2T eyt TN 2T 2y

We may solve these equations fpandrmtand obtain

o i o)) iy P (are))

5.2 The Schrddinger picture

Quantization: Let us start in the Schrodinger picture, whbe operators do not depend on time.
We start from

G, pi] = 8,
[@,9;] = [pi,pj] =0,

which for a continous system becomes

o), m(y)] = iB°(X-Y),
[0(X),0(y)] = [M(X),n(y)]=0.

We write

d3 1 - i
ox) = / p3 (aﬁe’ﬁ'uage*'ﬁ'z),

X)) = / (2m)3 (=) \/? (apei pX_ a%e‘iw)
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The inverse formulae read
W i ;
as = [d3|[(/2Pox n(x) | e 1P
o=/ < U+ <>) ,

w i 5
al = /d%(@(p(i)—ﬁn(i))éw.

The commutation relation becomes

apal| = (°8(p-a).
In detail:

[ag.af] = [/df'*x(\/%cp(zw 2wn2>>e—iﬁ~*,/d3y<\/§¢(7)—m
=[x [ aye IWV< \/g[cp(m ﬂ(7>]+i§\/§;[(><p(7>]>
— /d3 /dSye 'I”e'qy< \/; 2\/7>63X’ y)
- % Q/% + \/w%) (2m)°8°(p—d) = (2m)°5°(P—d).

The Hamiltonian becomes

/d3 [ ol 5 (002 + 3 mchz} /dsjwﬁ( %2 [aﬁan

The second term is proportional 80) and gives an infinite constant. Such a term can be ex-
pected: A single harmonic oscillator has the ground staeeg:yr%w, summing over an infinite
number of harmonic oscillators yields an infinite groundestnergy. As experiments can only
measure energy differences from the ground state, we widirig this term.

n(v>> éf”]

Ground state:
ag|0) = O forall ag.

If we drop the infinite constant above, the ground state hagggie = 0. All other states can be
obtained by acting of0) with creation operators. For example, the state



has energys + wg. Let us look at the total momentum operator:

. 3
P = —/dsxn(X)D(p(Y)zf(gn??, ﬁaéan-

" .
So the operatoay creates momentur and energyws = /| B2+ m2. From now on we will

write
Es = wg=+\/|pf+m?

Note that the energy is always positive.

Sinceag andagI commute, the sta Tag|0) is identical toagag|0>. Furthermore, a single modte
can contain arbitrarily many particles, just as the harmostillator can be excited to arbitrarily
high levels. Therefore the Klein-Gordon particles obeyd&&istein statistics.

Summary: The spectrum of the Hamilton operator
H — — /d3x Errz—l—%(ﬂcp)z—l—%mz(pz}
is obtained from the ground sta@® by successively applying creation operatags All states
are reached this way.
Normalization: For the ground state we choose the norntadiza
010y = 1.
For one-particle state we choose the normalization
(pld) = 2E5(2m75° (p—q).
Therefore
B) = V2Epa50).

Remark: This normalization is Lorentz invariant. Consither boost

E' = VE_BVP&
Ps = —ByE+yps.
From
8(f(x)—f(x0)) = |f,(1XO>|6(x—xo)
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it follows that
3 _ / Fis 3R / dE — 23(r / @
F(p-a) = S0 52 =& -dy (1B ) =S @ -Dy(1-p)
_ 3/ =/ /
= 5(f5—q)E
Remark:
dc*p 1 d*p 2
| e, = [ s @moe - m8eo
is a Lorentz-invariant 3-momentum integral. Thereford,(ip) is Lorentz-invariant, so is
d’p 1
/Wz—Eﬁf(p)-

5.3 The Heisenberg picture

In the Heisenberg picture, the operatprandmtare now time-dependent:

ox) = eMoRe ™,
T[(X) — eIHt () IHt

From the Heisenberg equation of motion

0
|ao [07 H] )
we find
|a(p(x) = imn(x),
.0 -5
IET[(X) [ (D - n12) o(X)
Combining these two results yields
02 -5
72 = (O-m)e

which is just the Klein-Gordon equation.

For a better understanding we exprggs) and 1i(x) in terms of creation and annihilation op-
erators. From

[H,aﬁ] = Eﬁaﬁ, [H,ap} = —Eﬁaﬁ,
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we have
Ha :aTﬁ(H +Ep), Hag=as(H-Ep),
and therefore
t t n n

H"a! = aﬁ(H +Es), H"ag=ag(H—Ep) .
Therefore

etha%efth _ ’%eiEpt, ethaﬁe*iH‘ _ aﬁeiEpt.
From

_ d®p 1 i | A —ipx
o = / (23« /2E (ape™ +-aje ™).

nx) = / (‘2’1';’3(_0 \/% (aﬁép.z_a%e_mx)

d®p 1

ox) = / (2)° /25,

mXx) = %(p(x).

[

we then obtain

_ip. t ip.
<ape 'px+aﬁe'px>

pO=Ep’

Remark:ag andag denote always the time-independent Schrédinger-picadedr operators.

Remark 2: The above equation makes the duality betweercigaeind wave interpretations

of the quantum field explicit: On the one hamgx) is written as a Hilbert space operator, which

creates and destroys the particles that are the quanta bélthexcitations. On the other hand,

@(x) is written as a linear combination of plane-wave solutiohthe Klein-Gordon equation.

5.3.1 Causality

Let us consider in the Heisenberg picture the amplitude fmaréicle to propagate fromto x:
D(x—y) = (0lax)9(y)|0).

We expressp(x) and@(y) in terms of creation and annihilation operators. Only thte
(o|agal{0) = (2r%*(p-1)
survives:

3 .
©Oloxay|o) = [ %;Eﬁemw
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Remark: This expression is Lorentz-invariant.

Let us first consider the case where the differereey is purely in the time-like direction:

X—yW=t,Xx-y=0:

4T[

D(x—y) =

g
m

t—o0 e—lmt

Let us now consider the case wharey is purely spatialxX® —y° = 0,X—y=T:

B d®p 1 5 2m
Dix=y) = /(2n>32_E|3é E

1B jisircoso
2Eg
|p|2 €IPIr — eilAlr |p|elPlr

d 2E5 i|plr 2(2n)2r / P VP2 m2

This integral has branch cuts on the imaginary axis stagiagm. We can define the contour to
go around the upper branch cut. With the substituien —i|g| we obtain

1 /dp pe P e oy
2 ) ~ ’
41er J VP2 — mé

We find that the propagation amplitude for space-like distaris exponentially vanishing, but
non-zero. Is this a problem with causality ? No, to discussahty we should not ask whether
particles cha propagate ober space-like distances, buhetha measurement performed at one
point can affect a measurement at another point whose sepditam the first is space-like. The
simplest thing to measure is the fighk), so let’'s have a look at the commutaf(x), @(y)], if
this commutator vanishes for space-like distances, onesuneaent cannot affect another one
separated at a space-like distance.

0%, o) = / o \/f/ aﬁe_ip'x—l—a%eip'x) : <aqe—iq.y+ageiq.>/>]
e e
= D(x=y)—=D(y—x).

When (x—y)? < 0, we can perform a Lorentz-transformation on the second {since each
term is separately Lorentz-invariant), taking

(X=y) = —(X=y).
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The two terms are therefore equal and cancel in the sum. fbnereausality is preserved.

Remark: If(x—y)? > 0 there is no continuous Lorentz-transformation, whiclesfk — y) —
—(x=y).

5.3.2 The Klein-Gordon propagator

Let us study the commutat@p(x), @(y)] a little bit further. Since it is a c-number, we have

[0(x), 0(y)] = (O[[9(x),®(y)]|0)-

Let us assume thaf > y°. Then we have

3 ) .
©llex.0m1I0) = [ %Z—éﬁ (e _gpocn)
_|_

3
_ / d°p J 1 ippey)

_ dc°p rdi’ -1 ipixy
=~ ) 23 =t

eﬁi p- (Xfy)

—2E,

DO——Erj}

In the last step theP integral is to be performed along the contour

Im(p°)
— ¢ — Relpf)
To keep track of the contour we also write
O o019) = [ G [
wheree > 0. We define
Ontxy) = 06Ol = [ o Eorr—

Dr(x—Yy) is called the retarded Green’s function. Similar the adednGreen’s function is
defined by

d*p i
(2% (p° —ig)* ~ |pj2 — P

where in the last expression the contour integral is nowuatatl with the contour

e 1P (x=y)

Da(x—y) = —8(°—x) (06, ¢(y)]|0) = [

b

33



\ 4

Re(p?)

\ 4

There are four possible contours to evaluategheA third one is of particular importance:
Im(p°)

. [ . 0
< £, Re(p”)

If xX° > y° we can close the contour below and obtBifx —y). If X2 < y° we close the contour
above and obtai®(y — x). Therefore

[ D(x—y) for X0>y°
De(x-y) = {D(y—x) for x% <yP
= 80 —y°) (0|9(x)9(y)|0) +8(y° —x°) (0]e(y)¥(¥)| O)
(0[To(x)@(y)|0)

In the last expression the time-ordering symBobccurs. De(x —y) is called the Feynman
propagator. We have

De(x—y) = / d'p | iy
(24 p? — P +ie ’

Let's have a look at

4 ; .
(O+m?)De(x—y) = (D"‘mz)/%pz_lmz Py
dp i 2 —ip:(x-y)
[ g B e
= —id*(x—y).

Therefore, if we look at the Fourier transfoibg (p)

4 : ~
() = [ e " Be(p)
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we obtain an algebraic equation O (p):
(PP—mP)Be(p) = i.

Summary: The Feynman propagator in momentum space is eldthimm an algebraic equation.
The integration contour in thgP-plane is given by thés-prescription. For the Klein-Gordon
propagator we have

. i
Brlp) = et
5.4 Wick's theorem

We already had the definition of the time-ordered products Pinoduct orders operators such
that the time does not decrease from right to left.

ex)p(y) forx’ >y°
Texe) = {w(y)cpoo for y° >

In addition we introduce the normal product, which ordersrafors such that all annihilation
operators are on the right of all creation operators:

cata t
lagdg: = agag,
U t
lagay: = agag.

We notice that the vacuum expectation value of a normal edderoduct is zero (unless the
product is empty):

(0]: o(x1)@(%2)....0(xy) :]0) = O.

We further introduce the so-called “contraction”, whichust the vacuum expectation value of
the time-ordered product of two operators:

AX)Py) = (O[TOX)P(y)0).

[

Wick’s theorem states that

TO(X1)P(X2)...0%n) = :@(X1)P(X2)...0(Xn) : +all possible contractions

Example:

+ 1 0(X1) 90x2) @(x3)@(Xa) : + : P(X1) P(X2) A(X3) P(Xa) : + : P(X1) P(X2) P(X3) P(xa)
+ 1 0(x1)P02) P(X3)(Xa) : + 1 O(X1)(x2) P(Xa)P(Xa) : 4 PX1) P(X2) P(X3) P(Xa)
+ 1 (%) Q(%2) A(X3) P(Xa) : 4 1 Q(X1)Q(X2) A(X3)P(X4) : + : @(X1) P(X2) P(X3) P(Xa)




Proof: We decompose any operator into positive and neginégeency parts:
ox) = ¢ (X)+¢ (x),

dp 1 - d®p 1 -
) = [P L o e ) = 1t jpx
¢ / g g, P ) / (2m)3 2E|5aﬁel '

¢@" contains only annihilation operatorg, contains only creation operators. We proof Wick’s
theorem by induction. We start at= 2 and assumg® > y°:

ToX)oly) = oX)oy

= @' (O (Y)+0 (e () +o e (y) +9 X¢ (y

= @ (0P (Y)+e MO )+ (0@ (Y) + o (XO (y) + [ (%), 0 ()]
= o)y : + [0 (%), 97 (y)]

= 1)) : +(0][0" (x),9 (y)]|0)

= 19(X)Q(y) : +De(Xx—y)

= 1 X)9(y) : +e(x)@(y)

Not let's assume that it is valid for— 1 fields. Again we assumd >3 > ... > X8

TO(x1)P(x2).-@(%n) = P(X1) P(X2)...B(Xn)

= @(x1) : {@(x2)...0(xn) + all contractions not involving(xy) } :
= (" (%) + 9 (x1)) : {@(X2)...9(xn) + all contractions not involvingp(x1)} :

We want to movep' (x;) and@~(x1) inside the normal product. Fgr (x;) this is easyp (x1)
contains only creation operators, therefore

O (X1) :0%2)..0%n) : = 1@ (X1)@(X2)...0(Xn) :,

and we can just move it in to the left of all other operators.t@nother hand we have

LOT () PX2)0Xn) 1 = Q%) @Xn)@" (Xa)
therefore
@ (X1) 1 @(X2)...0(%n) 1= @(X2) (X3)...0(Xn) : @ (X1) + [@F (X1),: P(X2)P(X3)...0(Xn) ]
= 10T (x)Q0)P(X3) .. @(Xn) : + 1 [0 (X0), P(x2)] P(X3)...@(%n) : + 1 P(X2) [@ (X1), P(X3)] .. P(Xn) :

+ 1 Q(x2)P(X3)... [@" (1), P(Xn)] :
= 10" (1) Q(X2)P(X3)...0(Xn) 1 +:0" (X1)Q(X2) P(X3)...@(Xn) : +:@0" (X1)P(X2) P(X3)...P(Xn) :+-..,

[ —

which proves Wick’s theorem. Let us now apply Wick’s theortarthe vacuum expectation
value of

(01T (x1) P(%2) P(X3) P(X4)| O) .
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By construction, the vacuum expectation value of a non-gmptmal product vanishes, there-

fore
(O[T o(x1) @(%2) @(X3) P(Xa) | 0) =
= <0 L Q(X1) P(X2) P(X3) P(Xa) - 0>+<0 FO(X1) @(%2) (x3) P(x4) : 0>
L —t— ]
+ <0 :(p(xl)gp(xz)gp(x3)(lp(x4) : O>
= (0]To(x1)@(x2)| 0) (O] TP(x3)P(Xa)| 0) + (O] T @(x1)P(x3)| O) (O T P(X2) P(%a)| O)
+(0]T@(x1)@(x4)[ 0) (O T P(x2) P(x3)| 0)
= Dr(X1 —X2)Dr (X3 —X4) + Dr (X1 — X3) DE (X2 — X4) + DE (X1 — X4)DE (X2 — X3).
Graphically, 1 ) 1 5 1 )
(O]T@(x1)@(x2)P(x3)P(x4)| O) = + I I + X
4 3 4 3 4 3

5.5 Interacting fields

Up to now we considered “free” fields, e.g. fields without anmteractions. For the free Klein-
Gordon field we had the Lagrange density

Lo = (049 @) — e

In this theory, no interactions and no scattering occurg.ulsestart to look at more interesting
theories with interactions:

A
L = % (0.9) (0Mp) — %mz(p2 - ECP“,

whereA is a dimensionless coupling constant. This theory is oftdled “phi-fourth” theory and
one of the simplest theories with interactions. Obviously,

A 4
L = Lo+ Lin, Lint:—ﬁ(IL

The “classical” equation of motion for thg theory is

A

—5 %

which cannot be solved by Fourier analysis as the free KBondon equation. Fok = 0 we
recover the Klein-Gordon equation. Afis small we may treat the interacting theory by pertur-
bation theory.

(O+m) e =
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As Lint does not involve any derivatives, the definition of

0L
(x) %0

is unaffected byLin:. With the same reasoning, we still impose in the quantumrthegual-time
commutation relations

[O(X), ()] = i5°(X-Y).
We can write the full Hamiltonian as
H = Ho+Hin,
3 [1 1 s 1
Ho = /dX ET[Z-FE(D([)) +§m2(p2 ,

A
Hint = /dSXE(P4~
We start with the study of the two-point correlation funatior the two-point Green’s function

(QTeX)(y)| Q)

|Q) denotes the ground state of the interacting theory, whiéh generally different from the
ground statg0) of the free theory. The interaction Hamiltonian enters i fwaces: In the
definition of |Q) and in the definition of the Heisenberg field

(p(X) _ eth(p(X)efth )

It is easiest to begin with the Heisenberg figlat). At any fixed timeto we can of course expand
the field as before in terms of creation and annihilation ajes:

d*p 1 ipx | T ipX
O(to,X) = /— <a|5€“5 +aje P )

(@ /25

Fort # to we have in the Heisenberg picture

(p(t, X) _ eiH (t_to)(p(to, X)e‘iH (t—to) )

ForA =0, H reduces tdp:
ot, Mo = Ho(t=to) gyt %) Holt o)

WhenA is small, this expression will still give the most importgoatrt of the time dependence
of @(x), and thus it is convenient to give this quantity a name: tkeraction picture fieldg (x).
As in the free theory we find

_ dsp 1 —ip-Xx T dpx
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The problem is now to express the full Heisenberg figlh) in terms ofg (x). We have

(p(X) = eiH (t-to) eﬁiHO(tftO)(ﬂ (X)eiHO(t*tO) e*iH (t—to)
UT(t, o) (XU (t,to),

where
Ult,ty) = @Holt-togH(t-to),
We have
U(to,to) = 1
and

;’ Uttt = €Molt=)(H _Hg)eHit-)
t

— gHolt-lo)y, g iH(t-t0)
eiHo(t—to)Hinte—lHo(t to eIHot to)e—IH(t to)

-~ ~~

Hi(t) U(tto)

Hi (t) is the interaction Hamiltonian written in the interactiaotpre:
Hi(t) = gdHo(t—to) . e—THo(t—to) _ dSXA &
I = int = 4!(ﬂ .
Therefore

gt U(ttto) = HI(tU(ttg), Ultoto) =1

A solution is given by

Ultto) — 1+(—i)/dt1H.(t1)+(—i)2/dt1/dt2H.(tl)H|(t2)

t t1 to
-)° [ d [ diz [ dtg H ()M (t2)H (1) + .
t t

This solution can be verified by differentiation. The inlitt@nditionU (to,tp) = 1 is obviously
satisfied. Note that the various factorsHfstand in time order, later on the left. Note that

/dh/dtz H| t1 H| tz = /d'[l/d'[zT H| t1 H|(t2))
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Similar

th-1

/dtl/dtz /dtn H| tl H| t2 H| tn = —/dh/dtz /dtnT H| tl H| tz) H|(tn))
Therefore

t t
U(t,tg) = 1+(—i)/dt1 H|(t1)—|—( /dtzT(H|(t1)H|(t2))

/d'[z/dte,T Hl tl |'|I tZ)HI(t3)>+

to

_ T{exp {itO/dt’ H|(t’)] }

Therefore we have expressed the full field in termeof

ox) = UT(tt)e (U (t,to),

We can generalize the evolution operator to take as the demgument values other than our
reference timéy:
t
Uth) = T<exp —i/dt” Ht")| 3.
t/

i%u tt)y=H U t,t), Ut =1

U (t,t") satisfies

and the identities

U(t, 1)U (to,t3) = U(ty,t3),
U(ty,ta)UT(to,t3) = Ul(ty,to).

Therefore

U (t7t/) = U (t7t0)U T(t/7t0)
eiHo(tfto) efiH (tft/)efiHo(t/fto)

Y

which proves that) (t,t’) is unitary. In particular we have

U(t,~T) = e Hlom(=T)gHo((=T)~to)
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Let us now discuss the ground st&®®). Imagine starting with0), the ground state dflp and
evolving through time withH:

eMTi0) = Y e TR A0)
2
Here we inserted a complete set of statgsand|A) are the eigenvalues and eigenstates of the
full HamiltonianH. We define the zero of the energy by
Hol0) = O.
We single out the ground sta@) = |0):
e MTjo) = e ™TQ)(QI0)+ ¥ e & T|A)(A|0),

n==0
whereEy = (Q|H|Q). SinceE, > E for n > 0 the additional terms disappear, if we séhd-
oo(1—i€). Therefore

.o -1 .
_ ; —IiEqT Qlo —iHT 0
9 = i (5@0) et

SinceT is now very large, we can shift it by a small constant:

L2 -1 .
‘Q> = . ||?2 _)(eIEO(T+tO)<Q‘O>> ele(T+t0)|O>
—oo(1—ig
1 .
iy (o) e g
1
i (e 00) oo o

In the second line we have uskd|0) = 0. Similar, we can expres®)| as

. 1
— ; —iEo(T—tp)

@ = lm (0U(T.t0)(e 09)
Therefore we have fo® > y° > to:

(QITex)e(y)| Q) =

_ lim <O|U(T7t0)UT(XO7t0) ( XOtO yOtO yOtO t07 ‘0>
- T T
_ g OUT )@ (U 0y (U (P, —T)[0)
T—oo(1—ig) e—ZiEOT |<O|Q> |2
Now
1 = (o= ATVl -T)0) _ (OU(T,-T)[0

e2ET|(0Q))2 e 2ET|(0|Q)[?
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Therefore we have fo© > y°

O J—

We notice that all fields are in time-order. The final formwaljd for anyx® andy® reads

@Toxey)|e) =  lm <0|T{<ﬂ< m @_U T(;,O;T>}|o>

. <O’T {(g X)@(y) exp[—i_}T dt H, (t)} }’O>

R <0’T {exp[_i_}T dth (t)} H O>

5.6 Feynman diagrams

We have already seen in the free field theory, that we cansepte&ertain expressions graphi-
cally, e.g.

(O[T (1) P(x2) (%3)P(xa)[ O) = + I I * X

4 3 4 3 4 3

This describes two non-interacting particles. Things gateninteresting in the interacting theory
as soons as we have more than one field at the same space-imhd_ptis again look at

QTeMom|a) = i (o[r{omames|-i jetno]}o)

oo i <0’T {exp{—i_}T dt Hy (t)} }’o>

in the interactingp*-theory. Expanding the exponential in the numerator weinbta

.

<O T {(n(x)(n(y) exp !i /dt H (t)] } O> =

T {cn(X)cn(y) {i [ dth <t>] }
-T

o>+...
_ DF(x—y)+<O‘T{(g(x)(g(y)(—i)/dt/dg’z%([f'} o>+...

= Deiy)+ () [ @207 (000 Ma @0 @0 D0 @} + -

<0|T{<n(><)<n<y>}\0>+<o
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For the term proportional ta we use Wick’ theorem. In total there are 15 possibilities of
contracting the 6 fields with each other. However, only twdah&m are really different. The
first possibility is to contractp (x) with @ (y), then we have three possibilities of contracting
the four @ (z) with each other, all of them are equivalent. The second piiggiconsists in
contractingg (X) with one of theg (z) (four choices) anap (y) with one of the remaining (z)
(three choices). The two remainiggy(z) are then contracted with each other. Therefore

OT{axay)a@a(@a(2a(2)}0) =
3DE (X—Y)Dg(z—2)Dg(z— 2) + 12Dg (X — 2)De(y — 2)DE (z— 2).

Graphically:
3 X.—.y 82 + 12 ) { }

Lines in this diagram are called propagators, internal ggspwhere four lines meet are called
vertices. Therefore

—iA
(Sr) [ @207 (a0 ) @a@a @e@)0 -
. 1 1
(—iN) /d"’z [éDF(x—y)DF(z—z)DF(z—z) +§D|:(x—z)D|:(y—z)D|:(z—z) )

The numbers 8 and 2 are called the symmetry factors of theaiiegy The symmetry factor is
given by a factor 4! for each vertex in the diagram. One theidds by the number of ways one
obtains from Wick’s theorem the same diagram (3 and 12 in lloge@example).

Alternatively, one can compute the symmetry factor as ¥edloS is the order of the permu-
tation group of the internal lines and vertices leaving tlagchm unchanged when the external

lines are fixed.

Examples:

S=2

@,
C)C) S—2.2.2-8
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Itis common practice to let a Feynman diagram represenbaliple contractions leading to this
diagram with the appropriate symmetry factor included.réfwe

() — (—i)\)%/d"’zDF(x—z)DF(y—z)DF(z—z)

X z y

We can now formulate the Feynman rules 8¢theory in position space:

1. For each propagator,

2. For each vertex,

3. For each external point,

4. Divivde by the symmetry fact@.

In practice one works in momentum space. As an example weadmrhe following Fourier
transform

/d4xépx/d4yéqy(—iA)%/d4zDF(x—z)DF(y—z)DF(z—z) =
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/d4 /d4 /d42é px+ay) / d F;l _|p1(x z)/((j‘l_p;e—ipz(y—z)/ ((j4p;ie—ip3(z_z)
211 211
XDF(pl Dr (p2)Dr (ps)

= (=N [ d*pr [ d*pz [ d*psB(p1— p)S! (P2 — )B*(Pr+ P2 — P+ P)Dr (P1)De (P2)D (Po)

4
- <—iA>5<2n>464<p+q>5p<p>6p<q> | GaBe(ea

We see that we obtain one delta-function, enforcing energyentum conservation of the in-
coming and outgoing momenta. Further at each vertex, ermrdgynomentum are conserved.
Finally we have to integrate over any unrestricted four-ranotam. We use the notation

G"(X,...,%) = <O|T(Q(X1)...9(xn))|0 >

for the Green function witlm external legs and define it's Fourier transform by

Gn . d4p1 d4pn 7i2pjxj 4 N
(X17"'7Xn) - (2T[>4(2T[)4e (ZT[) 6(p1++pn)G <p17--'7pn)

Remark: This is not the standard Fourier transform, as we fantored out the term

(2m*8(pL+ ...+ pn).

This term expresses overall momentum conservation anavesyalthere, therefore it is conve-
nient to factor it out. With these conventions we can nowestia¢ Feynman rules in momentum
space to computé"(py, ..., Pn):

1. For each propagator,

2. For each vertex,
3. For each external point,

4. Impose momentum conservation at each vertex.
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5. Integrate over each undetermined momentum;
[ G
(2%
6. Divivde by the symmetry factd.

Remark: In the original formula in position space we had

T

lim / dt / 43z
T—oo(1—ig)

T

/ d*z

Still we have to keep in mind that for the time-component weehi@ integrate over a slightly
distorted contour. When going to momentum space this isvatgrit to integrate over thg?-
component along the following contour:

which we wrote for simplicity as

Im(p°)

—Eg
. R . 0
N\ Es Re(p”)

This is just the Feynman prescription.

Let us go back to our original formula

@TaMom|a) = (o[r{omame|- [anw]}jo)

T—oo(1—ig) <0’T {exp [—i_}T dt H (t)} }‘O>

In the numerator we had contributions like
(—i)\)/d“z}D (X—y)Dr(z—2)Dr(z—2) = | z
gF F F X y
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The piece

0

z

is called a vacuum diagram. It is not connected to the exi@miats x andy. Examples for
vacuum diagrams are:

CONNCS OIS

It is clear that the denominator in the formula f@|T@(x)@(y)| Q) produces only vacuum
graphs. Let us label the values of the various vacuum graph§g land the values of the pieces
connected tx andy by D;. If a diagram consists of a pie€g andn; vacuum graphs of typé,

N, vacuum graph¥s, ..., then the value for the total diagram is

biTl %(Vi)”i

The factorn;! is the symmetry factor fon; copies ofV;. Then the numerator of the formula for
the two-point correlation function is

S Y D []ar (W™

] {ni} '

where{n;} means all ordered sefs11,ny, ...} of non-negative integers. We have the following
exponentiation:

N 1 N
SO = SO
= > Dj[]expM)
] [

- (301)es(xv)

On the other hand we find for the denominator
0) = exp Vi |.
> <Z>

et

Therefore the exponential cancels between numerator armhdrator and we finally obtain

(Q|Te(x)p(y)|Q2) = sum of all diagrams without any vacuum graphs
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Summary of the last lecture
@*-theory:
1 1 A
_ - Hep) = _ 24t
L = 5(0u9) (') — e — ¢,
We are interested in

G"(X1, .., %) = < Q[T(@(X1)...0(X))|Q >

and it's Fourier transform defined through

Gn . d4p1 d4pl’l 7i2pjxj 4 2n
(X17"'7Xn) - W(Zﬂ)4e (ZT[) 6(p1++pn)G <p17--'7pn)

Feynman rules in momentum spatfé?(pl,..., pn) is given as the sum of all diagrams without
any vacuum graphs with the following rules:

1. For each propagator,

2. For each vertex,
3. For each external point,

4. Impose momentum conservation at each vertex.

5. Integrate over each undetermined momentum;
[ o
(2m)*

6. Divivde by the symmetry factds.
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6 Cross sections and decay rates

We have learned how to compute an abstract quantity, -nipeint correlation function —,
through Feynman diagrams. We now want to relate this quatttiuantities, which can be
measured: Cross sections and decay rates.

Elementary particle experiments are often scattering iaxgats: One collides two beams of
particles with well-defined momenta, and observes what saoé The likelihood of any par-

ticular final state can be expressed in terms of the cros®gedthis is a quantity intrinsic to the

colliding particles and therefore allows comparison of tiferent experiments with different

beam sizes and intensities.

The cross section is defined as follows: Consider a targetsataf particles of typé with
densitypa (particles per unit volume). Aim at this target a bunch oftigégs of typeB with
number densitpg and velocity. Letla andlg be the lengths of the bunches of the particles and
F the cross-sectional area common to the two bunches. Wetekyggtotal number of scattering
events to be proportional fup, |a, ps, I @ndF. The cross section, denoted dyis just the total
number of events divided by all these quantities:

Number of scattering events
PalapelsF

Obviously, this definition is symmetric betwefrandB, therefore we could have worked in any
other reference frame.

The cross section has units of area.

In real beamspa andpg are not constant, the particle density is generally largdreacenter of
the beam than at the edges and one obtains

Number of scattering events= 0'|A|B/d2X pa(X)pB(X).

If the densities are constant, we simply have

. oNaN
Number of scattering events= é B,

whereNp andNg are the total number & andB particles.

Cross sections for many different processes may be relevargingle scattering experiment. In
ete collisions, for example, one cna measure the cross seaiqgoréduction ofutp—, 717,

uruTy, ete..

Usually we wish to measure not only what the final-state gagiare, but also the momenta
with which they come out. For that we define the differentralss section
do
dspl...d?)pn
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which is the quantity when integrated over any snuip;...d3p, gives the cross section for
scattering into that region of final-state phase space. tdatehe various final-state momenta are
not all independent: Four components will always be comstthby momentum conservation.
In the simplest case of only two final-state particles thesés only two unconstrained variables,
usually taken to be the anglésand@ of the momentum of one of the particles. Integrating

do
d3p1d3p;

over the four constrained momentum components then leaweghuthe usual differential cross
section

do

dQ’
A second measurable quantity is the decay rate of an ungtabtiele. The decay rate of an
unstable particlé\,, which is assumed to be at rest, is defined as follows:

Number of decays per unit time

r = ) \
Number ofA particles present

The lifetimet is the reciprocal of the sum of the decay widths into all palssiinal states. The
particle’s half-life time ist - In2.

In non-relativistic quantum mechanics, an unstable at@tate shows up in scattering exper-
iments as a resonance. Near the resonance eBgrdgie scattering amplitude is given by the
Breit-Wigner-formula

1

f(E —
(E) E—Ep+il/2
The cross section therefore has a peak of the form

1
(E—Ep)2+T2/4

o)

The width of the resonance peak is equal to the decay rate ofitstable state. The Breit-Wigner
formula also applies to relativistic quantum mechanicsanramplitude involving an unstable
particle of momentunp and massnwe have

1 1
PP rimt 26, (p0— Eg+i (M/E)T/2)

Remark: A correct treatment of unstable particles in higirélers in perturbation theory is a
topic of current interest.
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6.1 The S-matrix

To calculate the cross section we set up wavepackets repirggehe initial-state particles,
evolve this initial state for a very long time with the timeedution operator exp-iHt) of the
interacting field theory and overlap the resulting finalestaith wavepackets representing some
desired set of final-state particles.

A wavepacket is given by

3
0 = [ v =@ )

whereq(k) is the Fourier transform of the spatial wave function, #0ds a one-particle state of
momentunk in the interacting theory.

Normalisation;
=1

[ sle(®)f

The probability we wish to compute is

, (9o =1

2

P = <(P1(P2--- (PA(PB>
—— [N~
future | past
These states are called in- and out-states. These statestheeHeisenberg picture, therefore
time-independent, but the name we give a state depends eigd@alues or expectation values

of time-dependent operators. A simple way to see this is dmaection with the Schrédinger
picture:

ot)s = e Mg,

Let us consider the in-states: Consider parti&lat rest and particl® along thez-axis. It is
important to take the transverse displacement into accdbitite wave packet of particlB is
not centered at =y = 0 in the transverse plane, buttatthis yields a factor exp-ib-kg). |b| is
called the impact parameter.

[Pk ke oaka)os(ke) ik
|(PA(PB>|n - /(21'[)3 (2T[)3 (ZERA)(ZERB)e

T(»A_k)B>in'

The wave packet of particlkis centered arounda in momentum space, the one of partiBlés
centered aroun@g. Similar,

d3
out (@192...| <|_|/ qf @ qf )out (O102.--| -
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Again, the wave packet for particleis centered aroungd; in momentum space. We have

ﬁR,B>
—~~
0

out(01lo... [kaks)in = <q*1qz |akAkB>

to to

out(Tu .- [Kake)in = Tlian<q1q*z... @E@>
T

-7

= lim <q1q2... e H(2T)
T—00 \ N —

to

—

We define the&s-matrix by

If the particles do not interact at al§ is the identity operator. Even if the theory contains
interactions, the particles have some probability of mig&ach other. To isolate the interesting
part of theS-matrix — that is, the part due to interactions — we definelthmatrix by

S = 1+i(2m*8* (kat+ke—Sar)T
Of special interest are the matrix elementg of

iM (kakg — O102...) = (G10>...]iT [kaks)

The probability we want to compute is now

d3
<|_|/ CIf3’<Pf (dr)] >|Out<q1q2...|cpA<pB)in|2

The in-state still depends on the impact paratheﬂ'o obtain the cross section we have to
integrate over all impact parameters:

/ d2oP(B)
Therefore
do d3qr | ()| dk @) [ B @ K)
(dzsrgl (d;TBz (l_l/ )3 2E4;, )/dz (I AB/ F/ \/E)

efiB(RBf%)out@lqzw|kAkB>in out(Ci10i2... [Kakg) i

If we are not interested in the trivial case where no scaitecase takes place, we can drop the
identity from theS-matrix and write

out(G1Tz..[kakg)in = (2m)*8*(ka+ks — 5 ar)iM (kaks — CClz...),
out(T18z..-[Kakg)in = (2% (Ky +kg — > ar)iM (Kaks — .. -
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We can use the second of these delta functions, togethethveiti? (kg — kél) to perform all six
k' integrals. We have

31/ 31/ ,
/ (dz]:)%/ (dzTIBBS(Z")Z&(ké—ké)(ZH)“é“( A+ kg —ka — kg) =

_ /dk/i’/dl{%’é(E,’pL Ef — Ea—Eg)3(Ky' +K5' — ki — k3)
— /dk;'a<E;\+Eg—EA—EB>!

1 1

& K| va—ve|
En Eg

6= i

The differencdva — vg| is the relative velocity of the beams in the lab frame. Théahivave
packets are localized in momentum space, centered anoiadd pg. We evaluate all factors,
which are smooth functions &k andkg at pa andpg. We obtain

d3qs 2 ’M(pApBlePZw)’z

) (I:l/(zn)g‘(pf(qf)’ ) ZEA2E5|VA—VB|
d3ka [ d3kg
| )

1
2Ep,

do B
d3p; d3py o D

(23 (23

L2 L2
k)| |aulle)| (205" (ka+ke — 3 ar)

We can simplify this formula further by noting that real de#tes cannot resolve small variations
of the incoming and outcoming momenta. Therefore we cancpated(ka + ks — ¥ q¢) by
d(pa+ pes— 3 pr) and we obtain

do _ 1\ | (paps — 1P )| . aa
&py dp, <|:| 2E|3f> 2EA2ER [Va — VB| (2m)"6"(pa+ Ps — Z Pt)
2m3 (2m)3

—
—

Note that all dependence on the shape of the wave packetssagpeared.

By a similar reasoning we find for the decay rate

dr B 1\ | (pa— prp2- ) aea
Fp By (U ZEpf> 2Ma (2m)"8*(pa— > p1)

To obtain the total cross section or the total decay rate vegjiate over all final states. If the
final state contains identical particles, we have to be careful not to count theeséinal state
more then once. One possibility is to impose a strict ordeon the energies of the final state
particles

E1>Ex>...>E,
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a different (and in practice the preferred option) is to gné&te without any restriction and to
divide the result by a factor of/h!. Therefore

1 1 d®p 4xa 2
o = 2EA2EB|VA—VB|H/ (El —(2n)32E5f_> (275" (pa+pe— ) Pr) | M (pape — P1p2...)|",

3
~ | (M ) o 5 o 36— o

We denote the Lorentz-invariant phase-space element by

d(P(Q _ i dspf 2 464 _
» P1, P2, .- pn) - n! |:| (2]-[)32Eﬁf ( T[) (Q Z pf)

1 d*ps 2 454
= = <D (Zn)4(2n)6(pf —mz)e(Eﬁf)> (2m"3"(Q— pr)

n!

We can also bring the flux factor into a Lorentz-invariantfior

1 1

2Ep2Eg|[va—Ve|  2K(Q?)’

where

2K(Q2) = 2\/(Q2 —(m+ m2)2) (QZ —(m — m2>2)
= 2Q? for massless particles

andQ? = (pa+ pg)2. Finally, if the initial-state particles have additionagiees of freedom,
like spin, we have to average over these degrees of freedoice &e sum over all spins in

e
this brings a an additional factor of

1 1
(2)1+1) (232+1)

for scattering reactions and a factor

(2J1+1)

for the decay rate.
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6.2 Relation between invariant matrix elements and Feynmaxdiagrams

Here we sketch only a heuristic argument for the relatiorhef$-matrix to Feynman diagrams
and postpone the proof to later. The proof is based on thectietduformula of Lehmann,
Symanzik and Zimmermann. The S-matrix was defined by

(Pifz.[SPaPe) = lim (Pufz...|e ™" paps )

To compute this quantity we wolud like to replace the exteplane-wave states, which are
eigenstates dfl, with their counterparts in the free theory, which are eggates oHy. For the
vacuum state we already found such a formula

.2 -1 .
— ; —1EqT —iHT
@ = im (e®7@o) e

Now we look for a relation of the form

[Pabe) ~  lim e [Bape)o.

where we have omitted the prefactor. If this formula coulgustified, we could then write

T—oo(1—ig T—oo(1—ig

.
lim )<ﬁ1ﬁz...|e_iH(2T)|ﬁAﬁB> ~ lim )0<f51ﬁ2---TeXP[—i/dtHl(t)} |BaPB)o
T

In the case of vacuum expectation values, proportionadityors cancelled out in the final for-
mula. It can be shown that the non-trivial part of the S-nxatein be computed as follows

.
(P1P2-.-|iT|[PaPB) = lim (o(ﬁlﬁz---TeXP |:_i/dtHl(t>:| I@AFSB>0)
T

T—oo(1—ig)
connectecamputated

A Feynman diagram is called connected, if it does not haeidipieces.

A Feynman diagram is called amputated, if for all externag¢di, the corresponding propaga-
tor is removed.

6.3 Final formula

The cross section is given by To calculate an observableailhder with no initial-state hadrons
(e.g. an electron-positron collider):

1 1 1

: 2
7T K@ @+ (232+1)/d‘p(pAprB’pl’---apn)\M(pApB—>plpz...)}

55



where X (Q?) is the flux factor and we havekZQ?) = 2Q? for massless incoming particles. For
a decay rate we have

1 1

= o do(pa; P, - 9 (pa— p1pa...)|?
2mA (Z\J-i-l)/ (p(pA P1 pn)he;city} (pA P1pP2 )’

The phase-space measure is given by

do(Q; _ 1 L I PP
(P(Q’plapb,pn) - ﬁ Dm (T[) (Q_pr)

if the final state containg; identical particles of typg. If the colliding particles are not elemen-
tary (like protons or antiprotons), we have to include thebability of finding the elementary
particleA inside the proton or antiproton. If the proton has momenpgorie usually specifies
the probability of finding a parton with momentum fractioby the parton distirbution function

f(X)

The parton has then the momentum

PaA = XPp.

For the cross section we have to integrate over all possiblaentum fractions and the formula
for a hadron-hadron collider becomes

o = /dxlf(xl)/dxzf(xz)2 ! ! ! -

K(s) (2J1+1) (2J2+ 1) n1ny
/dcp(pA+ PB; P1,---; Pn) | M (PaPB — plpz...)lz.

n; andn, are the number of colour degrees of the initial state pasicl
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7 Fermions

Up to now we considered only spin zero patrticles. In thisisaate study quantum field theories
with spin 1/2 particles. But before we embark on quantization of theseriks, we first discuss
solutions of the classical theory.

7.1 The Dirac equation

The Lagrange density for a (classical) Dirac field depend$oan-component spinorgiy (X)

(a=1,2,3,4) andi (x) = (YT (X)Y°),:
LW, h,000) = iP)VoW(X) —mP(X)W(x)

Here, the(4 x 4)-Dirac matrices satisfy the anti-commutation rules

{WM?ZZWHW{WMﬁZO,wFﬂffffzéfmeWWW-
The Euler-Lagrange equations yield the Dirac equations
(iYou—muy(x) = 0,
309 (i op+m) = 0.

For computations it is useful to have an explicit reprederieof the Dirac matrices. There are
several widely used representations. A particular usafel is the Weyl representation of the
Dirac matrices:

0 o* , 1 0
P=(a Q) w5 %)
Here, the 4-dimensional-matrices are defined by
oh.=(1,-8) aM"B=(10)

andd = (oy, 0y, 07) are the standard Pauli matrices:

o (28) o (0 9) @ (3 %)

Let us now look for plane wave solutions of the Dirac equatle make the Ansatz

{M@?W,&>Q p? =P,

W(x) v(p)etP, p°>0, p?=nh

u(p) describes positive energy solutiorgp) describes negative energy solutions. Similar,

LF(X) — l'l_(p)e_._.ipx? pO > 07 p2 = rnz7
| V(p)e P, p°>0, p?=nv,
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where

up) =u'(p)y’.  V(p) =Vvi(py".
Then

(F=mu(p)=0, (F+mv(p)=0,
u(p) (P —m) =0,  Vv(p)(g+m) =0,

We will find that there is more then one solution tdip) (and the other spinorg p), v(p), v(p)).

We will label the various solutions with. The degeneracy is related to the additional spin degree
of freedom and we find for a spin/2 particles 2 solutions. We require that the two solutions
satisfy the orthogonality relations

G Mu(pA) = 2mby,,
\7(p,)_\)V(p,)\) = _Z_WBX)U
U_(p,)\>V( p7)\) = \TO\>U(}\) =0,

and the completeness relation

>u(pMu(p,A) = p+m,
A

ZV(pJ\)\Rp?A) = —m.
A

7.2 Massless spinors

Let us now try to find explicit solutions for the spinar&p), v(p), u(p) andv(p). The simplest
case is the one of a massless fermion:

m = 0.

In this case the Dirac equation for tlie and thev-spinors are identical and it is sufficient to
consider

pu(p) =0,

In the Weyl representatiogi is given by

d = 0 puot
— \po* 0 )’
therefore the 4« 4-matrix equation fou(p) (or u(p)) decouples into two 2 2-matrix equations.

We introduce the following notation: Four-component Disginors are constructed out of two
Weyl spinors as follows:

oo = (39)-(8)-(25)
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Bra-spinors are given by

up) = ((p—I.(p) = (P ps) = (@ (P). G(P)),

If we define the helicity projection operators

Py

P_

then

ur(p) = PLu(p),

Nl NI

(1+V5)=((1) 8),
(O

o
~ O
N——

—
=
|
&
N—
|

S|
H,
S

Il
Al
S
e

The two solutions of the Dirac equation

pu(p,A) = 0
are then
u(p,+) =us(p), u(p,—)=u_(p).
We now have to solve
puo¥|p+) =0,  puo¥|p-) =0,
(p+|puc* =0,  (p—|puc*=0.

It it convenient to express the four-vecigr= (po, p1, P2, pP3) in terms of light-cone coordinates:

P+ =potP3, P-=Po—P3, PL=P1+ip2, Pr+=pP1—ip2.

Note thatp - does not involve a complex conjugationmf or p2. For null-vectors one has

Pi«PL = P+P-

Then the equation for the ket-spinors becomes

<p+ IO“)||0+>:0, (p _p“)lp—>=0,

pL P-

Solutions for ket-spinors are

|p+) =, é% <

—PL P+

—Pux ) 7 |p_> _ C_efid, ( P+ ) )
+ PL
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Solutions for bra-spinors are

(p+|=cie ' (—py,p), (p—|=c €% (py,p.-).

c+ andc_ are real positive numbers. We assumed tpat) and(p+ | have the same normal-
ization factorc,, and a similar assumption was made fpr) and (p—|. We normalize the
massless spinors such that

(P |Yulp) = 2py.
On the I.h.s we obtain
(p+Ivulpt+) = (p+|5y|p+) =c2e(@~)p, 2p,
(p—Ivulp—) = (p—|oyp-)=c2e(®=")p 2p,
Since we assumegh > 0 we havep,; > 0. It follows that the constants. andc_ are given by
1

VIl

C+:C7:

For the phases one has
a/, =aymod2t, o =a_mod2t

In the following we will use

Therefore

pt) = pa= — <_p“), Ip—>=p3=¢|lpf+|<gi),
)

1
(p—|=p"= (P4, P (p+|=pg = (=P, P+).
Vs ® VIps]

Let us now introduce the 2-dimensional antisymmetric tenso

0 1
EABZ(_l 0), €BA= —€AB

Furthermore:

B =M —epg=gp

We then find the following relations for raising and lowermgpinor indexA or B:
p* = e"®pg, IOA = ¢ Pg;
P = IOAEAB pe = peas.
Note that raising an index is done by left-multiplicatiorheveas lowering is performed by right-

multiplication. Therefore the relation between the diéfetrspinors is as follows:
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(p—|=p= ~|p+) = Pa
hermitian con,;. hermitian con,;.
. cAB
p—) =p*~ ~(P+|=Pa

7.3 Spinorproducts

We can define two spinorproducts

1
(p—o+) = pda = ——— (P-4 — P1q1+),
\/|p+HQ+\
- 1
[apl = (9+|p—) =0gp® = ———(pL0+ — P+QL)-
\/|p+||CI+|

We have
(pa)[ap] = 2p-q
Therefore
[{pa)| = [[apl| = v/2p-q.
The spinorproducts are anti-symmetric:
(ap = —(pa),
[pq = —[qp].

From the Schouten identity for the 2-dimensional antisyitniménsor
€asEcD +€acépB+€anEBc = O
one derives

(AB)(CD) = (AD)(CB)+(AC)(BD)
IAB|[CD] = [AD][CB|+ [AC][BD]

Fierz identity:
(A+ |yu/B+)(C—|y|D—) = 2[AD|(CB)
Useful formulas in the bra-ket notation:

(P=E Vi Vionaa|9E) = (AF Vinas Yo | PF)
(PE Vg Yienl9F) = — (A Yoz -Yiu | PF)
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7.4 Massive spinors

As in the massless case, a massive spinor satisfying the Egreation has a two-fold degeneracy.
We will label the two different eigenvectors by “+” and “-".elt p be a massive four-vector with
p? =¥, and letg be an arbitrary light-like vector. With the help @fve can construct a light-like
vectorp’ associated tq:

p2
o= Pyt
We define
1
U(p,+)=m(ﬁ+m)lq—>, v(p,+) = o+ (p —m)|a—-),
U(p,—) = ——— (g +m)la+),  V(p,—) = ———— (g —m)[a+)

(P —lat)
For the conjugate spinors we have

Q(p,+) = @-1(p+m),  Vp.+) = ———(a—|(F—m),

(a—|p+)

u(p,—) = (+[(p+m), Vv(p,—)=

(a+[p-)
These spinors satisfy the Dirac equations

(F—mu@)=0, (F+mVv(A)=0,
uA) (pF—m) =0,  VvA)(p+m) =0

the orthogonality relations

GAUA) = 2mdy,,
VMV = —2mby,,
GAVA) = VAU() =0,

and the completeness relation

7.5 Quantization of fermions

We start from the Lagrangian
LW, h,000) = IQ)V0W(X) — mP(X)W(x)
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The canonical momentum conjugatealias

oL

et s T
FENTI Il]JyO—Il]J.

This the Hamiltonian is
H — /d3xiqﬁaqu—L:/dsxq?[—iv-mm}w:/dsxqﬁ =iy O+ m] w.
Here

V: (y17y27y3) ) [_j = (al762763) .

If we define
-y B—V.
we obtain
H — /d3quT [—ia O+ mﬁ} w.
Let us expand the field(x) in a set of eigenfunctions of
ho = —id-0+mp
From the solution of the free Dirac equation we already kst t
[—ia O+ mﬁ] u(p,\)e P* = 0.

Thereforeu(p,\)€PX are eigenfunctions dfip with eigenvaluessg. Similarly, the functions

v(p,\)e"'PX are eigenfunctions ofip with eigenvalues-Eg. These form a complete set of
eigenfunctions, since for arythere are twars and twov's, giving us four eigenvectors of the
4 x 4 matrixhp. We write for the field operators in the Heisenberg picture

3 . .
l]J(X) = /%%; (ag)\u(p,)\)eﬂp.x-k bgj?)\v([ﬁ),)\)e'p-x>7

3 . .
B(x) = / %ﬁ;(bmv(p,x)e—'puagAuI(p,A)ép'X).

The creation and annihilation operators obey the anticotatian rules

{am,agw} - {bm,bgw} — (21383 (p— d)By-
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The equal-time anticommutation relations pandy' are then

{b 0.0’ 0} = B9,
WR.ee) = {Y'E.VE}=0
The vacuum|0) is defined to be the state such
agAl0) = bal0)=0.

The Hamiltonian can be written as

d3p

"= / (2m)3 ;Eﬁ <a%7kaﬁvk+ bg,xbﬁﬁ :

where an infinite constant has been dropped. The momenturatopes

3

= [ () [ 55 (e )

Thus botha%x andb?f'M create particles with energyEz and momentun@. We will refer to the
particles created ba%_)\ as fermions and to those createdkﬁ% as antifermions.

The one-particle states

BA) = V2@, |0)

are defined so that their inner product

(BAGA) = 2E5(2m%8%(B—d)dpn

is Lorentz invariant.

7.6 Feynman rules for fermions

To apply Wick’s theorem we have to generaliza the definitioithe time-ordered product and
the normal product towards anticommuting operators. Weentlaé following defintions:

TYX)Yly) = { llJ(X)llj(y))( fOrX0>y0

For the normal product we define

t t

lagdq: = agaq,
. t
lagay: = —agag,



wherea% andag are creation and annihilation operators for fermions. &foge a minus sign
occurs everytime we have to exchange two fermionic opesator

The Lagrange density for the Yukawa theory:
Lyukawa = Lpirac + Lklein-Gordon— JPYQ,
Lpirac = iqjyuauw —my,
LKlein-Gordon = % (0uo) (0H) — %mz(pz
We obtain the following Feynman rules in momentum space:
1. For each propagator,

— i

p  pEP—mP+ie
L. igem)

p - pEP—mP+ie

2. For each vertex,

3. For each external point,

. —p— - = 1
H J—
p - U(p,)\>
-
p - V(p,)\>
p = Wp7>\)
5 = uph

4. Impose momentum conservation at each vertex.

5. Integrate over each undetermined momentum;
[ o
(2m)*

7. For each closed fermion loop a factor(efl).

6. Divivde by the symmetry factds.
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7.7 Rules for traces over Dirac matrices

In evaluating the amplitude squared we encounter tracel@vac matrices:
Theorem 1:

Tryy = 4gW
Proof:
TryW +Try'W = 2g™Tr1=8g"
Theorem 2:
TrypoyH2 o = g T4 | yhon  ghabeTp \doyba  ypon 4 gfibaTp \Hoydeybe | ybon
Proof:

Wy =29  + cyclic property of the trace

Theorem 3:
Tryy2 -1 — Q
Proof:
Try =Trysysy = —TrysyHys = —Tr y*
Theorem 4:

TryYYYoys = dighee.
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8 Quantum field theory via path integrals

Review of the canonical formalism for the quantization dtfileories: We are given a Lagrange
density

L(©0490) = Lo(@0u) + Lint(@ 0u9),

which can be split into a “free” pautg (bilinear in the fields) and a pafi; describing the inter-
actions. Each term im;; contains at least three fields.

The the momentum density conjugatep®) is given by
0L
0p(x)

mx) =
The Hamiltonian is given by
H = /dsx [n(x)(p(x)—L] :/dsx}[.
In the canonical formalism the fielg(x) and the conjugate momentum(ix) become operators.

In the Schrodinger picture the operators are time-indepeindWe postulate canonical (anti)-
commutation relations. For bosons we require

[(p(t07 X) ) T[(t07 7)
[®(to,X), (1o, Y)

For fermions we have (recall that the conjugate momentui j& (o) = ip’):

= iB°(X-Y),
= [m(to,X), (to,y)] = 0.

]
]
{Wlo0), W ,y)} = i8(x-9).
Wt R, 0(to9)} = {iw(to%,i4'(t,5) } =0.
To change from the Schrddinger picture to the Heisenbetgngieve have the formulae

(p(t,X) _ eiH(tfto)(pao,i)efiH(tfto),
nt,x) = ety x)eHt-t),

We can also split the Hamiltonian into a “free” part and a pidescribing the interactions:
H = Ho+Hint.
We define the field operator in the interaction picture as

QX)) = eiHO(t—to)(p(t(),X>e—iHo(t_t0).
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We have the following relation between the field operatorghan Heisenberg picture and the
interaction picture:

ox) = UT(tt)e(xU(t,to),

t
U,t) = Tlexp|—i/[dt"H{")]| 3.
oo e

8.1 Trouble with the canonical quantization of gauge bosons

where

The canonical formalism worked fine for the quantizationmihg) and spin 12 particles. Let
us now consider spin 1 particles. As a first example we considephoton field without any
interactions with fermions. The Lagrange density is

1

where

The canonical momentum conjugateApis given by

The canonical commutation relation would be given by
[Auto, ®),My(to,)] = igwd*(X—Y).
If we setp=v = 0 we obtain
[Po(to, %), Mo(to,9)] = i8*(X~).

On the other hand, we have

rlu —

Mo(to,Y) = —Foo=0.

Thus the simple-minded application of the canonical quatibn fails. The problem is related
to the invariance of the Lagrange density under the gaugsfoemation

Au(X) = Au(X) +0uA(X).

One possibility to circumvent the problem is to eliminate freedom of gauge transformations
by putting constraints on the fiel§,. One adds a gauge-fixing term to the Lagrange density:
1

1 2
L(A,0A) = —ZFWFW "% (0,A%)

68



Remark: The Lagrange density is no longer gauge-invarigimé canonical momentum is now
given by
1 \%

The above ad-hoc recipe works fine for abelian gauge thelde@&®ED, but fails for non-abelian
gauge theories, which are needed for the strong and weakdtitans.

For a deeper understanding of the problem and its solutiensimpler to switch to a second
method for the quantization of field theories: quantizatiothe path-integral formalism.

It should be noted that with an elaborate mathematical fbsmait is possible to quantize non-
abelian gauge fields also in the canonical formalism.

8.2 Path integrals

Gaussian integral:

(2n)1/2/dyexp(—%ayz) = a b2

(2m)~"? / dyi...dyh exp(—%VTAy) = (detA)~Y2

(Ais a real symmetric positive definite matrix). Since
In detA = TrInA,

one has
(21[)—n/2/dy1...dyn exp<_%yTAy) = exp(—%Tr InA)

Generalization to an infinite number of components:

/Q)(pexp(—%/dx/dy(p(x)A(x,y)(p(y)) = exp(—% Tr InA)

Example:

Jomol 4w (o) - ()]
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To calculate the determinant we solve the eigenvalue pnoble

(_3_;+w2) Unt) = Anin(t)

One finds

and therefore

d? 2 _sinhw(tf —t)
det(—@-i-wz) = Dl)‘”_B—w(tf—ti)

Note: In practice, path integrals are never calculatediexyl!

Gaussian integrals with a linear term:
—n/2 i 1 T o T 1 1—»T 15
(2m) /dyl...dyn exp —éy AY+W'Yy)] = exp —5 TrInA | exp §W AW

(A~1 exists becausa is positive definite.)
Generalization to an infinite number of components:

[ Doexp( - [ ax [ dyaroaicyia) + [ dx 1900 )
exp(—% Tr InA) exp(%/dx/dy J(x)A‘l(x,y)J(y))
Differentiation with respect toy; atw = 0:

d 0 . oo f 1
— (2m) n/‘z/dyl...dyn exp(—EVTAVJrvT/Ty)

o, ow;,

-

w=0

2 [ 1
= (2m ”/2/dyl...dynyil...yinexp<—§7TA7)

0 0 1 1+ 1
= w, T ow exp(—E Tr InA) exp(éw A W)

—

w=0

Functional derivatives:

0 . Z[I(X) +€d(x—Yy)] —Z[I(X)]
Sy A% = lim, :
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Generalization to an infinite number of components:

a3 | @cpexp( > ax [ ayaoacyon + [ de<x><p<x>) N

= [ D00t gyen( -2 o ayemnceyo)

= aJ?xl)“'aJ?xn) exp(—% Tr InA) exp(%/dx/dy J(X)Al(X,Y)J(y)>

8.3 Transition amplitudes as path integrals

J=0

Let
M(tx) = Mgt e I
Let |p(to, X)) be an eigenstate of the Schrodinger field opergiftn, X) with eigenvaluep(to, X):
¢s(to. X)|@(to. X)) = Plto, X)|P(to.X))
Denote the corresponding Heisenberg state by
B(to.X),t) = &R9g(to,%)).
lp(to, X), t) is an eigenstate afy with eigenvaluep(to, X):
o (8,%)[@(to.X),t) = @(to, X)|9(to, R). 1)
Proof:
M(tR0toR),1) = (Ms(to,x)e M) (H-0]gito, ) ) = I s(to, 1)l lto. X)
= M-g(tg, X)|(to, X)) = @lto, X)€" 79| (to, X)) = @lto, ) @(to, %), 1)
As a short-hand notation we write
ot) = [@(to,X),1).
We are interested in the transition amplitude
(o1, tr|@, ti)

|@,t;) is a state with eigenvalug (tp,X) and similar for|gs,t). We divide the time interval
(tf —t;) into n+ 1 small sub-intervals with time steps at

ti,t1,to, ..., th, L5,
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At each intermediate time step we insert a complete set t#fssta
/@tpj(i) |5, t) (@] = 1.
Therefore
(or,te] @, ti) /@@n /@@1 (@t L |n, tn) (@n, t| -1, t-1).- (@1, 1| @1, 1)
Let us study(@;1,tj+1|@;,tj). If the time interval(tj 1 —t;) is small, we have
(@s1.ti41l9 ) = ((@eale™am0)) (R 0g 1)) = (gjafe Mg

~ (@2l —i(tj 1 —t)H|gy)

Let us first consider a simple case whetés replaced by a functiom(fp), which depends only
on @, but not onft. Then

(@l f@]e) = F(@)(@ale) = f(0)3(@41— @)
We rewrite this as
@l @l = o) [ om®) exp|i [ &m0 0]
Note that factors of # are absorbed into the integral measure. Next we consideagewhere

the Hamiltonian is replaced by a functigfit), which depends only oft. We introduce a com-
plete set of momentum eigenstates and obtain

(®j+1/9(T)|9j) /@Tﬁ nj)eXp{i/dSXT[j((PHl—(Pj)}
Thus ifH contains only terms of the forry(g) andg(f1), its matrix element can be written as
<(PJ+1|H @, ft )|9j) /@T[J H (¢j, T exp{ /d XTy (P1+1—(PJ>]

In general this formula will not hold for arbitramyl, since the order of a produgft matters on
the left side (wher@ andftappear as operators), but not on the right side.

If this formula holds, the Hamiltonian is said to be in “Weyider”. Any Hamiltonian can
be put into a Weyl order by commutings and1ts.

We therefore find

@l R) = [ DR (it H@m) exp|i [ a0
— [omi® expli [ dxm(or-0)-ita-t)H(em)|
= /@ﬂj(i’) eXp[i<tj+l_ti)</dsxni¢j_H((anj)}
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Therefore
(@r,t|@,t) = /@%(xf).../ﬂcpl(%) (@f, ¢ Pn, tn) (Gh, tn|Gh—1,th-1) .. (@1, ta| @1, 1)
_ /@(p(t,z)/@n(t,z> exp[i/dt(/dﬁ’xnc’p—H(cp,n)}

In most casesl (@, M) will be quadratic inrt. We can then complete the square, perform a Wick
rotation and integrate ovePri(t,X). One obtains

(@ tlat) = /Q)(p(t,i)/@n(t,i) exp{i/dt(/&xnip_H(cp,n)]

_ / De(x) exp{i / d4x4

8.4 Correlation function

In the previous section we found

(@r,te|@,t) = /@cp(x) exp[i/d“xL]

The time interval goes from to ts, in all other respects this formula is manifestly Lorentz in
variant. Any other symmetries that the Lagrangian may havaso explicitly preserved by the
functional integral. This will be important for internalsynetries related to gauge groups.

We now would like to make the step and define quantum field th#oough path integrals.
We have to find a functional formula to compute correlatiomctions like

(Q[To(x)P(x2)|Q),
and to show its equivalence with the canonical operator &ism Let us consider

T

/ D(X)P(x1)P(X2) EXP {i / dt / & £ ()

-7

Y

where the boundary conditions on the path integral are
AT, %) =@a(X),  OT,X) = ®(X).

We break up the functional integral as follows:

[ 2o = [ Do [ Deu(x) D(x)
whs

)=1(X),

8
NS
=
I
4
=
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The main functional integral D@(x) is now constrained at time§ andx3 in addition to the
endpoints—T andT. With this decomposition the extra factapsx;) and@(xo) in the original
path integral become, (%) and@(X). If X2 < x3:

/QXP @(x1)P(x2) exp[ /Tdt/dst(CP)} =

T

= /Q)(pl(z)/g)(pz(z) / D(X) @(x1)P(x2) exp {i/Tdt/dsx L((p)}
@

(4. %) =1(X), 93, %) =2(X)
)
— [ 200 (%) [ D42l 9a(¥ / Do(x) exp[i [at/ d3xL<cp>]
P(.%) =1 (R),9(3.%) =¢2(R) -7
= [ D0 0% [ DR 02(3) (0, T 1023 (02810, ) 1. s, —T)

Since

(YRR = X)|PR).1),

we can turn the fieldg (X) into Heisenberg operatofp;(i). Using in addition the completeness
relation

[ o) let) (0t

we obtain

/Q)(pl /@(PZ (PO,T\@,X2><@,X2|(P1,X1><(P1,X1\(Pa, >
- [ 200 [ Dol cpo,T|<p<Xz>|<pz,x8><<pz,x8|€p<xl>|cm,x2><cm,x9|cpa,—T>
= (@, T|0(X2)@(x1) | @a, —T)

If we had the ordex§ > x3 we would have found

(00, T [@(x0)Px2)| @ = T)
In summary we have shown that

.
/ D(X) O(X1)P(X2) EXP {i/dt/dg’xL } (@, T |TOx0) Q%) | @a, —T)

®=T,%) = @a(X),
T, %) = (%)
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If we replace the Heisenberg states by Schrodinger states

o), = €Mgx)),

we have
(@] To00)b0x2) €77 gu)

As in the canonical operator formalism we can now SEnd (1 —i€) to project out the ground
state

—iHT iEnT 0 l —iEoT |
e Mg = Ye = Innig) — (Qlg)lim e =Tj0)

The phase and the overlap factor drop out if we divide by tmeesgquantity without the field
insertions and we obtain the final formula

. J DO(X) P(x1)@(%2) expli [ d*x L(@)]
(QITe0a)00e)[0) = | Tm = o expll [d £(0)]

This expresses the two-point correlation function in teahpath integrals. For higher correla-
tion functions one obtains

R ) B _ J DO(X) @(x1)...0(%n) expli [ d*x L(@)]
(Q[To(xe)...0x0) | Q) = i T D(X) expli [ d*x L(9)]

Let us now introduce the “generating functional”

2] = [ Do) exp|i [ dx L)+ 30900

We have

()" &Z[I(X)]
Z[0] 83(x0)..- 8 (%)

(Q|TO(x1)...0(%n)| Q)

J=0

The functionalZ[J] generates all Green functions:

Zo = Z[0) ;;‘—r: / A% (Q[Te0)...00%) | Q) I(x)...(xn)

8.5 Fermions in the path integral formalism
8.5.1 Grassmann numbers

Ordinary number commute:
%] = 0.
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The Grassmann algebra consists of anti-commuting numbers

{6:,6;}
The differentiation is defined by
0

a—ej (91”'91"'em) = (—1)j_191...éj...9m,
where the hat indicates that the corresponding variablédias omitted. Note that
0 0 o 0
d6; 06 00 06;

The Taylor expansion of a functidh(8) depending on a Grassmann varia®lis given by
F(O) = F+Fb.
The differentiald@ is also a Grassmann variable:
{6,d6}

Integration over a Grassmann variable is defined by

/de:o, /deezl.

Multiple integrals are defined by iteration:

/ d61d6,F (61, 6,) / a6, < / d6,F (61,6,) )

Let us now consider

| d8106;...48,8185..dBnexp (1A 6;) —
= /deldez...dend§1d§2 den{1+eque,+ A+ (eA.J )}
-/ deldez...dendéldéz...den  (BiA;;)"

I n(n—1) ~n n
= /deldez...dendeldez...denﬁ(—1)T Z Ailjl"'Ainjneil‘“einejl"'ejn
: il,...,in,jl,...,jn
- - -1 n(n-1) )
_ /d91d92...dendeldez---denﬁ(_1) 2 Z €ip.in€jr . jnPij1---Ainjn01---6nB1...6n
: 11500050y J 25050

Z €jy...inALjy - Anjnel enel .On

n(n 1)

Jl7 :Jn
n(n—1)
= (D77 > gjjnAyi--Aaj,
jl 7777 jn
n(n—-1)
= (=1)" 7 detA
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The limit n — oo yields a path integral over a Grassmann field. We thus artitleeaimportant
formula

detA ~ [ DY(x) DP() exp [ d'x dly BOAXYWIY).

8.5.2 Path integrals with fermions

For fermions we considered up to now the Lagrange densityeeffermions and the Lagrange
density of interacting fermions in the Yukawa model:

Lyukawa = Lbirac + Lklein—Gordon— PP,
Lpirac = QYo —my,
LKlein—Gordon = % (0up) (0%p) — %mz(pz
With the help of Grassmann numbers we may write down the géingrfunctional
Z[3(x),n(x),n(x)] =
A D DU D) exp| i [ 4 L9+ 309003 + TN+ TR

Here(x), W(x), n(x) andn(x) are fields of Grassmann nature. As before we obtain the Green
functions by differentiation. For example:

(—i)? &Z[3(x),n(x),N(¥)]
[07 0, O] 6”0( (Xl)6<_nl3(x2))

(QTdata)Bpie)|Q) = 5

J=0

The additional minus sign in the differentiation with resp®n (x2) comes from anti-commuting

8.6 The reduction formula of Lehmann, Symanzik and Zimmermann

In the canonical operator formalism we stated the formudattie non-trivial part of the S-matrix
can be computed as follows

T—oo(1—ig)

.
(P1P2...[IT| PaBB) = lim (0(51?52---T9XP |:_i/dtHl(t>] ﬁAﬁB>O)
7

connectecamputated

We now derive in the path integral formalism the reductionmola of Lehmann, Symanzik
and Zimmermann, which explains why propagators of extdeysd are amputated. In the path
integrals formalism we already showed that

S DOX) P(x0)...0(xn) exp[i [ d*x L(9)]
[ De(x) expli [d*x L(@)] ’
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where the boundary conditions on the path integral are
TIim Oo(—T,X) = TIim o(T,X)=0.

For the computation of scattering amplitudes we would likéave as boundary condition not
the vacuum but an particle state. If we assume that interaction are only eglewithin a finite
volume, we can take this particle state as the superpositionrofion-interacting one-particle
states. We call such a state an asymptotic state. Asympgielils are solutions of the non-
interacting theory, e.g free fields. The general solutiantlie free field theory is given as a
Fourier expansion:

3 | |
PasymdX) = /%\/%_ko(a(k)e'kx—i—a]‘(k)e'k’()

With boundary conditions at the remote past/future:

3 .
t — 400 Pasymd X) = /%\/%—koa(k)e—lkxy
dk 1 ox

If we givekp a small imaginary paip — ko — i€, we can use the general formula for both cases.
Note thata(k) anda'(k) are here c-numbers, not operators. If we consider a scaittiieory,
the asymptotic field satisfies the Klein-Gordon equation

(04 1P) QasymdX) = O.

Consider now:

Zasymdd] = / D exp[i / d4xL((p)+J(x)(p(x)}

lim G=@Pasymp

With
L(®) = Lo(®)+ Lint(P), )
exp{ /d X Lint @)] = nin—l, (i/d“mnt(cp)) :
o)

ip(x exp{ / d*y Lo(@) +J(y = &?X)exp{i / d“yLo(cp)H(y)cp(y)],

one arrives at

Zasympd] = exp{i / d*XLint (—i%)} / ﬂ?cpexp{i / d4y£o(cp>+3(y><p(y>}-

lim @=@asymp
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Let us now define the free-field functiordsympo[J]

Zumolll = [ Dpexpli [at Lo + 309704
lim @=@asymp

and change the integration variables accoridng to

ox) = @(X) + PasymX).
Then

Zasympo [J] = / D eXp[i / d*X Lo(@+ Pasymp +I)Q(X) +I(X) PasymgX) | -
lim ¢=0

Note that now the boundary conditions are

tlrl]oo ¢ = 0.

Consider now the example of a scalar field

Lo = 10,004 P
2 2

Then

, : 1

I/d4X Lo(o+ (Pasym;) = 1 /d4X {LO (@) — é(patsymp(D + mZ) Qasymp

1 1
—50(0+1) asymp— 5 [(O+ 1) ] Qasym
— i [d%Lo(o
since@asympsatisfies the Klein-Gordon equation:
(D + mz) (pasymp == O

In this case we have

Zamold) = [ Doexpi [ oy 30 ausmiy)] exp| [ @' o9+ 3000
lim ¢=0
We now write
D@ exp{i/d“x Lo((p)+J(x)(p(x)} = exp[—iz/d“y d*z J(y)A(y,z)J(z)}
lim ¢=0
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For the example discussed above (scalar field theory) we have

_ [ 9P ipixey) 1
Ax=y) = /(2n)4e p2 —m2 +ie

Since
(Ox+ M) Ax—y) = —3(x—Y)

and

N?x) exp {—12 / d%y d*z J(y)A(y, z)\](z)} _
i / d*w A(x —w)JI(w) exp[—lz / dty d*z J(y)A(y, z)J(Z)]

we have

)

(Ox+11P) O [—12 / dy d*z 3(y)a(y, z)J(z)} = iJ(x)exp {—'5 / dy d*z 3(y)A(y,2)3(2)

Therefore

Zasympld] = exp[ / d4xcpasymp(x).(mx+mz) &?x)]

X exp [i/d4y£4-nt (—i%)}

< [ g exp[i / d4z<Lo<cp>+J<z><p<z>>} .

lim =0
Let us now define
Z[J = / D@ exp{i/d“zL((p)—i—J(z)(p(z)}
lim =0
Define the Green functions as functional derivativeZ df:
G"(X1,....Xn) = {(O|T@(X)...0(xn)| O)

N G A 4
~Z[0] 33(x1)..-03(Xn)

J=0
Then

Zasympl0] = ZIi,]_r;/d4X1~~~d4Xn(pasymp{Xl)---(Pasymp{xn) (Ox, +1P) ... (Oxy +1P) G (X4, -, Xn).-
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Define now the Fourier transform of the Green functions by

/ d4pl d4pn i

G0 %) (2n)4“‘(2n)4e'zp"x’<2ﬂ) & (p1+ ...+ Pn) G"(p1, .., Pn)

and the truncated (amputated) Green function in moment@acesipy

. i -1 i -1,
Grunc(P1, -, Pn) = (W) (W) G"(p1; .-, Pn)-

Then
ZasymedO] = Y = / 4P omyet (3 P) Girunc(P1. -, Pn)
/ d xl...d4xne_'2piXi(pasym;{xl)...(pasym;{xn).
Consider
/ d* & PXQueymeX) = / dx e iPX / (g:)(g\/%_ko[a(k)eikx+aT(k)eikX]
_ / d%%[ (3*(p-+ k) +a (3" (p— k)|

Forko > 0 andpp > 0 only the second term contributes. fkgr> 0 andpg < 0 only the first term
contributes. One obtains

3 ~
Zasymp Z n! / : pJ ép T[)464 (Z pk) thrunc(pla =ty pn> |_| a(_pi) |_| aT(pJ')
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9 Gauge theories

We have seen that electrodynamics can be described by a pateggialA,(X).
LALOA) = —FuF™,

where

This Lagrange density is invariant under the gauge transdtion

Au(X) = Au(X) = A (X).

We can write this gauge transformation also as

Au(X) = U(x) (Au(x) +io,) U T(x),

with

The gauge symmetry is given byJg 1) group: This is an abelian group, whose elements can be
parameterized with a coordinapeas follows:

e o<¢d<2n
This is obviously a group:
e 101, gik2 _ e*i(¢1+¢2)7
(€)™ = &

It is also a one-dimensional compact manifold (e.g. thdeiine).

9.1 Lie groups und Lie algebras

A Lie group is a grouf which is also an analytic manifold such that the mapgimdp) — ab—*
of the product manifolds x G into G is analytic.

A Lie algebra over a commutative ritgis aK-moduleA together with a mappingey — [X,Y]
such that fox,y,z€ A

xx = 0
[X7 [y7 ZH + [y7 [Zv X” + [27 [X7 y” =0

Elements of a Lie group are written in terms of the generaiers

g = exp(—iT%la)
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The generator$ 2 satisfy a Lie algebra, e.g. the commutators of generaterfirear combina-
tions of the generators, i.e.

T2 T°] = ifabere

Note that in the mathematical literature the conventioriferdefinition of the generators is usu-
ally such that no explicit factors afappear in the formulae above. The convention used in the
physical literature (which is adopted here) ensures tleg#dnerators for the unitary groups are
hermitian matrices.

Examples of Lie groups:

- GL(n,R), GL(n,C): group of non-singulan x n matrices withn? real parameters3L(n, R)),
respectively B2 real parametersGL(n, C)).

- SL(n,R), SL(n,C): detA = 1; SL(n,R) hasn? — 1 real parameter§L(n,C) has Zn® — 1) real
parameters.

-O(n):RR' =1

-SQn): RR' =1 and deR = 1.

-U(n): UUT =1; n? real parameters.

-SU(n): UUT =1 and ddt) = 1; n® — 1 real parameters.

- Spn): Invariance group of
n
> (XiYi+n—Xj+nYj)
=1

A Lie algebra is simple if it is non-Abelian and has no nowi#i ideals.

A Lie algebra is called semi-simple if it has no non-trividbélian ideals.
A simple Lie algebra is also semi-simple.
Semi-simple groups are a direct product of simple groups.cdmpact simple Lie algebras are

A, = SU(nN+1),
Bn = SQ2n+1),
Ch = Spn),
Dn = SQ2n).

The exceptional groups are

Ee, E7,Eg, F4,Go.
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9.2 Special unitary Lie groups
We discuss her8U(N). The standard normalization is
1
aTb _ ab __ —xab
Tr(ToT?) = TR =8

As an example we consider first the gradsig(2). This group has three generatots|? und|3,
which are proportional to the Pauli matrices:

a_ 101y , 170 i) s 1/1 0
2\ 1 0)° 2\i 0 ) 2\ 0 -1 )

As a further example we consid8l(3). Here we have eight generatavd a=1,...,8, which
are called Gell-Mann matrices.

(010 [0 -0 (1 00
}\1:5 100 ,AZZE i 0 0 ,)\3:5 0 -1 0|,
000 0 0 0 0 0
(001 1[0 0 —i (000
A“:é 000 ,>\5_§ 00 O ,)\6_5 001],
100 i 0 0 010
(000 , (100
)\7:5 00 —i|],8=—]01 0

0i 0 2v3\ g 0 -2

The Fierz identity reads fd8U(N):
1 1
Tid = 3 <5n Ojk — 1% 6kl) :
Proof: T2 and the unit matrix form a basis of tiNex N hermitian matrices, therefore any hermi-
tian matrixA can be written as
A = col+c,TA

The constantsy andc, are determined using the normalization condition and thetfeat the
T2 are traceless:
1

= —Tr(A
0 = §THA),

Ca = 2Tr(T2A).

Therefore
1
Ak <2-|-i?-|-ka|1_|_ N5ij5k| — &j 6jk) = 0.
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This has to hold for an arbitraiy, therefore the Fierz identity follows. Useful formulaeahving
traces:

Tr(T3X)Tr(TaY) = %[Tr(XY)—%Tr(X)Tr(Y)],
Tr(TaXTAY) = %{Tr(X)Tr(Y)—%Tr(XY)].
From
[Ta7-|-b] _ ifabcTc

one derives by multiplying witir 9 and taking the trace:
i1 — 2 |Tr (TATETE) T (TPTRTC)|

This yields an expression of the structure constants inderithe matrices of the fundamental
representation. We can now calculate for the gr@ugN) the fundamental and the adjoint
Casimirs:

N2 —1
(TT%i; = Crdij = —~ i
fabCfdbc _ CAaad _ Néad,

9.3 Yang-Mills theory

C.N. Yang and R.L.Mill$ suggested 1954 a generalization towards non-abelian ggoges.
The field strength tensor is now given by

RS = 0uAD— AT+ g ARAC,

wherea is an index running from 1 t2 — 1 for aSU(N) gauge group. The Lagrange density

Fa Faw
L — 1 [\ .

The Lagrange density is invariant under the local transétions
TaAf}(x) — U(x) <TaAﬁ(x) + lgau> uT(x)
with
U (X) = exp(—iT20a(X)).
The action is given by the integral over the Lagrange density

S = /d4xL

1C.N. Yang and R.L. Mills, Phys. Rev. 96, (1954), 191
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9.4 Quantization of gauge theories

Let us examine closer the quantization of gauge theories.L8lgrange density is given by
1 araw
LQCD = _Z_FHVF )
with
Fa = 0uA—0vAY+ g ARAT.
This Lagrange density is nicely invariant under local gatngesformations
T~ U TR0+ 10 UTR.

but we are not yet happy: If we try to calculate the gluon pgapar we have to invert a certain
matrix and it turns out that this matrix is singular. Someghis going wrong. Let’s look again
at the generating functional:

Z[J] = /Q)Aﬁ(x) expli/d“xL—i—Aﬁ(x)Jg‘(x)]

The path integral is over all possible gauge field configaretj even the ones which are just
related by a gauge transformation. These configuratiorritbesthe same physics and it is suf-
ficient to count them only ones. Technically this is done dmvies: Let us denote a gauge
transforamtion by

U(X) = exp(—iT beb(x)) .

The gauge transformation is therefore completely specifiethe function®y(x). We denote
by Af}(x, Bp) the gauge field configuration obtained froﬁﬁ(x) through the gauge transforamtion
U (x):

T2AN(X,6p) = U(x) (TaAf}(x) - iéau) ut(x),

Al(x,6p) and Afj(x) are therefore gauge-equivalent configurations. From aljgeequivalent
configurations we are going to pick the one, which satisfiea ffivenG* andB?(x) the equation

GMAY(X,8y) = BA(X).

Let us assume that this equation gives a unique sol@tjdor a givenAﬁ. (This is not necessarily
always fulfilled, cases where a unique solution may not exesknown as the Gribov ambiguity.)
Letaj, j =1,...,nbe an-dimensional discrete vector and let the

g = g(ag,...ap), i=1..n,
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be functions ofxj. Then

() Fn-)o2) -«

Proof: We change the variables fram to

Then

/ <J|j1daj> (rlé 9, )d ‘(gg) -/ (Jlilld&') (i|j6<si>>=1.

We generalize this to the continuum. For a gauge theory wéihgle generator we obtain:

/ DB(x) 5 (GHA(X, B(X)) — (x))det(éGuAg“e(();)e(X») _—

For a gauge theory with generators we find

/ [ 266(x) 8 (GHAL(x,B5(x)) — BX(x)) detMg = 1
b

where
6G“Af}(x, Bc(X))

(Ma(X.Y))ap = 58b(y)

Remark:0y are coordinates of the Lie group:
u = exp(—in6b>

As the Lie group is also a manifold, we can integrate over tlaaifold. With the coordinates
above, the invariant meausure is given by

DOy,.
|:| b

The integral measurg is called a left invariant meausure, if

[dg i@ = [dgf

for arbitrary elementg andgg of the groupG. A meausure is called right invariant, if

/dg flgg) = /dg f(g)
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In general, right and left invariant meausures are not regceyg equal. However, it is known that
they are equal for compact groups, simple groups and senpilsigroups.

Remark 2: If the gauge fixing condition is chosen such that
GAl(X,8p) —B*(x) = O
is linear in®, then the functional derivative

OGHA(X, Bc(x))
3B (y)

will be independent 0 and we may take the determinant in front of the integral

detMc / (1700 & (GHAR(x,8p(x)) —B (X)) = 1.
We now consider
z[0] = / DAZ(X) exp{i / d*x L(Aﬁ(x))}
and insert the above equation
Z[0] =
— / DAL(X) detMg(AZ(X)) / |‘| DBy (x) 3" (GHAT(x, 9b<x))—Ba<X>)exp[i / d*x L<Aﬁ‘<><))}
_ / 17600 / DAZ(X) detMa(AZ(X, B (x)))3" (GHAR(X, B(x)) — BA(X))
<exp| [ ax i 850)|
_ / 12004 / DAZ(x, B5(x)) detMa(AZ(x, Bp(x)))3" (GHAZ(X, B5(X)) — B(X))
X exp [i / d*x £(A%(x, eb(x)»}
- (/H@eb )/@Au x) detMg(A3(x))8" (GHAR(x) — B(x exp[/d“xL (AN >)}

Here we used the gauge invariance of the action, oMigand of DAj(x). The integral over all
gauge-transformations

/D@ww
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is the just an irrelevant prefactor, which we neglect in tiofving. We then obtain

_ / DAG(X) detMg(Af(x))3" (GHA(X) — B (x eXp[ / A LAY ”}

This functional still depends dB?(x). As we are not interested in any particular choic8¥x),
we average oveB?(x) with weight

exp( 5 [ a'x(B%(0Ba(x) )
and obtain

/Q)Ba Z[0] exp(——/d4 (B2(X)Ba( ))) =
- / DB (x) / DAY(X) detMad" (G“Aﬁ(x)—Ba(x))eXp[i / d*x L(A3(X) ——Ba )Ba(X)}
= /Q)Au detMGexp{ /d4xL X)) — 215 (G“Aﬁ(x)) (G'A, a(X))]

We now consider as new generating functional

— /Q)Aﬁ(x) detMg exp {i/d“x LIAX) — 2_15 (G“Af}(x)) (G'A, a(x))-i—Aﬁ(x)Ja“(x)}

We observe thaZ [J] contains a term we could expect from a naive fixing of the gauge

—2—15 (GHAL(X)) (G"Ava(x)).

In addition, the determinant

detMG

appears in front of the exponent.

Various gauges are:

e Lorentz gauge or covariant gauge = o+.
(Mo(xy)™ = (80— gaHag) 3*(x—y)
e Coulomb gaugeGH = (0, D).

(MG(X,y))ab _ <6ab|:|2 gfabCAC )64(X y)
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e Axial gauge:G* = n*, wheren* is a constant four-vector.

(Ma(xy)® = (6abn-a - gfabcn-AC) 54 (x—y)

We would like to exponentiate the determinant. In the tremtihof fermions within the path-
integral formalism we had the formula

detA ~ [ DY) DF(x) exp [ d'x dly BOAXY)WIY).
We write this as
detA — [ DY) DB exp-i [ dx oy BROAX YY)

Applying this to detMg:

detMg /Q)c exp< /d“x ¢*(x) (—Mgb> cb(x)) :

Specializing to the covariant gau@ = 0" one obtains
detMg = /Q)c exp( /d4x c3(x) (—BabD +9 fabCO“Aﬁ> cb(x))

_ / D exp( / d'x&(x) (~o'DR) cb(x)) ,
where
D = &%y —gfoA;
is the covariant derivative. In the Lorenz gauge we obtaialln
Z[3,8,§ = / DAZ(X) / D (x) DE(X)
exp| i [ 4 LIAGN) ~ 5z (PAFN) (0"Avalx) + 10 (~04DF) 1
A0 +E(9Ea(X) +Ea()P(X)|

9.5 The Lagrange density for the fermion sector

Example: The Lagrange density for a free electron (e.g. tevactions) is given by

L = Y(iy'o—me)y.
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We are now looking for a Lagrange density for the fermionictsg which remains invariant
under gauge transformations. Recall that under a gaugsforamation a fermion fieldp;(x)
transforms as

Wi(x) — Uij (Qwj(x)  Uij(x) = exp(—iT?6%(x)).
i (x) — Pj(x)U] (x)

62(x) depends on the space-time coordinate§or an infinitessimal gauge transformation we
have

Wi(x) —  (1-iT%6%(x) Wj(x).
We immediately see that a fermion mass term
—MmP(x)W(x)

is invariant under gauge transformations. (Note howewatriththe standard model the fermion
masses are generated through the Yukawa couplings to thys ifiedd.) But the term involving
derivatives is not gauge invariant:

IPOOVOuB(x) —  TB()UT (W0, (U (x)W(x)) = IB)OWHaW(x) + POV (UT(X)auU (X)) B(x).

TV
extra

The solution comes in the form of the covariant derivative
DU = au_ IgTaAﬁ(X)7
where the gauge field transforms as
T2A(x) — U(X) (TaAﬁ(x) n lgau) U

Then the combination

IPOVDN) = BV (9~ igTAAY (X)) W(x)
— iPXUT )W {au— igU (x) (TaAf}(x) + éau) ut (x)} U (X)Y(X)
= B0 BV (UT (09U (9 ) (¥
+aBOOVTAATWO) +IBOOV | (3,070 ) U (0] wix)
is invariant.

The Lagrange density for the fermion sector:

Lfermions = Z lj_J(X) (iVuDu_ m) ljJ(X)

fermions
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9.6 Feynman rules for QED and QCD

Expanding the Lagrange density into terms bilinear in thiel$i@nd interaction terms. As an
example consider the gluonic part of the Lagrange density:

1 1

Locp = —ZFﬁ;Faw—Z_E(GHAS)Z‘FLFP‘FLfermionS

where
Fo = 0pAS—0yAL+ g TaPARAS.
This yields

—g fabc (auAS) Aprcv o %‘rgz (feabAﬁA\t,)) (fechcpAdv>
+Lrp+ Ltermions

Terms bilinear in the fields define the propagators. Termis thitee or more fields define inter-
action vertices.
For QED (photons and electrons) the Lagrange density isidiye

Loen = B0~y (3 — QoA — S A7+ eBPAY

9.6.1 Propagators

Terms bilinear in the fields yield propagators. Consider

Lblllnear(x)

—(ﬂ(X) bosor;real( )(P]( )+X|( bosoncomple>tX _le ) fermlon( )l]JJ(X)

where@ denotes a set of real boson fields (one degree of freedgrdgnotes a set of complex
boson fields (two degrees of freedom), apddenotes a set of fermion fields. The boson fields
may be scalar or vector fieldB.is a matrix operator that may contain derivatives and mugt ha
an inverse.P is taken to be a hermitian operator (real symmetric opetatthhe case of real
boson fields).

Define the inverse d? by



and its Fourier transform

4 I
Rt = [ e

Then the propagator is given by

~

Be(y = [ a0 (@(09(0)10) =i (FX(K),

The propagator of a scalar particle

From

P(x) = —O-n?
we found already

~ 1

Pk = Rt
and therefore

[

Ap (k) = R~
The propagator of a fermion:

P(x) = id—m
Then
; d*k —ik-(x-y)p—1 d*k —ik-(x—y)p—1 d*k —ik-(x—y)
(|<7X—m)/(2n>4e 2 (k)_/(zn)4(K—m)e p (k)_/we .
Therefore

K-mPik =1
and

. K4+m
Al = o

The propagator of a gauge boson

In Lorentz gauge the gauge-fixing term is given by
1
Ler % (0"Ay)
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and therefore

Then

P(X>/%e—ik-(x—w|§—l(k) _ /%kz (_g“"+ (1_%) k:‘;v) e kY1 (k).

We have for

1

the following relation:

Therefore

9.6.2 \Vertices

A general term inZint (X) has the form

Linn(X) = /d4x1...d4xncxilmin(x,xl,...,xn)(gl(xl)...(gn(xn)

For the vertex we define

d*k d* : i ~
iy in(X X1, ..., %) = /(2—1-014"‘(21![(;4e_lkl(x_xl)_“‘_'k”(x_xn)Gilmin(kl,---,kn)

G contains a factoikj, for every derivatived/0x;, acting on a field with argumeng. The vertex
is then given by

l(kiyookn) = 1 5 (=D iy in(Ke, s kn)

permutations

The summations are over all permutations of indices and mtan& he momenta are taken to
flow inward.

Example: The quark-gluon vertex
Lo = gPV(TIAN = [d% [ dbe [ d%es(x-x)3" (x-x)3(xX)
x [g™(THT] T ()W) () Al (%)
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Then
Gk ko ka) = gyW(T®)"
and
| = ig(T?)!
Example 2: The three-gluon vertex
Lint = —g 1% (3,A3) APHA®
— / dxq / d*x, / d*xg8* (x — x1)8* (X — %2) 8% (X — X3) (—gfabC) Oy, 0" AL (%) AD (%2) A (Xa)

= / d*xy / d*xz / d*xaA8(x1) AD (X2)AS (x3) g TP B 8% (X — x1) 8 (X — %2) 8% (x — X3)

Therefore
a(X, X1, X, X3) = gfPGa) & (x —x1)8% (X — x2)8* (X — x3)
— gfabeghay / (d;;z / (dz‘;l[(; /((12‘;;34eik1(xxl)eikz(xxz)eikg(xxs)
=/ g:()ﬂ/ g:;i/ g;;i febighhikyetabe et grieloe)
and
6 (ki ko, ks) = gfaPGHikY
Then

I =i % d(ki,keks) =9 £ [ (kp — ka)uGua + (ks — Ka)vGap+ (K1 — K2)AGw ]

permutations

95



9.6.3 List of Feynman rules

Propagators

The propagators for the gauge bosons are in the Feynman fasgb).

Vertices:

Quark-gluon-vertex:

3-gluon-vertex:

4-gluon-vertex:

gauge bosonsgluon | A3 *L%“Véab
photon | A, | =9
fermions quarks | Y ip‘lf?}z&j
le j_g+m
ptons| y | i 5%
ghosts @ | L&
igyuTi;

p.d

na

A

AC
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v,b

gfe [(k2 — k3)ugua + (ks — K1)y G+ (K1 — k2)A0w |



~ig? | 12212 (g gp — GpGna) + F2°°F* (GuGrp — oty + F295F**(GhGhp — GaGip) |

Gluon-ghost-vertex:

k.a
v
OO0 LD
/{
a.c’
—g fabckH
Fermion-photon-vertex:
ieQyy
Additional rules:
An integration
/ d*k
(2r*

for each loop.

A factor (—1) for each closed fermion loop.

Symmetry factor: Multiply the diagram by a factoy3 whereSis the order of the permuta-
tion group of the internal lines and vertices leaving thegchan unchanged when the external
lines are fixed.

External particles:

Outgoing fermionu(p)
Outgoing antifermiony(p)

Incoming fermion:u(p)
Incoming antifermionv(p)

Gauge bosorg (k)
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Polarization sums:

du(PpMu(p,A) = p+m,
A

Zv(pv)\)wpv)\) = ﬂ—m,

A

. o kvrnk o kk
Zeu(kv)\)sv(kv)\) - guv+ kn n (kn>2-

Herent is an arbitrary four vector. The dependencenBictancels in gauge-invariant quantities.
Using Weyl spinors, a convenient choice of polarizationeecfor the gauge bosons is given by

(a— Iyulk—)
gikq = —=——
i@ V2(ak)
_ (a+ yulk+)
e, (K, = —
wheregt is an arbitrary light-like reference momentum. The depernd@ng" cancels in gauge-
invariant quantities. The polarization vectors satisfy:

e (kgk! = 0,
er(ka)gt = 0
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10 Spontaneously broken gauge theories

The concept of gauge theories allowed us to describe sdatigsgpiantum electrodynamics and
guantum chromodynamcis, the quantum theories of the elaeignetic and the strong force.
Both theories are characterized by the fact, that the pestiwhich mediate the forces (photons
and gluons) are massless patrticles. This is required byegiewgriance. In fact, a naive mass
term for the gauge bosons in the Lagrangian

Lmass = mzAﬁAau
IS not invariant under gauge invariance

T2A(x) — U(X) (TaAﬁ(x)+igau)uT(x).

On the other hand it is an experimental fact, thatWwosons and th&-boson have non-zero
masses. As we do not want to abandon the concept of gaugethawee face the problem on how
to incoporate massive gauge bosons into gauge theoriesolinen is provided by the concept
of spontaneously broken gauge theories, also known undemdme “Higgs mechanism”. To
start the discussion let us consider a simple physical sysatith a complex coordinate and a
potential

V@ = mPloP+ 2 (jof) "

2
The potential has a harmonic tem? |¢/? and an anharmonic tenifi\ (|(p|2> . Forn? > 0 and

A > 0 has an absolut minimum at= 0. In classical mechanics the ground state would therefore
be@= 0. This is nothing new.

Imagine now that the potential is given by

1 2
212t 2
V@ = e+ 31 (o)
with
w>0, A>0.

Then the potential has the shape of a mexican hatgpan@ corresponds to a local maxima. The
potential has a minima for

212

N
The minimas are described by a circle in the complex plane grbund state of the physical
system will be one point of this circle, with no preferenceday particular point. Without loss
of generality we can choose this point to lie along the pasiteal axis. Therefore we face the
situation, that the potential has a rotational symmetryiadathe pointp= 0, while the ground
state has not. This is the concept of a spontaneously brgkamstry. In general one speaks
about a spontaneously broken symmetry, if the Lagrangiantb&ory has a certain symmetry,
which is not preserved in the ground state of the theory.

| 2
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10.1 The Higgs boson

The standard model is based on the gauge group
SU(3)®SU(2) ®U (1),

whereSU(3) is the gauge group of the strong interactio8El(2) the gauge group associated
to the weak isospin and (1) the gauge group associated to the hypercharge. This growgi is
identical to the gauge group of quantum electrodynamicsavbid confusions, one often writes
Uy (1) for the group related to the hypercharge &hgl magr(1) for the gauge group of QED.
In the standard model, the electroweak se&0(2) ® Uy(1) is spontaneously broken down to
Uel—magr(1). We now study the spontaneously symmetry breakdown inldetai

Within the standard model one assumes an additional consgkdar field, transforming as the

fundamental representation 88)(2) and having hyperchargé= 1. In the weak isospin space
we can write the field as a two-vector with complex entries:

¢ (%)
W = (%(V+H<X>+ix(><))>'

©"(x) is a complex field (two real components). The three compeng) andy(x) are ab-
sorbed as the longitudinal modes\/t{ft andZ,. H(x) is the Higgs field.

The Lagrange density of the Higgs sector
T
LHiggs = (Du(P) (DHp) —V (@) + Lyukawa
The covariant derivative is given by
1WA | Y

wherel? = %oa (o2 are the Pauli matrices) and we hage- 1 for the Higgs doublet. (Note that
ourg = —gz (Hollik).)

The Higgs potential is given by
1 2
— 2ot I (ol
V() = —eet A (cp cp)

For 2 > 0 (and\ > 0) we have spontaneous symmetry breaking. In that case thetj@ has a
minimum for



We have

We write
w0 = (%mf(g)ﬂx(x)))
0 = (@ X5 HO - ix) )
Then
(D,9)" (D,9) )physical - %GHH OH + %gzv2 (WAWE -+ W2nW2)

o2 (B W) ( f’; _g%g ) <VE;E’ )

The subscript “physical” indicates that we ignored conttibns involving theg™ (x) or X(X)-
fields. We define

1
+ 1__aps2
Wo = E(Wu F W)
and
Ar\ cosby  sinbw Bu
z, ) —sinBy cosBy w3
with
g : of
cosBy = ———  sinby = ———
/gz_|_g/2 ‘/gz_|_g/2
We then obtain
(0.0 (D (p)’ _ LaHe H+}(9)2(W+*W++W—*w—)
H H physical 2 W 2\ 2 H H H H

+% <\—2' 92+9’2)2(szu) ( 8 C1)> < 2 )

—\_I _\_I 2 /2
mN—Zg mz—z\/g +9
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It is not too difficult to show that the Higgs mass is given by

m_v\/x
T 2V

The gauge couplinggandgd’ are related to the elementary electric charge by

eef

or
e , e

- sinBy’ 9= cosBy

g

10.2 Yukawa couplings

The Higgs sector generates also the fermion masses thraugiwé couplings. We discuss this
mechanism first in a simplified model without flavour mixindn€lfull standard model including
flavour mixing is discussed in the next chapter.

Spin 1/2 particles are described by four-component spingrg. With the chiral projectors

1
P = > (1£ys)

we define left- and right-handed spinors:

Pa(X) = Pe(x).

The fermions in the standard model can be grouped into tlarediés:

u C t
d S b
Ve |’ vu |’ Vr
e U T

The families differ only by the masses of their members.

The quantum numbers of the fermions in the electro-wealosect

The left-handed components,,d, ) and (v, e ) transform as the fundamental representation
under theSU(2) group. The right-handed components dr, Vg andegr transform as a singlet
under theSU(2) group.

In detail one has:
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s Y| Q 3 Y| Q
w3 38 w0 4]
d|-3 i|-3 k|0 3|
vw| 2 -1/ o0 VR| 0O 0| O
a|-3 -1|-1 er| 0 -2| -1

The electric charge is given by the Gell-Mann-Nishijimaniaia:

Y
Q - |3+§

Remark: The table contains a right-handed neutrino, whagsadhot interact with any other par-
ticle.

The Yukawa couplings are given by

Drkava = 3 { Mo (0L, L) ok —Au (0L, 6L) ¢FuR — Ae (VL. &) Ger— A (VL, &) ¢Fvr + hic.}
families

where the charge-conjugate Higgs field is given by

o o 0 1 @ (%) T5(VHHX) —ix(x))
(pC = 2||2(p:|02(p:<_1 O)(%(V—FH(X)—iX(X))):( V2 o (¥ )

Example:

N

Ag (0. he = —Ag(dL.d 9" () dr+ h
- d(UL, L) @dr+ h.c. = — d(UL, L) %(v—i—H(x)—i—ix(x)) R+ N.C.
_ YN\ (ac,d0) ( 0 ) dr+ interaction terms- h.c
7 (0L 1 .C.
V)\d - . .
= ———d_ dr+ interaction terms- h.c.
NG LOR

Therefore the Yukawa couplings generate the masses of riiméofes. From the above example
we obtain

my = iv)\
= \/E d'
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10.3 Feynman rules in the electroweak sector
As with any gauge theory, we also have to fix the gauge for teetmweak sector. A useful
gauge fixing condition is given in the electroweak sectorh®y't Hooft gauge (also callel-
gauge):

LoF =

L oW imwEw ) (W imwEw ) — e (47— mpErX)? (a“Aw
&w ZEV

287

SL]EZ) U ( 1)

J

& = 0 corresponds to Landau gaudes 1 to the Feynman gauge™, ¢ andy are called the
would-be Goldstone fields.

We now list the most important Feynman rules for the elecsiaksector.

The propagators for thé&/- andZ-bosons are given in 't Hooft&_; gauge.

gauge bosonsphoton | A, _ng““

W-boson| W z_ign“él

Z-boson | Z, | 7= 2

Higgs sector | Higgs | H kzjma

Fermion-Z-vertex:
i K (V a 5)
25in9w COSGWV f ¥s)

where

vi = l3—2Qsirt 6y,

as = ls.
Fermion-W-vertex:
ﬁzinewyu(l—yﬁvjk
Fermion-Higgs-vertex:
e ms
2sinBy,, My
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11 Flavour mixing

We now come to the final ingredient of the standard model: félawaixing. Let us consider the
electroweak sector, in particular the coupling of quarkhtoelectroweak gauge bosons. Recall
the Lagrange density for the quark sector:

— TN - u — . 7.
Lfermions = Z { (UL7d|/_) 'VHDH ( dI/_ ) + UR'VHDUUR‘F le'VuDud/R}
families L

For reasons, which will become clear later, we put a prime lbrd-&ype quark fields. The
Lagrange density is obtained by replacing the ordinaryvdévied, with the covariant derivative

This is required by gauge invariance. This Lagrange dewnisigs not allow for mixing between
the various quark flavours.

On the other hand the Yukawa couplings are given by
Lyykawa = Z {—)\d (U_L, d_l_) (PdR—)\u (U_L, dT_) (pCUR-i- h.C.}
families

where the charge-conjugate Higgs field is given by

¢ = 0" = 2l

Note that now the prime is missing on tdeype quark fields. We have seen that the Yukawa
terms lead to mass terms for the fermions:

~Ag (0L, dL) gdr — Ay (0L, dL) ¢Pur+ h.c.=
—V)\—ddT_dR—ﬂU_LUR-i- h.c.+ interaction terms

V2 V2

However, the Yukawa couplings are not constrained by anggaymmetry and we could allow
for flavour mixing in the Yukawa terms. In fact, nature hassdothis possibility. We therefore
consider a general mass term of the form

LMass = Z d'Mgdg + 0'Myuz + h.c.
families

whereMy andM,, are (arbitrary) complex & 3 matrices in family space. A matrid can be
diagonalized by a biunitary transformation

viMw = M

Y
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whereM is a diagonal matrix.
Proof: Using the polar decompositiav, can be written as

M = HU,
whereH is hermitian andJ is a unitary matrixH can be diagonalized by a unitary matvix
VIHV = M,

thereforeW = U ~1v.

The gauge part of the Lagrange density
u

Lfermions = Z {(JL,dT/_) iV“Du ( dl/_ ) + U_RiV“DuUR'i‘ dTl?iV“Dule}
families L

is invariant under the rotations with respect to the fammiyax:

uL uL
(&) = =(&)

UR — SRuUR
dr — SRdqdr

Using this freedom we have with

My =VoMMW; L, Mg = VgMgWg L,

Z d_II_/Vd Mde_ldg‘F U Vu MuWu_lug-i- h.c.=
mi ies_/\’l'/ —_—— =~ =

fa
dLVu7 Vd d(? G{_ qu

families pa
d.
V, V4 describes the quark mixing and is a unitary 3 matrix:
Vekm = Vy Vg

Note that

d :VCK|\/|d and d_/VCKM =d.
A unitary n x n matrix is decribed by? real parameters, out of these

n(n+1)
2
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are phases. For:33 matrices we have three angles and six phases. We still hadyesedom to
redefine our fields by a unitary diagonal matrix:

én 0 0
v — 0 &% 0 |y
0 0 &%

This can be used to eliminate2 1 phases, e.g. five out of the six phases for three generations
This leaves one “physical” phase in the CKM-matrix.

Standard parameterizations

The CKM-matrix connects the weak eigenstdi@ss’, b') with the mass eigenstatéd, s, b):

d Vud Vus Vb d
s = Ved Ves Voo S
b Vid Ms Mb b
Standard parametrization:
C12C13 . si2613 S1e°
Vokm = | —S12C23—Ci25235138°  CraCo3—S1293513¢° 3013 |

12823 — C12C235136°  —$p3C12 — S12C23513€°  Cp3Ci3

with ¢jj = cosbjj ands;; = sing;j.

Wolfenstein parametrization:

1-X A A3 (p—in)
Vckm = Y 1- A AN2 +0(M\Y).
AN3(1—p—in) A2 1

Neutrino mixing:

In the lepton sector one uses for Dirac neutrinos the leptammmatrix

V/e Ue]_ Ue2 Ue3 Vi
!

vy = Un Up U Vo

Vé Urr U U V3

Ve, v[l andv; are the weak eigenstates, wheregsy, andvs are the mass eigenstates.
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12 Summary: The Standard Model

To conclude these lectures we summarize the Lagrange garisihe standard model. The
Lagrange density for the standard model is split into thiaagsp

Lsm = Lgauge+ Ltermionst LHiggs~
The Lagrange density for the gauge bosons:

1 1 1
Lgauge = —ZFL;‘},F""W ZWS;W”W’I —7BwBY +Lor+ Lep

sU3) sU2) u(1)

where

Fo = 0uA—OuAL+03 3 ANAS,
W = 0 — 0WE + g f300 WiEWS

For SU(3), the indicesa, b andc label the generators &U(3) and run from 1 to 8. FoBU(2),
they label the generators 8fJ(2) and run from 1 to 3. The gauge fixing part ('t Hooft gauge):

LoF = ——("A})?
284
——_———
sU(3)

o (W — imuwg ) (OM + muEwg ) — 51042, meax ZEV(OHAM)

J

26z

SU(2) U (1)

& = 0 corresponds to Landau gaudes 1 to the Feynman gauge’, ¢ andy are called the
would-be Goldstone fields and have their origin in the Higgst@r. The f|eIdsWal andB, are
related to th&\;", Z, andA, fields as follows:

1 .
W= ),

Ay B cosBy  SinBy Bu
zZ, ) —sinBy cosby w2 )
The Faddeev-Popov term for QCD reads:
Lep = E(X) (—aunﬁb) P(x)
The covariant derivative in the fundamental represemagads

Di* = &°0,—0g3f&k AL
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In the electroweak sector we have the ghost fieltl&), d%(x) anddY(x). The Faddeev-Popov
term has the form

Lep = d%(x)KBdB(x)
The Lagrange density for the fermion sector:

— TN - u — . 7.
Liermions = Z {(UL7 dll_) |V“Du ( dI/_ ) + UR'VuDuUR+ dll?lyuDudI/?
families L
_ . V| , _ .
+(vi.a) IV“Du< et ) +\7R|y“Duv’R+eRly“DueR}

. . . Y
Dy — {au—|gTaAﬁ—|ngJ‘WL‘f‘—|g’§BH quarks

Op— igl W& —ig' ¥B,, leptons
Note that a right-handed neutrino (with no interactionstighD,,) has been added.

The Lagrange density of the Higgs sector
T 1 2
Luiggs = (Du®)' (D"0) +126'0— 22 (0'0) "+ Lyukawa
The covariant derivative is given as before by

The Higgs doublet is parameterized as follows:

¢ (%)
Px) = (%(V+H(x)+ix(x))>

1
-I- _ .
X) = X), —(V+H(X) —Ix(X
0 = (o X5 HO - ix) )
The Higgs doublet hag = 1.
The Yukawa couplings are given by

Lyukawa = Z {—)\d (0L, d) @dr — Ay (0L, d) §°UR—Ae (VL 8L) gEr — Ay (V,8) §EVR+ h-C-}
families

The CKM-matrix connects the weak eigenstdid’ss, b’) with the mass eigenstatéd, s, b):

d’ Vud Vus Vub d
s = Ved Ves Veb S
b’ Vid Ms Vi b

In the lepton sector one uses for Dirac neutrinos the leptammmatrix

Vg Ue]_ Ue2 Ue3 Vi
V{i = Upl Upz ng Vo
Vi U Uz U V3

Vg, v[l andv; are the weak eigenstates, wheregsy, andvs are the mass eigenstates.
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