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1 Introduction

1.1 Content

- Basics
- Representation theory

- Classifikation of semi-simple groups

1.2 Literature

e Introductory texts:

- W. Fulton and J. Harris, Representation theory, Springer, 1991
- B. Hall, Lie groups, Lie Algebras and Representations, Springer, 2003

Physics related:

- M. Schottenloher, Geometrie und Symmetrie in der Physik, Vieweg, 1995
- M. Nakahara, Geometry, Topology and Physics, IOP, 1990

e (Classics:
- N. Bourbaki, Groupes et algebres de Lie, Hermann, 1972
- H. Weyl, The classical groups, Princeton University Press, 1946
e Differential geometry:
- S. Helgason, Differential Geometry, Lie Groups and Symmetric Spaces, AMS, 1978
e Hopf algebras:
- Ch. Kassel, Quantum Groups, Springer, 1995
e Specialised topics:

- Ch. Reutenauer, Free Lie Algebras, Clarendon Press, 1993

- V. Kac, Infinite dimensional Lie algebras, Cambridge University Press, 1983



2 Basics

2.1 Groups
2.1.1 Definition

A non-empty set G together with a composition - : G x G — G is called a group (G, -) if
G1: The composition - is associative : a- (b-c) = (a-b)-c

G2: There exists a neutral element : e-a=a-e=aforallae G

G3: Forall a € G there exists an inversea ' : a ' a=a-a ! =e¢

One can actually use a weaker system of axioms:
G1’: The composition - is associative : a- (b-¢) = (a-b)-c

G2’: There exists a left-neutral element : ¢-a=aforalla € G

G3’: For all a € G there exists an left-inverse a ' : ¢! a=e

The first system of axioms clearly implies the second system of axioms. To show that the second
system also implies the first one, we show the following:

a) If e is a left-neutral element, and ¢’ is a right-neutral element, then e = ¢’.

Proof:

d=e-¢ e is left-neutral

=e, ¢ is right-neutral

b) If b is a left-inverse to a, and b’ is a right-inverse to a, then b = b’.

Proof:
b=b-e e is right-neutral
=b-(a-b) b is right-inverse of a
=(b-a)-b associativity
=e-b b is left-inverse of a

e 1s left-neutral

c) If b is a left-inverse to a, i.e. b-a = e, then b is also the right-inverse to a.
Proof:

(a-b)-(a-b)=a-(b-a)-b
—a-e-b
—a-b



Therefore a-b = e.
d) If e is the left-neutral element, then e is also right-neutral.
Proof:

a -a

=(a"-a)-
= (a-a™)-

(a_] -a
e

Q Q

~—

a-
=da-

This completes the proof that the second system of axioms is equivalent to the first system of
axioms. To verify that a given set together with a given composition forms a group it is therefore
sufficient to verify axioms (G2’) and (G3’) instead of axioms (G2) and (G3).

More definitions:
A group (G,) is called Abelian if the operation - is commutative : a-b = b-a.

The number of elements in the set G is called the order of the group. If this number is finite,
we speak of a finite group. In the case where the order is infinite, we can further distinguish the
case where the set is countable or not. For Lie groups we are in particular interested in the latter
case.

2.1.2 Examples

a) The trivial example: Let G = {e} and e - e = e. This is a group with one element.

b) Zy: Let G = {0,1} and denote the composition by +. The composition is given by the
following composition table:

+
0
1

— OO
O = -

Zs is of order 2 and is Abelian.

¢) Zn: We can generalise the above example and take G = {0,1,2,....n— 1}. We define the
addition by

a+b = a-+bmodn,

where on the L.h.s. “+” denotes the composition in Z,, whereas on the r.h.s. “+” denotes the
usual addition of integer numbers. Z, is a group of order n and is Abelian.



d) The symmetric group S,: Let X be a set with distinct n elements and set
G = {o|o:X — X permutation of X }
As composition law we take the composition of permutations. The symmetric group has order
S| = n!

For n > 3 this group is non-Abelian:
1 1 2 - 1
3 2 1 n 1 ’
1 1 2 - 1
2 31 n 3 '

e) (Z,+): The integer numbers with addition form an Abelian group. The order of the group is
infinite, but countable.

2 3
1 2
2 3
1 3

NN W N
—_— W N W

f) (R,+): The real numbers with addition form an Abelian group. The order of the group is
not countable.

g) (R*,-): Denote by R* = R\{0} the real numbers without zero. The set R* with the mul-
tiplication as composition law forms an Abelian group.

h) Rotations in two dimensions: Consider the set of 2 x 2-matrixes
cos@Q —sin@
sin@ cos¢@ )’
together with matrix multiplication as composition. To check this, one has to show that
cosa  —sinQ cosf —sinf
sinat  cosa sinff. cosf
can again be written as
cosy —siny
siny cosy /'

Using the addition theorems of sin and cos one finds Y= o+ 3. The elements of this group are
not countable, but they form a compact set.



2.1.3 Morphisms

Let a and b be elements of a group (G, *) with composition * and let a’ and b’ be elements of a
group (G, o) with composition o. We are interested in mappings between groups which preserve
the structure of the compositions.

Homomorphism: We call a mapping f : G — G’ a homomorphism, if

flaxb) = fl(a)of(b).

Isomorphism: We call a mapping f : G — G’ an isomorphism, if it is bijective and a homomor-
phism.

Automorphism: We call a mapping f : G — G from the group G into the group G itself an
automorphism, if it is an isomorphism.

2.2 Manifolds
2.2.1 Definition

A topological space is a set M together with a family 7 of subsets of M satistfying the following
properties:

.0eT,MecT
2. UhU,eT =UNUeT

3. For any index set A we have Uy € T;00 € A= |J Uy €T
acA

The sets U € T are called open.

A topological space is called Hausdorff if for any two distinct points py, p» € M there exists
open sets Uy,U, € T with

p1€U, ppel,, UNU,=0.

A map between topological spaces is called continous if the preimage of any open set is again
open.

A bijective map which is continous in both directions is called a homeomorphism.

An open chart on M is a pair (U, @), where U is an open subset of M and ¢ is a homeomorphism
of U onto an open subset of R”.

A differentiable manifold of dimension n is a Hausdorff space with a collection of open charts
(Ua, 9o )aca such that



M1:
M = |JU..

acA

M2: For each pair o,f3 € A the mapping Qg o ¢ ! is an infinitely differentiable mapping of
@o (UaNUp) onto @ (Ug N Up).

A differentiable manifold is also often denoted as a C* manifold. As we will only be concerned
with differentiable manifolds, we will often omitt the word “differentiable” and just speak about
manifolds.

The collection of open charts (Ugy, @¢)aca is called an atlas.

If pe Uy and

®o(p) = (x1(p),-sxa(p)),

the set Uy, is called the coordinate neighbourhood of p and the numbers x;(p) are called the
local coordinates of p.

Note that in each coordinate neighbourhood M looks like an open subset of R”. But note that we
do not require that M be R"” globally.

Consider two manifolds M and N with dimensions m and n. Let x; be coordinates on M and
y;j be coordinates on N. A mapping f : M — N between two manifolds is called analytic, if for
each point p € M there exits a neighbourhood U of p and n power series Pj, j = 1,...,n such that

vi(f(q) = Pj(x1(q) —x1(p); - Xm(q) — xm(p))
forallg e U.

An analytic manifold is a manifold where the mapping @g o ¢ I'is analytic.

2.2.2 Examples

a) R": The space R" is a manifold. R” can be covered with a single chart.

b) S!: The circle
S'={xeR?F*=1}

is a manifold. For an atlas we need at least two charts.
¢) The set of rotation matrices in two dimensions:
cos@ —sin@
sin@ cos@ )’
The set of all these matrices forms a manifold homeomorphic to the circle S'.
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2.2.3 Morphisms

Homeomorphism: A map f : M — N between two manifolds M and N is called a homeo-
morphism if it is bijective and both the mapping f : M — N and the inverse f~! : N — M are
continous.

Diffeomorphism: A map f : M — N is called a diffeomorphism if it is a homeomorphism and
both f and f~! are infinitely differentiable.

Analytic diffeomorphism: The map f : M — N is a diffeomorphism and analytic.

2.3 Lie groups
2.3.1 Definition
A Lie group G is a group which is also an analytic manifold, such that the mappings

GxG — G,
(a,b) — a-b,

and

G — G,

a—>a*l

are analytic.

Remark: Instead of the two mappings above, it is sufficient to require that the mapping

GxG — G,
(a,b) — a-b!

is analytic.

2.3.2 Examples

The most important examples of Lie groups are matrix groups with matrix multiplication as com-
position. In order to have an inverse, the matrices must be non-singular.

a) GL(n,R), GL(n,C): The group of non-singular n x n matrices with real or complex entries.
GL(n,R) has n? real parameters, GL(n,C) has 2n” real parameters.

b) SL(n,R), SL(n,C): The group of non-singular n X n matrices with real or complex entries
and

detA=1.

10



SL(n,R) has n?> — 1 real parameters, while SL(n,C) has 2(n?> — 1) real parameters.

¢) O(n) : The group of orthogonal n x n matrices defined through
RR" =1.

The group O(n) has n(n — 1)/2 real parameters. The group O(n) can also be defined as the
transformation group of a real n-dimensional vector space, which preserves the inner product

n
Y
i=1
d) SO(n): The group of special orthogonal n x n matrices defined through

RRT =1 and detR=1.

The group SO(n) has n(n — 1) /2 real parameters.

e) U(n): The group of unitary n X n matrices defined through
uut=1.

The group U (n) has n? real parameters. The group U (n) can also be defined as the transformation
group of a complex n-dimensional vector space, which preserves the inner product

n
Yz
i=1
f) SU (n): The group of special unitary n x n matrices defined through

UU =1 and detU =1.

The group SU (n) has n*> — 1 real parameters.
g) Sp(n,R): The symplectic group is the group of 2n x 2n matrices satisfying

r( 0 1, (0 1
M(—InOM_ —I, 0

The group Sp(n,R) has (2n+ 1)n real parameters. The group Sp(n,R) can also be defined as the
transformation group of a real 2n-dimensional vector space, which preserves the inner product

n
(xj))j—O—n _xj—i-nyj) .
j=1

11



2.4 Algebras
2.4.1 Definition

Let K be a field and A a vector space over the field K. A is called an algebra, if there is an
additional composition

AXA — A

(a1,a2) — aiaz
such that the algebra multiplication is K-linear.

(r1a1+r2a2)a3 = rl(a|a3)+r2(a2a3)
az(ria1 +nax) = ri(azar)+r(azaz)

Remark: It is not necessary to require that K is a field. It is sufficient to have a commutative ring
R with 1. In this case one replaces the requirement for A to be a vector space by the requirement
that A is an unital R-modul. The difference between a field K and a commutative ring R with 1
lies in the fact that in the ring R the multiplicative inverse might not exist.

An algebra is called associative if
(maz)as = ai(azaz)
An algebra is called commutative if
ajay = ayaj
An unit element 14 € A satisfies
lya = a.

Note that it is not required that A has a unit element. If there is one, note that difference between
14 € A and 1k € K: The latter always exists and we have the scalar multiplication with one:

lga = a.

2.4.2 Examples

a) Consider the set of n X n matrices over R with the composition given by matrix multiplication.
This gives an associative, non-commutative algebra with a unit element given by the unit matrix.

b) Consider the set of n x n matrices over R where the composition is defined by
l[a,b] = ab—ba.

This defines a non-associative, non-commutative algebra. There is no unit element.

12



2.5 Lie algebras
2.5.1 Definition

For a Lie algebra it is common practice to denote the composition of two elements a and b by
[a,D]. An algebra is called a Lie-algebra if the composition satisfies

[a,a] = 0,
[a,[b,c]]-I—[b,[c,a]]—l—[c,[a,b]] = 0

Remark: Consider again the example above of the set of n X n matrices over R where the com-
position is defined by the commutator

l[a,b] = ab—ba.
Clearly this definition satisfies [a,a] = 0. It fullfills the Jacobi identity:

[a, [b,c]] + [b,[c,a]] +[c,[a,b]] =
= abc—achb—bca+ cba+bca— bac — cab + acb + cab — cba — abc + bac
= 0.

Matrix algebras with the commutator as composition are therefore Lie algebras.

Let A be a Lie algebra and Xj, ..., X, a basis of A as a vector space. [X;,X;] is again in A and
can be expressed as a linear combination of the basis vectors X:

XHX Z Cl]ka

The coefficents c; . are called the structure constants of the Lie algebra. For matrix algebras the
X;’s are anti-hermitian matrices.

The notation above is mainly used in the mathematical literature. In physics a slightly differ-
ent convention is often used: Denote by 77, ..., T, a basis of A as a vector space. Then

TaaTb] =i Z fabc
For matrix algebras the 7;,’s are hermitian matrices.

2.5.2 The exponential map
In this section we focus on matrix Lie groups. Let us first define the matrix exponential. For an
n x n matrix X we define expX by

e n
expX = —.
n!
n=0

13



Theorem: For any n X n real or complex matrix X the series converges.

A few properties:
1. We have

2. expX is invertible and

3. We have

4. If XY =YX then

5. If A is invertible then

6. We have

In particular

exp(0) = 1.
(expX) ™! =exp(—X).
exp [(ot+ B) X] = exp (aX) exp (BX) .
exp(X +Y) = expXexpY.
exp(AXA™') = Aexp(X)A~.

%exp(tX) = Xexp(tX)=exp(tX)X.

d exp (1X) X
—ex = X.
ar P

Point 1 is obvious. Points 2 and 3 are special cases of 4. To prove point 4 it is essential that X

and Y commute:

ooxloo' oonxzynl °°171 . .

N N Z—Z( )xzynl
5l S5ite-) S5
=1

= ) '(X—I-Y =exp(X+Y).
n=0"
Proof of point 5:
exp (AXA™!) = Z%(AXA Z Laxrat = =Aexp(X)A™".

n=0 n= On

14



Proof of point 6:

e} o) 1

d d &l
Lexp(tx) = LY —(x)" =
a0 = g L X = X G

"IX" = Xexp(tX) =exp (tX)X.

Computation of the exponential of a matrix:
Case 1: X is diagonalisable.
If X = ADA~! with D = diag (A1, 72, ...) we have
expX = expADA !=Aexp(D)A~! = A diag <e7‘1 e, ) AL
Case 2: X is nilpotent.

A matrix X is called nilpotent, if X" = 0 for some positive m. In this case the series termi-
nates:

m—1 xn

expX = —
n!

n=0

Case 3: X is arbitrary.

A general matrix X may be neither diagonalisable nor nilpotent. However, any matrix X can
uniquely be written as

X = S+N,
where § is diagonalisable and N is nilpotent and SN = NS. Then
expX = expSexpN
and exp S and exp N can be computed as in the previous two cases.

2.5.3 Relation between Lie algebras and Lie groups

Let G be a Lie group. Assume that as a manifold it has dimension n. G is also a group. Choose
a local coordinate system, such that the identity element e is given by

A lot of information on G can be obtained from the study of G in the neighbourhood of e. Let

g(el7"'7en)

15



denote a general point in the local chart containing e. Let us write

g(0,...,8,,....0) = g(0,...,0,...,0) +0,X*+ 0(8?)
= g(0,...,0,...,0) +i0,T% + 0(6?).

We also have

X4 = 1
620 0 )
Ta — hm g(7 79617 70>_g(07 507 70)
0,—0 lea

The T¢’s are called the generators of the Lie group G.

Theorem: The commutators of the generators T¢ of a Lie group are linear combinations of
the generators and satisfy a Lie algebra.

n
|:TLI, Tb] — l Z fabcTc.
c=1
We will often use Einstein’s summation convention and simply write
In order to proove this theorem we have to show that the commutator is again a linear combina-
tion of the generators. We start with the definition of a one-parameter subgroup of GL(n,C): A
map g : R — GL(n,C) is called a one-parameter sub-group of GL(n,C) if
1. g(t) is continous.
2.4(0)=1.
3. Fort1,t; € R we have

glti+tn) = gt)g(r).

If g(7) is a one-parameter sub-group of GL(n,C) then there exists a unique n X n matrix X such
that

g(t) = exp(tX).

X is given by



There is a one-to-one correspondence between linear combinations of the generators
X = i0,T°

and the one-parameter sub-groups
g(t) = exp(tX) with X = —g(r)

If A€ G and if Y defines a one-parameter sub-group of G, then also AYA~! defines a one-
parameter sub-group of G. The non-trivial point is to check that exp [t (AYA™!)] is again in G.
This follows from

exp [t(AYA’l)] = Aexp(t¥)A™ !

Therefore AYA~! is a linear combination of the generators. Now we take for A = exp (AX). This
implies that

exp (AX)Y exp (—AX)

is a linear combination of the generators. Since the vector space spanned by the generators is
topologically closed, also the derivative with respect to A belongs to this vector space and we
have shown that

iexp(kX)Yexp(—kX) = XY-YX=[X,Y]
dh A=0

is again a linear combination of the generators.

We have seen that by studying a Lie group G in the neighbourhood of the identity we can obtain
from the Lie group G the corresponding Lie algebra g. We can now ask if the converse is also
true: Given the Lie algebra g, can we reconstruct the Lie group G ? The answer is that this can
almost be done. Note that a Lie group need not be connected. The Lorentz group is an example
of a Lie group which is not connected. Given a Lie algebra we have information about the con-
nected component in which the idenity lies. The exponential map takes us from the Lie algebra
into the group. In the neighbourhood of the identity we have

n
g(01,...,0,) = exp(izeaT“>.
a=1

2.5.4 Examples

As an example for the generators of a group let us study the cases of SU(2) and SU (3), as well
as the groups U(2) and U(3). A common normalisation for the generators is

Tr 7T = %5‘”’.

17



a) The group SU(2) is a three-paramter group. The generators are proportional to the Pauli

matrices:
170 1 —i /1 0
1 2 _ 3_ 1
T_Z(IO)’T ( 0)’T 2(0 —1)’
b) The group SU(3) has eight parameters. The generators can be taken as the Gell-Mann matri-
ces:
1 010 1 0 —i 0 1 1 0 O
leE 1 00 T2_5 i 0 0|, T3:5 0 —1 0 |,
000 0 0 O 0O 0 O
1 00 1 0 0 —i 1 0 00
T“:5 0 0 ,T5_5 00 0 ,Tﬁ_5 001 |,
1 0 i 0 0 010
1 00 O 1 1 0 O
T"=-100 —i |, T*=—%]01 0
2\o i o 2V3\ o0 0 2

¢) For the groups U(2) and U (3) add the generator

1710
O—_
T_z(o 1)

for U(2), respectively the generator

S o =
S = O
— O O

for U(3).

2.5.5 The Fierz identity

Problem: Denote by 7T the generators of SU (n) or U(n). Evaluate traces like
Tr TTbTT?,

where a sum over a and b is implied.

The Fierz identity reads for SU(N):

a a
T T

1 1
3 (85 0.

18



Proof: T¢ and the unit matrix form a basis of the N x N hermitian matrices, therefore any hermi-
tian matrix A can be written as

A = col+c,T%

The constants ¢y and ¢, are determined using the normalization condition and the fact that the
T“ are traceless. We first take the trace on both sides:

Tr(A) = coTrl+c, TrT=coN,
therefore
CTr(4)
co = —=Tr(A).
Y
Now we multiply first both sides with 7' and take then the trace:
1
Tr (ATb> = QTrT 4, TrTT = cu58",
therefore
cqg = 2Tr(T°A).
Putting both results together we obtain
1
A = NTr(A) 1 +2Tr (AT*) T

Let us now write this equation in components

1

1 arpa
Therefore

1
A <2T§Tlg + NSUSH — 8i16jk) = 0.

This has to hold for an arbitrary A, therefore the Fierz identity follows. Useful formulae involving
traces:
1
Tr(TX)Tr(TY) = lTr(XY) —NTr(X)Tr(Y)} ,

Tr(TXTY) =

N = N =

[Tr (X)Tr(Y) - %Tr (xy)] .

19



The Fierz identity for U (N) reads

1
Ti?Tk‘; = ESﬂSjk.

From
(79,7 = ifbere
one derives by multiplying with 7¢ and taking the trace:
ipbe — 2 [Tr (T“T”TC> Ty (TbT“TC>]

This yields an expression of the structure constants in terms of the matrices of the fundamental
representation. We can now calculate for the group SU(N) the fundamental and the adjoint
Casimirs:

N2 -1
2N
fabc fdbc — CA Sad — Nsad.

(TaTa)l-j = CFSij: 51']',

20



3 Representation theory

3.1 Group actions

An action of a group G on a set X is a correspondence that associates to each element g € G a
map ¢ : X — X in such a way that

q)glgz = ¢gl¢827

0, is the identity map on X,
where e denotes the neutral element of the group. Instead of ¢¢(x) one often writes gx.

A group action of G on X gives rise to a natural equivalence relation on X: x; € X and x; € X are
equivalent, if they can be obtained from one another by the action of some group element g € G.
The equivalence class of a point x € X is called the orbit of x.

G is said to act effectively on X, if the homomorphism from G into the group of transforma-
tions of X is injective.

G is said to act transitively on X, if there is only one orbit. A set X where a group G acts
transitively is called a homogeneous space. Every orbit of a (not necessarily transitive) group
action is a homogeneous space.

The stabilizer (or the isotropy subgroup or the little group) H, of a point x € X is the subgroup
of G that leave x fixed, e.g. h € H, if hx = x. When H, is the trivial subgroup for all x € X, we
say that the action of G on X is free.

If G acts on X and on Y, then a map ¥y : X — Y is said to be G-equivariant if yog =gowy
forall g € G.

3.2 Representations

Let V be a finite-dimensional vector space and GL(V) the group of automorphisms of V. Typi-
cally V=R"orV =C" and GL(V) = GL(n,R) or GL(V) = GL(n,C).

Definition: A representation of a goup G is a homomorphism p from G to GL(V)

g — plg)-

The composition in GL(V) is given by matrix multiplication. Since p is a homomorphism we
have

p(g1g2) = plg1)p(g2).

21



This implies

p(g") = [p(e) ™"
The trivial representation:
p(g) = 1, Vs

Remark: In general more than one group element can be mapped on the identity. If the mapping
p: G — GL(V) is one-to-one, i.e.

p(g)=p(E) = g=¢

then the representation is called faithful.

Strictly speaking a representation is a set of (non-singular) matrices, e.g. a sub-set of GL(V).
Very often we will also speak about the vector space V, on which these matrices act, as a repre-
sentation of G.

In this sense a sub-representation of a representation V is a vector sub-space W of V, which is
invariant under G:

p(glweW Vge G andw e W.

A representation V is called irreducible if there is no proper non-zero invariant sub-space W of
V. (This excludes the trivial invariant sub-spaces W = {0} and W =V.)

If V| and V; are representations of G, the direct sum V| &V, and the tensor product V| @V,
are again representations:

gvi@v) = (gv1)®(gv2),
g®v) = (gv)®(gv2),

Two representations p; and p of the same dimension are called equivalent, if there exists a
non-singular matrix S such that

pi(g) = Spa(g)S™!, VgeG.

For finite groups and Lie groups it can be shown that any representation is equivalent to a unitary
representation.

The goal of representation theory: Classify and study all representations of a group G up to

equivalence. This will be done by decomposing an arbitrary representation into direct sums of
irreducible representations.
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3.3 Schur’s lemmas

Lemma 1: Any matrix M which commutes with all the matrices p(g) of an irreducible represen-
tation of a group G must be a multiple of the unit matrix:

M = cl.
Proof: We have

p(ge)M = Mp(g) VgeG.

If p(g) is of dimension n, then M must be square of dimension n. Let us assume that p(g) is
unitary. Then

M'p(g)" = plg)'M".

Multiply by p(g) from left and right:

pleM" = M'p(g).
Therefore also MT commutes with all p(g), and so do the hermitian matrices

H = M+M,

Hy = i(M-M").
Any hermitian matrix may be diagonalised by a unitary transformation:

D = U 'HU.

If we define now
we have

Let D = diag(A,...,A,) and consider now the i, j element of this matrix equation:

[p/(g)]ij)“j = M [p/(g)]ij’
(A —2;) [p/(g)]ij = 0

Suppose that a certain eigenvalue A of D occurs k times and that, by a suitable ordering the first
k positions of D are occupied by A. Then

M=..=M#N, k+1<1<n.
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This implies that

[p'(8)],;=0 forl<i<k, k+1<j<n,
orl <j<k, k+1<i<n.

(v ")

and is thus reducible, contrary to the initial assumption. Thus if and only if all the eigenvalues
of D are the same p’(g) will be irreducible. In other words, D and hence M must be a multiple
of the unit matrix.

Hence p’(g) is of the form

Lemma 2: If p;(g) and p2(g) are two irreducible representations of a group G of dimensions
n1 and nj respectively and if a rectangular matrix M of dimension n| X n, exists sucht that

pi(g)M = Mpsy(g), Vg€G

then either
(@M =0or
(b) n1 = ny and detM # 0, in which case p;(g) and p»(g) are equivalent.

Proof: Let us assume without loss of generality that p;(g) and p»(g) are unitary representations.

Mpi(g)" = pa(g)'M",
Mipi(g™") = pa(g )M

Multiply by M from the right:

Mipi(g™ M = pa(g " )M'M.
By assumption p1(g~")M = Mp;(g~") and therefore

M'Mpy(g™") = pa(g MM
By lemma 1 we conclude

MM = AL

Consider the case n; = ny, = n:

det M'™M = detM'detM ="
If A # 0 then det M # 0 and therefore M~ exists. From p1(g)M = Mp(g) it follows that

pi(g) =Mpa(g)M "
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and p;(g) and p2(g) are equivalent.

If on the other hand A = 0 we have

Y MMy = 0,
k

Y [My)> = o.
k

This is only possible for M;; = 0 and hence
M = 0.

To complete the proof we consider the case ny # ny. Let us assume ny < ny. Construct M’ from
M by adding ny — nj rows of zeros:
M
M =

M = (M 0)
We have
MM = Mim
and thus
detM'™M = det M M’ =det M'"det M’ = 0.
Hence A = 0 and M™M = 0. It follows M = 0 as before.

Application: Orthogonality theorem for finite groups. Let G be a finite group and let p; and
p2 be representations of dimension | and n;. Then

0 p1 and p; are inequivalent,
G . )
Z p1(g)ijp2(g ) o= %8,-18;{]- p1 and p; are identical,
8€G p1 and p; are equivalent, but not identical.

Proof: Assume that p; and p, are inequivalent. Consider
= Y pi(e)Xpa(s™"),
|G| geG
where X is an arbitrary n; X ny matrix. Then

p(g/)M = |G| Z p1(g |G| Z p1( g'e )Xp2(g~ )
geG geG

Y pi(9)Xpa(s " p(s") =Mp(g').
geG

= Zpl )Xpa(g™'g)

gEG |G|
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By Schur’s second lemma we have M = 0, therefore

Zpl 8)ij’ ]’k’pZ( )k’l = 0.

|G| geG

Since X was arbitrary we can take X = §;0kk’ and we have

Y pi(g)ijp2(g I = 0.
geG

Now consider the case where p; and p; are identical: p; = py = p. Take again
|G| geG

One shows again

p(gM = Mp(g).

Therefore by Schur’s first lemma

1
Gl Z P(8)ijXjwp(g w1 = By
geG
Again take X = &/ 8kk':
P lp = Q.
|G ggé; !

To find ¢ take the trace on both sides:
&; = cni,

and therefore

G
Z p ljp - uskj8il-
geG m

Another consequence of Schur’s first lemma: All irreducible representation of an Abelian group
are one-dimensional.

3.4 Representation theory for finite groups
A finite group G admits only finitely many irreducible representations V; up to isomorphism.
Example: Consider the symmetric group S3, the permutation group of three elements, which
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is the simplest non-abelian group. This group has two one-dimensional representations: The
trivial one / and the alternating representation A defined by

gv = sign(g)v.

There is a natural representation, in which S3 acts on C> by

g (2,22,:3) = (Zg’l(l)’Zg’l(Z)’Zg’IB))
This representation is reducible: The line spanned by the sum
e1+ex+e3
is an invariant sub-space. The complementary sub-space
V = {(z1,22,83)|la1+22+23=0}

defines an irreducible representation. This representation is called the standard representation.
It can be shown that any representation of S3 can be decomposed into these three irreducible
representations

W = ["M@A ™ avemn,

3.4.1 Characters

Definition:If V is a representation of G, its character xy is the complex-valued function on the
group defined by

xv(g) = Tr(p(g))-
In particular we have
xv (hgh™) = av(g).
Let V and W be representation of G. Then
Xvew = Xv+xw,

Xvew = Xv- AW,
Xve = (Xv)*,

Xev(®) = 5 (e’ ()]

Ksymin(® = 5 (@) + (&)

Orthogonality theorem for characters: For finite groups we had the orthogonality theorem. If
we consider unitary representations and if we make the agreement that if two representations are
equivalent, we take them to be identical, the orthogonality theorem can be written as

|G|

Y pu()ijps()ix = —8udkjdas
gcG ni

27



Now we set i = j and sum, and we set / = k and sum:

Y xa(@)x(8)” = |Gl da
geG

Since the character is a class function we can write
Y = Y
geG classes «

where ny denotes the number of elements in the class C. Therefore

ZnKXa(CK>Xb(CK)* = |G| da

Character table:

nC mC  mG

p1 | x1(C1) x1(C2) x1(G3)
P2 | X2(C1) %2(C2) %2(C3)
p3 | X3(C1) x3(C2) %x3(C3)

G = \/%mca

Yol = 8

If we now define

we have

The number of orthogonal vectors corresponds to the number of inequivalent representations.
The dimension of the space is given by the number of classes. Therefore the number of inequiv-
alent representations is smaller or equal to the number of classes. In fact equality holds.

Criteria for reducibility: Assume that

p(g) = EBaocpoc(g)

Then

x(g) = Zachcx(é’)-
o
Conisder now

_ _ 2 = 1 pirreducible
ZX(g)X(g) B §|aa| {> 1 p reducible
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3.5 Representation theory for Lie groups
3.5.1 Irreducible representation of SU(2) and SO(3)
The groups SU (2) and SO(3) have the same Lie algebra:

[ICh Ib] - ieabclc-

For SU (2) we can take the I*’s proportional to the Pauli matrices

1/0 1 10 —i 1/1 0
11—5<1 0)’ I2_§<i 0)’ I3_§<o —1)‘

This defines a representation of SU(2) which is called the fundamental representation. (It is not
a representation of SO(3).)

Quite generally the structure constants provide a representation known as the adjoint or vector
representation:

(Mb>ac = ifabc-

For SU(2) and SO(3):

0
0
The dimension of the adjoint representation equals the dimension of the parameter space of the
group and the numbers of generators.

Let us now discus more systematically all irreducible representations.
Definition: A Casimir operator is an operator, which commutes with all the generators of the

group.
Example: For SU(2) and SO(3)
P = RB+B+4
is a Casimir operator:
1] = o.

Definition: The rank of a Lie algebra is the number of simultaneously diagonalisable genera-
tors.

Example 1: SU(2) has rank one, the convention is to take /3 diagonal.

Example 2: SU (3) has rank two, in the Gell-Mann representation 73 and 73 are diagonal.

Theorem: The number of independent Casimir operators is equal to the rank of the Lie alge-
bra. The proof can be found in many textbooks.
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Therefore SU (2) has only one Casimir operator.

The eigenvalues of the Casimir operators may be used to label the irreducible representations.
The eigenvalues of the diagonal generators can be used to label the basis vectors within a given
irreducible representation.

Example SU (2):
P[rm) = A[r,m),
lm) = mlh,m).
Consider
(F+5)Am) = (IF=B)[km)=(A—m?)A,m).
Further

Mom|F\m) = (Am|I[I [\,m) = I |A,m)|* > 0.
A similar consideration applies to (A, m| I3 |A,m). Therefore
A—m> > 0.
For a given A the possible values of m are bounded:
—VA<m< VA

Define

I = (I +ib)

1
V2
5,1c) =+,  [I?1] =0.
The last relation implies

(Pl — L) Am) = 0,
P (I |hm)) = A(Is|A,m)).

Therefore the operators .. don’t change A. From the commutation relation with I3 we obtain

(I3Ii—li13)\7»,m> = j:Ii|7»,m),
L Am) = (m+1)IL|Am)).
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Therefore I |A,m) is proportional to |A,m =+ 1) unless zero. Recall that the values of m are
bounded, therefore there is a maximal value m,,,;, and a minimal value m,,;,:

I+|7\‘ammax> = 0,
I,‘K,mm,‘n> = 0.

Now
P=B+5+0LE = LI +5—-h
= I, +5+5
Therefore
PAmp) = (L +B+5) A mpax)
A |}V7 mmax> = NMypax (mmax + 1) |7"7 mmax) ,
and
A= Mgy (Mpax+1).
Similar:
e |)\‘7mmin> = (I+I— +I§ _13) |}V7 mmin> )
}"‘}\'7mmin> =  Mpin (mmin - 1) |7‘-7mmin> y
and
A= My (mmin - 1) .
From
mg,m +Mpax = m}%zin — Myin,
(mmax + mmin) Smmax — Mypin + 1 )/ = 0
=0
it follows
Mpin = —Nipax-

Since the ladder operators raise or lower m by one unit we must have that m,,,, and m,,;, differ
by an integer, therefore

2mpmae = integer.

Let us write my,, = j. Then 2j is an integer and



A= j(+1)
Normalisation:
Li|A,m) = AL|A,m=+1)
With I;L:IjF we have
\Ai|2 = (k,m\llli A, m) = (A, m| 15 |A,m) = (A,m|I> = (I+1) |\, m)
and therefore
AL)? = j(+1) —m(mE1)

Condon-Shortley convention:

Ar = Vj(j+1D)—m(m=*1).

3.5.2 The Cartan basis

Definition: Suppose a Lie algebra A has a sub-algebra B such that the commutator of any element
of A (T say) with any element of B (T” say) always lies in B, then B is said to be an ideal of A:

[T“, Tb] € B.
Every Lie algebra has two trivial ideals: A and {0}.

A Lie algebra is called simple if it is non-Abelian and has no non-trivial ideals.

A Lie algebra is called semi-simple if it has no non-trivial Abelian ideals.

A Lie algebra is called reductive if it is the sum of a semi-simple and an abelian Lie alge-
bra.

A simple Lie algebra is also semi-simple and a semi-simple Lie algebra is also reductive.

Examples: The Lie algebras

su(n),so(n),sp(n)

are simple.
Semi-simple Lie algebras are sums of simple Lie algebras:

su(ny) @ su(ny).
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Reductive Lie algebras may have in addition an abelian part:
u(l) ®su(2) ®su(3).

From Schur’s lemma we know that abelian Lie groups have only one-dimensional irreducible
representations. Therefore let us focus on Lie groups corresponding to semi-simple Lie algebras.
A Lie group, which has a semi-simple Lie algebra, is for obvious reasons called semi-simple.
We first would like to have a criterion to decide, whether a Lie algebra is semi-simple or not: If

define

gab — facd fbcd.

A criterion due to Cartan say that a Lie algebra is semi-simple if and only if
detg # O.
For SU (n) we find
g =y
Let us now define the Cartan standard form of a Lie algebra. As example suppose we have
[r',1%] =0, [T',7°]#0, [T*,1°] #0.

If we now make a change of basis

TV =r'v73 ¥ =712 V=713

Y Y

none of the new commutators vanishes. More generally let us assume that
n
A = iy cT
i=1
n
X = i) xT¢,
i=1
such that
A, X] = ipX.
p is called a root of the Lie algebra. We then have
A,X] = —icaxy T = —px.T¢,
(caxbif“bc — pxc> = 0,
(caif“bc — prc) x, = 0.
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For a non-trivial solution we must have
det (cai pabe _ pabC) — 0.

In general the secular equation will give a n-th order polynomial is p. Solving for p one obtains
n roots. One root may occur more than once. The degree of degeneracy is called the multiplicity
of the root.

Theorem (Cartan): If A is chosen sucht that the secular equation has the maximum number
of distince roots, then only the root p = 0 is degenerate. Further if r is the multiplicity of that
root, there exist r linearly independent eigenvectors H;, which mutually commute

[H,Hj] = 0, i,j=1,...,r

r is the rank of the Lie algebra.

Notation: Latin indices for 1,...,r, e.g. H; and greek indices for the remaining (n — r) gener-
ators Eg, (0= 1,...,n—r).

Example SU (2):
[1“ Ib] = igepe,
Take A = il°:
i}, X] = ipX.

Secular equation:

e 0

—i —p O = 0,

0O 0 —p
—p*+p = 0,
p(p—1) 0

Therefore the roots are 0, +1. We have
p=0 [P X]=0 =X=P=H,,

p=1 [PX]=X =X=—("+i’)=E,

5l

p=-1 [PX]=-X =X=—(1"-il’)=E.

5=
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Theorem: For any compact semi-simple Lie group, non-zero roots occur in pairs of opposite sign
and are denoted Eq and E_o (0 =1,...,(n—7r)/2).

We thus have the Cartan standard form:
[Hi,Hj] = 0,
[Hianc] = p(o,i)Eq.
As a short-hand notation the last equation is also often written as
[Hi,Ey| = o;Eq.
The standard normalisation for the Cartan basis is

(n—r)/2
Z p(a’7l)p(0(‘7.]) = 8’J

r
a=1

Cartan standard form of SU (2):

1L/1 0 1 0 1 1 00
=30 %) a5 (00) 2= (10)

Cartan standard form of SU (3):

1 1 0 O 1 1 0 O

H=—| 0 -1 0|, Hb=——=| 01 0 ,
v6\o o o 32\ o0 0 —2
1 010 1 0 01 1 000

Er=—71 00 0], Eb=—| 00 0 |, Es=—|( 0 0 1 |,
V3lo oo 3\oo0 o0 v3lo oo
1 000 1 0 0O 1 000

Ei =—|100], E2=—1000], Es=—| 000
V3 000 V3 1 00 V3 010

The r numbers o;, i = 1,...,r can be regarded as the components of a root vector & = (o, ..., 0,)

of dimension r.

Theorem: If & is a root vector, so is —@., (since roots always occur in pairs of opposite sign).

Theorem: If & and [ are root vectors then

26, B 26.-B
ZB and ZB
[e1 B
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are integers. Suppose these integers are p and g. Then

(o:8)
ﬁ = %:coszegl.
Therefore
pqg < 4
It follows that
113
cos’® = O’Z’E’Z’l'

Case 8 = 0°: This is the trivial case 0. = B
Case 6 =30°: Wehave pg=3and p=1,g=3or p=3,g=1. Letus first discuss p = 1,q = 3.
This means

2B 2B
> =1, >~ =3.
o B
Therefore
lo?
2
Bl
The case p = 3,¢ = 1 is similar and in summary we obtain
2
o 1
% = 3 or g
B
Case 0 =45°: Wehave pg=2and p=1,g=2o0r p=2,49=1. It follows
2
o 1
% = 2or ok
B
Case 0 = 60°: We have pg=1and p=1,g= 1. It follows
Jof?
2
B

Case © = 90°: In this case p = 0 and ¢ = 0. This leaves the ratio ||?/|B|?> undetermined.
The cases 6 = 120°, 6 = 135° and 6 = 150° are analogous to the ones discussed above.

If & and P are root vectors so is
26 B
o2

7= b5

Example: The root diagram of SU(3):
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3.5.3 Weights

Let us first recall some basic facts: The rank of a Lie algebra is the number of simultaneously
diagonalizable generators. In the following we will denote the rank of a Lie algebra by r.

Theorem : The rank of a Lie algebra is equal to the number of independent Casimir opera-
tors. (A Casimir operator is an operator, which commutes with all the generators.)

For a Lie algebra of rank r we therefore have r Casimir operators and r simultaneously diag-
onalizable generators H;.

The eigenvalues of the Casimir operators may be used to label the irreducible representations.
The eigenvalues of the diagonal generators H; may be used to label the states within a given
irreducible representation.

Let A be a shorthand notation for A = (A1,...,Ar), a set of eigenvalues of Casimir operators and
let 771 be a shorthand notation for 7 = (my, ...,m,), a set of eigenvalues of the diagonal generators:

Hi|_}:'7 l”T”l> = mi|_}:'7 l”T”l>
The vector m is called the weight vector.

Example SU(3): Let us consider the fundamental representation. The vector space is spanned
by the three vectors

1 0 0
e1r=1 0], ee=[ 1], es=| 0
0 1

We have

(Hi,Hy)ey =

(
(Hi,Hy)ey = (-
(

(Hi,Hy)ezs =



This gives the weight vectors

i I
= » 0
ﬁﬁZ(f)%I(f)%Z( \/§>
3v2 3v2 3

and the weight diagram

;ml

A\

Consider now the complex conjugate representation of the fundamental representation: If

p

exp (16,7¢)
is a representation, then also

*

Y

is a representation and we have

exp (—i0,T%") = exp (i0,T7)

T

—T.

It follows that the weights of the complex conjugate representation are negatives of those of the
fundamental representation:

1)

3

;ml

Note that in general the complex conjugate representation p* is inequivalent to p. This is in
contrast to SU(2), where one can find a S, such that

Sres! —I%*, Sps~! =p*.

Let us now look at the weights from a more general perspective: The number of different eigen-
states with the same weight is called the multiplicity of the weight. A weight is said to be simple
if the multiplicity is 1.
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For Lie algebras with r > 2, weights are not necessarily simple.

Theorem : Given a weight 7 and a root vector & then

-

20.-m
o2
is an integer and
20, - m

o2

-/

a.

= M-

is also a weight vector. m and 7’ are called equivalent weights.

(Recall: In the SU(2) case the weight vectors were one-dimensional. Within one irreducible
representation all weights could be obtained from m,,,, by applying the lowering operator /_.
The action of 1_ corresponds to a shift in the weight proportional to a root vector. For SU(2) all
weights within an irreducible representation are equivalent.)

Ordering of weights: The convention for SU (n) is the following: 7 is said to be higher than m’
if the 7N component of (m—m') is positive (if zero look at the (r — 1)th component).

The highest weight of a set of equivalent weights is said to be dominant.
(In the case of an irreducible representation of SU(2) the dominant weight is the one with m2,,,4,.)

Theorem: For any compact semi-simple Lie algebra there exists for any irreducible represen-
tation a highest weight. Furthermore this highest weight is also simple. All other weights of
the irreducible representation are equivalent to this one. Therefore the highest weights is also
dominant.

(Recall: In the SU(2) case we first showed that the values of m are bounded, and then obtained
all other states in the irreducible representation by applying the lowering operator to the state
with m,,45.)

Theorem: For every simple Lie algebra of rank r there are r dominant weights MY, called
fundamental dominant weights, such that any other dominant weight M is a linear combination

of the M)

n; M(l)

-

M =
1

~

where the n; are non-negative integers.
Note that there exists r fundamental irreducible representations, which have the r M as their

highest weight. We can label the irreducible representations by (ny,n»,...,n,) instead of the
eigenvalues of the Casimirs.
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3.6 Tensor methods

We have already seen how to construct new representation out of given ones through the opera-
tions of the direct sum and the tensor product: If V| and V, are representations of G, the direct
sum V| & V5> and the tensor product V| ® V, are again representations:

gi®v) = (gv1)d(gv2),
g®v) = (gv)®(gv2),

We now turn to the question how to construct new irreducible representations out of given irre-
ducible ones. If V| and V; are irreducible representations, the direct sum is V| & V> is reducible
and decomposes into the irreducible representations V| and V,. Nothing new here. More inter-
esting is the tensor product, which we will study in the following.

3.6.1 Clebsch-Gordan series

To motivate the discussion of tensor methods we start again from the SU(2) example and its
relation to the spin of a physical system. Suppose we have to independent spin operators J; and
J, describing the spin of particle 1 and 2, respectively.

[Nii,2j] = 0 Vi, j
Let us now define the total spin as
Ji+7,
J, = Ji;+J>,.

~

We use the following notation:

|j1,m1)  eigenstate of J? and J ;
|j2,mz)  eigenstate of J3 and J5

We define

j1, j2,mi,m2) = |j1,m1) ®|j2,ma).

The set

{lj1, j2,m1,mz)}

are eigenvectors of
2 2
{J17J27J1z7j2z}

and is referred to as the uncoupled basis. In general these states are not eigenstates of J2 and the
basis is reducible. This can be seen easily:

2= (J+h) (h+h) =R +B3 4200,
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and 2f1fg fails to commute with J; ; and J; ;. To find a better basis, we look for a set of mutually
commuting operators. The set

{12,008, 75}
is such a set and an eigenbasis for this set is labelled by

{|j7m7j17j2>}'

This basis is called the coupled basis and carries and irreducible representation of dimension
2j+ 1. Of course we can express each vector in the coupled basis through a linear combination
of the uncoupled basis:

‘j?m7jl7j2> = Z C;32m1m2|j1,j2,m1,m2>

my,mo;my+my=m

The coefficients Cj.-m , are called the Clebsch-Gordan coefficients. The Clebsch-Gordan co-

1jamym
efficients are tabulated in the particle data group tables.

Example: We take j; = j, = 1/2 and use the short-hand notation

T = |i :%,jzzé,ml :%7m2:%>7
IT1) = |i :%,jzzé,ml Z%,mzz—%>,
1 = |i Z%,Jé:%,m] :_%,m2:%>,
1) = |i Z%,h:%,mlz—%,mzz—%>,

For the coupled basis we have j € {0,1} and we find

1 1
'j:17m217j1:§7j2:5> = |TT>7
. . | 1 1
= tm=0i=3h=3) = (1),
1 1
’j:17m2_17j1:§7j2:§> = H«l>7
1 1 1
J=om=0ji=3.a=3) = (=111,

Note that the three states with j = 1 form an irreducible representation, as does the state with
J = 0. The tensor product of two spin 1/2 states decomposed therefore as

222 = 301,

where n denotes an irreducible representation of dimension 7.
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3.6.2 The Wigner-Eckart theorem

Let us make a small detour and discuss the Wigner-Eckart theorem. We have already seen that
the group SU(2) is generated by the three generators

J L h+ib)
= — 1 ,
1 \/E 1 2
JO = 137

1 .
J_] — E (I] —112) .

{J-1,J0,J1} define the spherical basis. The generators transform under SU(2) as the adjoint
representation. For SU(2) the adjoint representation is the 3 representation. Let us denote the
matrix representation of such a transformation by

»0)

m'm’

where 2 + 1 denotes the dimension of the representation and m’,m = —j, ...,0,..., j. The spher-
ical basis transforms in this notation as

(Jq/)/ = Q);,lq).]q.

We can now generalise this construction and define a tensor operator qu of rank k as a set of
(2k + 1) operators which transform irreducibly under the group as

/
k _ (k) 7k
<Tq,> = {7k,

The set {J_1,Jp,J1 } is therefore a tensor operator of rank 1. An equivalent definition for a tensor
operator is a set of (2k + 1) operators satisfying

k
6T =ty

L Tf] = VIFQUEg DT = VR 1) —glgE DT

We can now state the Wigner-Eckart theorem:

1 .
S )k s _ j'm ./ k||

<Jm Tq"’m> - \/2j'+1cikmf1<1 d HJ>

The important point is that the double bar matrix element {j’||T*||;) is independent of m, m’ and

g. The dependence on m, m’ and q is entirely given by the Clebsch-Gordan coefficients C j,;':;:q
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3.6.3 Young diagrams

We have seen that the tensor product of two fundamental representations of SU(2) decomposes
as

22 = 331,

into a direct sum of irreducible representations. We generalise this now to general irreducible
representations of SU(N).

Definition: A Young diagram is a collection of m boxes O arranged in rows and left-justified. To
be a legal Young diagram, the number of boxes in a row must not increase from top to bottom.
An example for a Young diagram is

Let us denote the number of boxes in row j by A;. Then a Young diagram is a partition of m
defined by the numbers (A1, A, ...,A,) subject to

M+A+...+A, =m,

The example diagram above therefore corresponds to
(A, A2,A3,0) = (4,2,1,1)
The number of rows is denoted by n. For SU(N) we consider only Young diagrams with n < N.

Let us further define (n — 1) numbers p; by

P1 = M —Ap,
P2 = h—Az,
Pn-1 = }\'n—l _}\'n—2~

The example above has

(pl7p27p3) = (27 170)

Correspondence between Young diagrams and irreducible representations: Recall from the last
lecture that we could label any irreducible representation of a simple Lie algebra of rank r by
either the r eigenvalues of the Casimir operators or by the r numbers (py, ..., p,) appearing when
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expressing the dominant weight of the representation in terms of the fundamental dominant
weights:

W= Yt
i=1
The group SU(N) has rank N — 1 and we associate to an irreducible representation of SU(N)
given through (py, ..., py—1) the Young diagram corresponding to (p1,..., pN—1)-

As only differences in the number boxes between succesive rows matter, we are allowed to add
any completed column of N boxes from the left. Therefore in SU(4) we have

The fundamental representation of SU (N) is always represented by a single box

]

The trivial (or singlet) representation is alway associated with a column of N boxes. For SU (3):

:

The complex conjugate representation of a given representation is associated with the conjugate
Young diagram. This diagram is obtained by taking the complement with respect to complete
columns of N boxes and rotate through 180° to obtain a legal Young diagram.

Examples for SU(3):

complement [ | rotation H
)

—
| complement [ | rotation
? ‘ Y
complement rotation
— —

The hook rule for the dimensionality of an irreducible representation:

1) Place integers in the boxes, starting with N in the top left box, increase in steps of 1 across
rows, decrease in steps of 1 down columns:

N |[IN+1|N+2




i1) Compute the numerator as the product of all integers.

iii) The denominator is given by multiplying all hooks of a Young diagram. A hook is the
number of boxes that one passes through on entering the tableau along a row from the right hnad
side and leaving down a column.

Some examples for SU(3):
314]. . 2:3.4
o dlm—71.3.1—8,
. 3-4-5
: (:111'1'121723:107
31415 . 2:3-4-3-4.5
: dim=—————=10.

2314 m 1-2.3.2.3.4 0

Rules for tensor products: We now give rules for tensor products of irreducible representations
represented by Young diagrams. As an example we take in SU(3)

el

i) Label the boxes of the second factor by row, e.g. a, b, c, ...

alal
bl

|

ii) Add the boxes with the a’s from the lettered diagram to the right-hand ends of the rows of the
unlettered diagram to form all possible legitimate Young diagrams that have no more than one a
per column.

al

alal
)

Note that the diagram

a
a

is not allowed since it has one column with two a’s.

iii) Repeat the same with the b’s, then with the ¢’s, etc.

alal alb] a

alalb] alal
) b ) || 9 ||
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Note that the diagram

a
0]
is not allowed for SU (3), since it has more than 3 rows.

iv) A sequence of letter a, b, ¢, ... 1s admissible if at any point in the sequence at least as
many a’s have occured as b’s, at least as many b’s have occured as c’s, etc. Thus abcd and aabcb
are admissible sequences, while abb and acb are not. From the diagrams in step iii) throw away
all diagrams in which the sequence of letters formed by reading right to left in the first row, then
in the second row, etc., is not admissible. This leaves

alal a

alal

b b a

Removing complete columns of 3 boxes, we finally obtain

{}@ - |@[Ij@E}

38 = 15063D3.

For the dimensions we have

As a further example let us calculate in SU (3) the tensor product of the fundamental representa-
tion with its complex conjugate representation:

D@H@@

33 = 148.

For the dimensions we have

As a final example let us consider

D@D@D@@ o e T

For the dimensions we have

333 = 108083 10.
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4 The classification of semi-simple Lie algebras
Recall: For a semi-simple Lie algebra g of dimension » snd r we had the Cartan standard form

[Hi,Hj] = 0,
[HhEOL] - (X'iE(X7

with generators H;, i = 1,...,r as well as the generators Eq and E_o withaa = 1,...,(n—r) /2.

The generators H; generate an Abelian sub-algebra of g. This sub-algebra is called the Car-
tan sub-algebra of g.

The r numbers o, i = 1, ..., r are the components of the root vector & = (0, ..., 0).

We have already seen that if if & and P are root vectors so is

26 B

a
o2

7= B-

Let us now put this a little bi more formally. For any root vector o we define a mapping Wy, from
the set of root vectors to the set of root vectors by

o}
QL

P

a
o2

Wa(B) = B-

Wy can be described as the reflection by the plane Qg perpendicular to o. It is clear that this
mapping is an involution: After two reflections one obtains the original root vector again. The
set of all these mappings W, generates a group, which is called the Weyl group.

Since Wy maps a root vector to another root vector, we have the following theorem:
Theorem: The set of root vectors is invariant under the Weyl group.

Actually, a more general result holds: We have seen that if 7 is a weight and if @ is a root
vector then

200 m

a
o2

is again a weight vector. Therefore we can state that the following theorem:
Theorem: The set of weights of any representation of g is invariant under the Weyl group.

The previous theorem is a special case of this one, as the root vectors are just the weights of
the adjoint representation.
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For the weights we defined an ordering. 7 is said to be higher than 7’ if the pth

th

component
of (m —m') is positive (if zero look at the (r —1)
roots.

component). This applies equally well to

Definition: A root vectors @ is called positive, if & > 0.

Therefore the set of non-zero root vectors R decomposes into
R = RTUR",
where R™ denotes the positive roots and R~ denotes the negative roots.

Definition: The (closed) Weyl chamber relative to a given ordering is the set of points X in
the r-dimensional space of root vectors, such that

QL

X

2

~>0 VoeR".

Q

Example: The Weyl chamber for SU (3

~—

Let us further recall that if & and B are root vectors then

ol

26, 26.-B
3 and _2B
[e1 B

are integers. This restricts the angle between two root vectors to

0°,30°,45°,60°,90°,120°,135°,150°,180°

For 6 = 30° or 8 = 150° the ratio of the length of the two root vectors is

2

o 1

% = 3or 3

B

For 6 = 45° or 8 = 135° the ratio of the length of the two root vectors is

2

o 1

% = 2or 5

B
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For 6 = 60° or 8 = 120° the ratio of the length of the two root vectors is
lo?
2
B
Let us summarise: The root system R of a Lie algebra has the following properties:

1. Ris afinite set.
2. If & € R, then also —@ € R.
3. For any @ € R the reflection W, maps R to itself.

4. If G and P are root vectors then 26 - p /|o/? is an integer.

This puts strong constraints on the geometry of a root system. Let us now try to find all possible
root systems of rank 1 and 2. For rank 1 the root vectors are one-dimensional and the only
possibility is

Aq: “ ¢ >

This is the root system of SU(2). For rank 2 we first note that due to property (3) the angle
between two roots must be the same for any pair of adjacent roots. It will turn out that any of the
four angles 90°, 60°, 45° and 30° can occur. Once this angle is specified, the relative lengths of
the roots are fixed except for the case of right angles. Let us start with the case 6 = 90°. Up to
rescaling the root system is

Al XAy - >

A\

This corresponds to SU(2) x SU(2). This group is semi-simple, but not simple. In general, the
direct sum of two root systems is again a root system. A root system which is not a direct sum is
called irreducible. An irreducible root system corresponds to a simple group. We would like to
classify the irreducible root systems.

For the angle 6 = 60° we have

49



This is the root system of SU(3).

For the angle 6 = 45° we have

This is the root system of SO(S5).

Finally, for 8 = 30° we have

A\

This is the root system of the exceptional Lie group G».

4.1 Dynkin diagrams

Let us try to reduce further the data of a root system. We already learned that with the help of an
ordering we can divide the root vectors into a disjoint union of positive and negative roots:

R = RTUR™.

Definition: A positive root vector is called simple if it is not the sum of two other positive roots.

Example: For SU (3) we have

N
/\

root system positive roots simple roots

50



The angle between the two simple roots is 8 = 120°.

The Dynkin diagram of the root system is constructed by drawing one node o for each sim-
ple root and joining two nodes by a number of lines depending on the angle 6 between the two
roots:

no lines o O if 6 =90°
one line o—0 if 6 = 120°
two lines =0 if @ = 135°

three lines 0==0 if 0 = 150°
When there is one line, the roots have the same length. If two roots are connected by two or three

lines, an arrow is drawn pointing from the longer to the shorter root.

Example: The Dynkin diagram of SU (3) is

4.2 The classification

Semi-simple groups are a direct product of simple groups. For a compact group, all unitary rep-
resentations are finite dimensional.

Real compact semi-simple Lie algebras g are in one-to-one correspondence (up to isomorphisms)
with complex semi-simple Lie algebras g* obtained as the complexification of g. Therefore the
classification of real compact semi-simple Lie algebras reduces to the classification of complex
semi-simple Lie algebras.

Theorem: Two complex semi-simple Lie algebras are isomorphic if and only if they have the
same Dynkin diagram.

Theorem: A complex semi-simple Lie algebra is simple if and only if its Dynkin diagram is
connected.

We have the following classification:

e A,~SL(n+1,C)

o O O3 Ol;—1 Oy
e B, =S50(2n+1,C)
o O O3 Oly—1 Oy
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e C, = Sp(n,C)

o O O3 O —1 Oy

e D,250(2n,C)

Oy —1
o] O O3 "~ Oy o0,

The exceptional groups are

o Eg
0 O O3 Os5 Qg
Oy
o [y
o; O O3 O5 Og O7
Ol
o E3
o O O3 Os5 Og O7 O
Oy
o [y
o O O3 0Oy
o0—CO—=0—0
[ ] G2

o O
0==0

Summary: The classical real compact simple Lie algebras are

A, = SU(n+1)
B, = SO(2n+1)

C. = Sp(n)
D, = SO0(2n)

The exceptional groups are
E67E77E87F47 G2

A semi-simple Lie algebra is determined up to isomorphism by specifying which simple sum-
mands occur and how many times each one occurs.
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4.3 Proof of the classification

Recall: The root system R of a Lie algebra has the following properties:
1. Ris afinite set.
2. If & € R, then also —@ € R.
3. For any @ € R the reflection W, maps R to itself.
4. Tf & and P are root vectors then 28 - p /|oif? is an integer.

With the help of an ordering we can divide the root vectors into a disjoint union of positive and
negative roots:

R = RTUR.
A positive root vector is called simple if it is not the sum of two other positive roots.

The angle between two simple roots is either 90°, 120°, 135° or 150°

The Dynkin diagram of the root system is constructed by drawing one node o for each sim-
ple root and joining two nodes by a number of lines depending on the angle 6 between the two
roots:

no lines o O if 6 = 90°
one line o—0 if 6 = 120°
two lines =0 if @ = 135°

three lines C==0 if 6 = 150°

When there is one line, the roots have the same length. If two roots are connected by two or three
lines, an arrow is drawn pointing from the longer to the shorter root.

Theorem: The only possible connected Dynkin diagrams are the ones listed in the previous
section.

To prove this theorem it is sufficient to consider only the angles between the simple roots, the
relative length do not enter the proof.

Such diagrams, without the arrows to indicate the relative lengths, are called Coxeter diagrams.
Define a diagram of n nodes, with each pair connected by 0, 1, 2 or 3 lines, to be admissible if
there are n independent unit vectors €1, ..., €, in a Euclidean space with the angle between é; and
€; as follows:
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no lines o O if 6 = 90°
one line o—0 if 0 = 120°
two lines =0 if @ = 135°

three lines =0 if 6 = 150°

Theorem: The only connected admissible Coxeter graphs are the ones of the previous section
(without the arrows).

To prove this theorem, we will first prove the following lemmata:

(i) Any sub-diagram of an admissible diagram, obtained by removing some nodes and all lines
to them, will also be admissible.

(ii) There are at most (n — 1) pairs of nodes that are connected by lines. The diagram has no
loops.

(iii) No node has more than three lines to it.

(iv) In an admissible diagram, any string of nodes connected to each other by one line, with
none but the ends of the string connected to any other nodes, can be collapsed to one node,
and the resulting diagram remains admissible.

Proof of (i): Suppose we have an admissible diagram with n nodes. By definition there are n
vectors €, such that the angle between a pair of vectors is in the set

{90°,120°,135°,150°}

Removing some of the vectors €; does not change the angles between the remaining ones. There-
fore any sub-diagram of an admissible diagram is again admissible.

Proof of (ii): We have
2¢;-¢;€{0,~1,-v2,—/3}

Therefore if €; and é; are connected we have 8 > 90° and

Now

0 < (Zé)-(ié}) = n+22?3’,--2j < n—# connected pairs
J

i<j

54



Therefore
# connected pairs < n.

Connecting n nodes with (n — 1) connections (of either 1, 2 or 3 lines) implies that there are no
loops.

Proof of (iii): We first note that
(22;- Ej)z = # number of lines between &; and €.

Consider the node €; and let €;, i = 2, ..., j bet the nodes connected to €;. We want to show

Since there are no loops, no pair of €5,...,€; is connected. Therefore &, ..., €; are perpendicular
unit vectors. Further, by assumption €1, és,...,€; are linearly independent vectors. Therefore €| is
not in the span of é,,...,¢;. It follows

and therefore

i=2
Proof of (iv): / . /
N 7/ N 7/
A \1 2 r/ 7 A N/ 7
7 N — /O\
7/ N 7/ N
7/ N 7/ N
7/ N 7/ N

If €1, ..., €, are the unit vectors corresponding to the string of nodes as indicated above, then
¢ = e +..+¢é,
is a unit vector since
e A _ = \2 . — — — — — —
¢-é¢ = (é1+...+é) =r+2¢-é&r++28-&3+...++2¢,_ - &,

Further ¢ satisfies the same conditions with respect to the other vectors since & - €; is either €| - €;
or Zr e je
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With the help of these lemmata we can now prove the original theorem:
From (iii) it follows that the only connected diagram with a triple line is G».

Further we cannot have a diagram with two double lines, otherwise we would have a sub-
diagram, which we could contract as

Oo—O0—- O+ O——0C—0 — Oo—C0—=0

contradicting again (iii). By the same reasoning we cannot have a diagram with a double line
and a triple node:

Again this contradicts (iii).

To finish the case with double lines, we rule out the diagram
1 2 3 4 5
oO—O0—0—0—=0

Consider the vectors

We find
F-w)?=18, [7>*=3, [w*=6.
This violates the Cauchy-Schwarz inequality
(7w < [ .

By a similar reasoning one rules out the following (sub-) graphs with single lines:

These sub-diagrams rules out all graphs not in the list of the previous section. To finish the proof
of the theorem it remains to show that all graphs in the list are admissible. This is equivalent
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to show that for each Dynkin diagram in the list there exists a corresponding Lie algebra. (The
simple root vectors of such a Lie algebra will then have automatically the corresponding angles
of the Coxeter diagram.)

To prove the existence it is sufficient to give for each Dynkin diagram an example of a Lie alge-
bra corresponding to it. For the four families A,, B,, C, and D,, we have already seen that they
correspond to the Lie algebras of SU(n+ 1), SO(2n+ 1), Sp(n) and SO(2n) (or SL(n+1,C),
SO0(2n+1,C), Sp(n,C) and SO(2n,C) in the complex case). In addition one can write down
explicit matrix representations for the Lie algebras corresponding to the five exceptional groups
E6, E7, Eg, F4 and Gz.

Finally for the uniqueness let us recall the following theorem: Two complex semi-simple Lie
algebras are isomorphic if and only if they have the same Dynkin diagram.
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