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[LEPEWWG]

! M W ∝ ln M H

Ht

∆M W ! m2
t

∆R ! 4%

M W =
!

πα

GF
!

2

1

sinθW
!

1 " ! R

⇒ constrain MH by precisely measuring mt and MW

! M W ∼ 7 á10−3! mt

NB: for Higgs 
searches need

MW: key observable in NP searches through EW precision measurements
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current PDG value:                                              determined from 
combination of continuum W-pair production at LEP II and single-W      
at the Tevatron 

M W = (80.403± 0.029)GeV

! similarly, the top mass or masses of yet undiscovered particles could 
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• want treatment which does not break down at threshold

• want a systematic way to go beyond the DPA  

! accuracy of DPA in the continuum is !
!
"

ΓW

M W
! 0.5%

! accuracy of DPA degrades near threshold (highest sensitivity region)

improved accuracy of ILC requires to go beyond 

Two approaches available with accuracy better than 1%: 

! effective theory designed to exploit the hierarchy between the physical 
scales (M,Γ,v)

[Beneke et. al Õ07]

!  full                          calculation in the complex-mass scheme 
[Denner et. al Õ05]

O(! ) e+ e! ! 4f
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- unitarity violations, but only at the next order in PT

- split bare mass into complex renormalized mass (⇒ resummed) and 

complex counterterms (⇒ not resummed) in the Lagrangian

cos2 ! W
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Essential ingredients:

(1)  extension of the complex mass scheme to one-loop 

[Denner, Dittmaier, Roth & Wieders Õ05]

- unitarity violations, but only at the next order in PT

- split bare mass into complex renormalized mass (⇒ resummed) and 

complex counterterms (⇒ not resummed) in the Lagrangian

cos2 ! W

(2) three external fermion pairs ⇒ non-trivial spinor structure

- algorithm to reduce            spinor chains to only           independent 
spinor structures 

O(103) O(10)
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Essential ingredients:

(3) develop new numerical techniques to compute one-
loop six-point tensor integrals with complex masses    
in the loop

- based on numerical Passarino-Veltman reduction 

- need rescue systems do deal with vanishing inverse Gram determinants

- general techniques can be used for other processes 
[e.g. used for H "  4f and pp "  ttj]
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near the W-pair production threshold, i.e. for  s ≡ (p1 + p2)2 ∼ 4M 2
W
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[Beneke, Falgari, Schwinn, Signer & GZ Ô07]

e−(p1)e+(p2) → µ−øνµ u ød + X
Investigate 

near the W-pair production threshold, i.e. for  s ≡ (p1 + p2)2 ∼ 4M 2
W

k2 ! M 2
W " M 2

W v2 " M W ΓW # M 2
W

Process primarily mediated by two resonant, non-relativistic W bosons with 
virtualities 

�Ã��NLO means O(! ) : O(! W / M W ) ! O(" ew) ! O(" 2
s) ! O(v2)

ΓW /MW ! ! ew ! ! 2
s ! v2

Perform a systematic expansion in 
collectively called
for power-counting

!
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Split physical modes into

• dynamical modes: resonant Ws, soft and potential photons, high energy 
external fermions

• hard modes: non-resonant Ws, heavy states (Z, Higgs, top), massless states 
(fermions, photons) with large virtualities 

Concretely:
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Split physical modes into

with öMW any renormalized mass parameter, and ! W
T (q2) the renormalized, t ransverse

self-energy. The solut ion to this equat ion,

øs ! M2
W " iMW " W , (8)

deÞnes the pole mass and the pole width of the W . The matching coe# cient is then
given by

$ !
øs " öM2

W

öMW

pole scheme
= " i" W . (9)

In the remainder of the paper, we adopt a renormalizat ion convent ion where öMW is the
pole mass MW , in which case $ is purely imaginary. With D0 # MW ! , "D2 # M2

W ! , and
$ # MW ! , we see that the Þrst bilinear term in (6) consists of leading-order operators,
while the second is suppressed by one factor of ! , and can be regarded as a perturbat ion.
Accordingly, the propagator of the %± Þelds is

i ! i j

k0 " !k2

2M W
" !

2

. (10)

The e&ect ive theory naturally leads to a Þxed-width form of the resonance propaga-
tor. Note that it would be su# cient to keep only the one-loop expression for $ in the
propagator, and to include higher-order correct ions perturbat ively.

Loop diagrams calculated using the Lagrangian (6) receive contribut ions from soft
and potent ial photons.2 Since the potent ial photons do not correspond to on-shell part i-
cles, they can be integrated out , result ing in a non-local (Coulomb) potent ial, analogous
to potent ial non-relat ivist ic QED [27]. Up to NLO the required PNRQED Lagrangian
is

L PNRQED =
!

a= ∓

"

%†i
a

#

iD0
s +

"#2

2MW
"

$
2

$

%i
a + %†i

a
( "#2 " MW $ )2

8M3
W

%i
a

%

+
&

d3"r
'
%†i

−%i
−

(
(x + "r )

)
"

$
r

* '
%†j

+ %j
+

(
(x).

(11)

Only the (mult ipole-expanded) soft photon A0
s(t, 0) appears in the covariant derivat ive

D0
s. The potent ial W Þeld has support in a region # ! −1 in the t ime direct ion and in

a region # ! −1/ 2 in each space direct ion, hence the measure d4x in the act ion scales as
! −5/ 2. Together with #0 # ! we Þnd from the kinet ic term that %i

∓ # ! 3/ 4. Analogously
we Þnd that the non-local Coulomb potent ial scales as $/

$
! # $/v. Since we count

$ # v2, the Coulomb potent ial is suppressed by v, or $1/ 2, and need not be resummed,
in contrast to the case of top-quark pair-product ion near threshold. However, with this
count ing the Coulomb enhancement introduces an expansion in half-integer powers of
the electromagnet ic coupling, the one-loop Coulomb correct ion being a ÒN1/ 2LOÓterm.

2What we call “soft” here, is usually termed “ultrasoft” in the literature on non-relativistic QCD.
There are further modes (called “soft” there) with momentum k # M W

$
δ [26]. In the present context

these modes cause, for instance, a small modification of the QED Coulomb potential due to the one-loop
photon self-energy, but these e! ects are beyond NLO.

5
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# split loop-integrals via the strategy of regions, i.e. expand integrands 
before doing the integration      power-counting available, e.g.

! potential: 

⇒

k0 ! M W δ, |"k| ! M W δ

Practically:

# compute inclusive cross-section via the imaginary part of the forward 
scattering amplitude

∆ = ! iΓ(0)

! soft: ! d4k " ! 4M 4
Wk0 ∼MW ! , |"k| ∼ MW !

At LO:!
1

2M W (k0 " !k2 " ! / 2)
!

1
M 2

W "!

! d4k " ! 5/ 2M 4
W
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!
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δ4

1
(M W 2 δ) 4

1
M W 2 δ2

∼ ! 2
ew! " 1/ 2γs NLO

Soft 
photon 
correction

Born
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!

! ! 2
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! p

N1/2LO

∼ ! 2
ew!

!
d4k"#$%
! 5/ 2

!
d4k" p" #$%

! 5/ 2

1
(M W 2 ! )4

1
M W 2 !Single 

Coulomb 
exchange ∼ ! 2

ew!
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iA(0 )
LR =

∫
d4x 〈e!

L e+
R |T[ iO(0 )  

p (0)iO(0 )
p (x)|e!

L e+
R 〉

e−
e+e+

!

e−

!

O(0)
p O†(0)

p

Figure 2: Leading-order e" ect ive theory diagram for the forward scattering amplitude.

lat ion of the one-loop diagram:

iA (0)
LR =

! 2" 2
ew

M 4
W

!p2 " |n[i #j ]|p1" #!p1 " |n[i #j ]|p2" #

$
!

ddr
(2! )d

1
"

r 0 " !r 2

2M W
" !

2

# "
E " r 0 " !r 2

2M W
" !

2

#

= " 4i ! " 2
ew

$

"
E + i#W

MW
. (15)

Here we have deÞned E =
%

s " 2MW . We adopted the standard helicity notation
|p± # = 1±" 5

2 u(p), and used $ = " i#W , valid in the pole scheme, in the last line.
The fermion energies are set to MW in the external spinors. The calculat ion has been
performed by Þrst evaluating the r 0 integral using CauchyÕs theorem. The remaining
|$r | integral contains a linear divergence that is, however, rendered Þnite by dimensional
regularization (with d = 4 " 2%) so the d & 4 limit can be taken. The numerical
comparison of (15) to the full tree-level result and the convergence of the e" ect ive theory
approximat ion will be discussed in Sect ion 3.

Taking the imaginary part of (15) doesnot yield the cross sect ion of the four-fermion
product ion process (1) with its ßavour-speciÞc Þnal state. At leading order the correct
result is given by mult iplying the imaginary part with the leading-order branching frac-
t ion product Br(0) (W− & µ−ø&)Br (0) (W + & u ød) = 1/ 27. This procedure can be just iÞed
as follows. The imaginary part of the non-relat ivist ic propagator is given by

Im
1

E " !k 2

2M W
+ i " (0)

W
2

=
#(0)

W / 2
"

E " !k 2

2M W

#2
+ " (0)2

W
4

. (16)

Thepropagator of the! ± line implicit ly includesa string of self-energy insert ions. Taking
the imaginary part amounts to performing all possible cuts of the self-energy insert ions
while the unstable particle is not cut [24]. To obtain the total cross section for a ßavour-
speciÞc four-fermion Þnal state, only the cuts through these fermions lines have to be
taken into account. At the leading order this amounts to replacing #(0)

W in the numerator
of (16) by the corresponding partial width, here #(0)

W ! →µ! ø#µ
and #(0)

W +→u ød, respect ively.

7

annihilation/production 
operator of resonant W-pair

Leading order forward scattering ampliude:

e

e

W

W!
e

e

W

WZ

e

e

W

W

" i

Figure 1: Diagrams contributing to the tree-level matching of O(0)
p .

2.2 Product ion ver t ex, product ion-decay ver t ices and t he lead-
ing-order cross sect ion

We now turn to the production and production-decay operators appearing in the rep-
resentation (4) of the forward-scattering amplitude. The lowest-dimension production
operator must have field content (ēc2ec1) (Ω†i

! Ω†j
+ ), where the subscripts on the electron

fields stand for the two different direction labels of the collinear fields. The short-distance
coefficients follow from matching the expansion of the renormalized on-shell matrix el-
ements for e! e+ ! W ! W + in the small relative W momentum to the desired order
in ordinary weak-coupling perturbation theory. The on-shell condition for the W lines
implies that their momentum satisfies k2

1 = k2
2 = s̄ = M2

W +MW ∆, but in a perturbative
matching calculation this condition must be fulfilled only to the appropriate order in α
and δ. On the effective-theory side of the matching equation one also has to add a factor"

2MW #! 1/ 2 with

#! 1 #

!

1 +
MW ∆ + $k 2

M2
W

" 1/ 2

(12)

for each external Ω line [13].3 At tree-level, and at leading order in δ, #! 1 = 1.
Thus we are led to consider the tree-level, on-shell W pair-production amplitude

shown in Figure 1. To leading order in the non-relativistic expansion the s-channel
diagrams vanish and only the helicity configuration e!

L e+
R contributes. The corresponding

operator (including its tree-level coefficient function) reads

O(0)
p =

παew

M2
W

#
ēc2,L γ[i nj ]ec1,L

$%
Ω†i

! Ω†j
+

&
, (13)

where we have introduced the notation a[i bj ] # ai bj + aj bi and the unit-vector $n for the
direction of the incoming electron three-momentum $p1. For completeness we note that
the emission of collinear photons from the W or collinear fields of some other direction,
which leads to off-shell propagators, can be incorporated by adding Wilson lines to the
collinear fields, implying the form (ēc2,L Wc2γ

[i nj ]W †
c1

ec1,L ). However, these Wilson lines
will not be needed for our NLO calculation, since the collinear loop integrals vanish (see,
however, Section 5).

3This is the well-known (E/M )1/ 2 factor, which accounts for the normalizat ion of non-relat ivist ic
Þelds, generalized to unstable part icles and general mass renormalizat ion convent ions.

6

�ã

s-channel diags. 
higher order

O(0)
p =

ig2
w

2M2
W

øeL ! { i , nk } eL ! i !
" ! j !

+
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L e+
R |T[ iO(0 )  

p (0)iO(0 )
p (x)|e!

L e+
R 〉

e−
e+e+

!

e−

!

O(0)
p O†(0)

p

Figure 2: Leading-order e" ect ive theory diagram for the forward scattering amplitude.

lat ion of the one-loop diagram:

iA (0)
LR =

! 2" 2
ew

M 4
W

!p2 " |n[i #j ]|p1" #!p1 " |n[i #j ]|p2" #

$
!

ddr
(2! )d

1
"

r 0 " !r 2

2M W
" !

2

# "
E " r 0 " !r 2

2M W
" !

2

#

= " 4i ! " 2
ew

$

"
E + i#W

MW
. (15)

Here we have deÞned E =
%

s " 2MW . We adopted the standard helicity notation
|p± # = 1±" 5

2 u(p), and used $ = " i#W , valid in the pole scheme, in the last line.
The fermion energies are set to MW in the external spinors. The calculat ion has been
performed by Þrst evaluating the r 0 integral using CauchyÕs theorem. The remaining
|$r | integral contains a linear divergence that is, however, rendered Þnite by dimensional
regularization (with d = 4 " 2%) so the d & 4 limit can be taken. The numerical
comparison of (15) to the full tree-level result and the convergence of the e" ect ive theory
approximat ion will be discussed in Sect ion 3.

Taking the imaginary part of (15) doesnot yield the cross sect ion of the four-fermion
product ion process (1) with its ßavour-speciÞc Þnal state. At leading order the correct
result is given by mult iplying the imaginary part with the leading-order branching frac-
t ion product Br(0) (W− & µ−ø&)Br (0) (W + & u ød) = 1/ 27. This procedure can be just iÞed
as follows. The imaginary part of the non-relat ivist ic propagator is given by

Im
1

E " !k 2

2M W
+ i " (0)

W
2

=
#(0)

W / 2
"

E " !k 2

2M W

#2
+ " (0)2

W
4

. (16)

Thepropagator of the! ± line implicit ly includesa string of self-energy insert ions. Taking
the imaginary part amounts to performing all possible cuts of the self-energy insert ions
while the unstable particle is not cut [24]. To obtain the total cross section for a ßavour-
speciÞc four-fermion Þnal state, only the cuts through these fermions lines have to be
taken into account. At the leading order this amounts to replacing #(0)

W in the numerator
of (16) by the corresponding partial width, here #(0)

W ! →µ! ø#µ
and #(0)

W +→u ød, respect ively.

7

annihilation/production 
operator of resonant W-pair

Leading order forward scattering ampliude:

e

e

W

W!
e

e

W

WZ

e

e

W

W

" i

Figure 1: Diagrams contributing to the tree-level matching of O(0)
p .

2.2 Product ion ver t ex, product ion-decay ver t ices and t he lead-
ing-order cross sect ion

We now turn to the production and production-decay operators appearing in the rep-
resentation (4) of the forward-scattering amplitude. The lowest-dimension production
operator must have field content (ēc2ec1) (Ω†i

! Ω†j
+ ), where the subscripts on the electron

fields stand for the two different direction labels of the collinear fields. The short-distance
coefficients follow from matching the expansion of the renormalized on-shell matrix el-
ements for e! e+ ! W ! W + in the small relative W momentum to the desired order
in ordinary weak-coupling perturbation theory. The on-shell condition for the W lines
implies that their momentum satisfies k2

1 = k2
2 = s̄ = M2

W +MW ∆, but in a perturbative
matching calculation this condition must be fulfilled only to the appropriate order in α
and δ. On the effective-theory side of the matching equation one also has to add a factor"

2MW #! 1/ 2 with

#! 1 #

!

1 +
MW ∆ + $k 2

M2
W

" 1/ 2

(12)

for each external Ω line [13].3 At tree-level, and at leading order in δ, #! 1 = 1.
Thus we are led to consider the tree-level, on-shell W pair-production amplitude

shown in Figure 1. To leading order in the non-relativistic expansion the s-channel
diagrams vanish and only the helicity configuration e!

L e+
R contributes. The corresponding

operator (including its tree-level coefficient function) reads

O(0)
p =

παew

M2
W

#
ēc2,L γ[i nj ]ec1,L

$%
Ω†i

! Ω†j
+

&
, (13)

where we have introduced the notation a[i bj ] # ai bj + aj bi and the unit-vector $n for the
direction of the incoming electron three-momentum $p1. For completeness we note that
the emission of collinear photons from the W or collinear fields of some other direction,
which leads to off-shell propagators, can be incorporated by adding Wilson lines to the
collinear fields, implying the form (ēc2,L Wc2γ

[i nj ]W †
c1

ec1,L ). However, these Wilson lines
will not be needed for our NLO calculation, since the collinear loop integrals vanish (see,
however, Section 5).

3This is the well-known (E/M )1/ 2 factor, which accounts for the normalizat ion of non-relat ivist ic
Þelds, generalized to unstable part icles and general mass renormalizat ion convent ions.
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Comparison with numerical results for the unpolarized cross-section:

⇒ convergence of successive EFT approximations towards ÒexactÓ Born

Input parameters:
α ! αGµ =

"
2Gµ M2

W s2
W /π ! (0)

W = 2.04483GeV

“exact” Born:  all 10 tree 
level diagrams with fixed-
width prescription

EFT: expand directly the 
forward amplitude, include 
all NLO corrections 
except loops

156 158 160 162 164 166 168 170

! """"
s #GeV$

100

200

300

400

500

600

Σ#fb$

exact Born

EFT#NLO$
EFT#

! """"""
N LO$

EFT#LO$

Figure 6: Successive EFT approximat ions: LO (long-dashed/ blue), N1/ 2LO (dash-
dot ted/ red) and NLO (short-dashed/ green). Thesolid/ black curve is the full Born result
computed with Whizard/ CompHep. The N3/ 2LO EFT approximat ion is indist inguish-
able from the full Born result on the scale of this plot .

Whizard [17] for the tree-level cross-sect ion, and the successive effect ive-theory approxi-
mat ions. We used the Þxed-width scheme in Whizard and checked that the results from
the OÕMega [34], CompHep [18] and MadGraph [20] matrix elements agree within the
numerical error of the Monte-Carlo integrat ion. The large constant shift of about 100 fb
by the N1/ 2LO correct ion from the hard region is clearly visible, but the NLO approx-
imat ion is already close to the full Born calculat ion. In Table 1 we perform a more
detailed numerical comparison, now including also the N3/ 2LO approximat ion. (The
missing energy-independent N3/ 2LO terms are set to zero.) We observe that the conver-
gence of the expansion is very good close to the threshold at

!
s " 161GeV, as should be

expected. The accuracy of the approximat ion degrades as one moves away from thresh-
old, part icularly below threshold, where thedoubly-resonant potent ial conÞgurat ions are
kinemat ically suppressed. If one aims at 0.5% accuracy of the cross sect ion, the NLO
approximat ion suffices only in a rather narrow region around threshold. Including the
N3/ 2LO term from the Þrst correct ion in the expansion in the hard region leads to a
clear improvement both above (# 0.1% at 170 GeV) and below threshold (# 10% at
155 GeV). The energy region where the target accuracy is met now covers the region of
interest for the W mass determinat ion (see Sect ion 6.4).

4 Radiat ive cor rect ions

In this sect ion we calculate the NLO contribut ions that correspond to genuine loop
correct ions to four-fermion product ion. As out lined in Sect ion 2.3 there are several such

21

[Whizard]
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Classification of genuine loop corrections to four-fermion production:

• potential photon exchange due to Coulomb force between slow Ws

• soft photon corrections

• initial state radiation 

•             electro-weak corrections to W-pair production operatorO(αew )

•                                             to W-decay operatorO(αew ), O(αew αs), O(α2
ew )
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•             correction to production vertex      :
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Figure 7: Sample diagrams contributing to the matching of the production operator Op

at one loop.

The diagrams for the e! (p1)e+ (p2) ! W ! (k1)W + (k2) scattering process are gener-
ated with FeynArts [37] and the algebra is performed with FeynCalc [38]. At one loop,
there are 65 two-point diagrams, 84 three-point diagrams and 31 four-point diagrams
(generically counting up-type quarks, down type quarks, leptons and neutrinos), some of
which are shown in Figure 7. Due to the simplified kinematics, many of these diagrams
do not contribute. In fact, since the one-loop contributions are already suppressed by
! ew " " it is sufficient to take the leading order in the non-relativistic expansion of the
one-loop diagrams and to set k2

1, k2
2 to M2

W rather than to the complex pole position.
Thus, for the W momenta we use k1 = k2 = MW v whereas the incoming lepton momenta
can be parametrized as p1 = (MW , #p ) and p2 = (MW , # #p ) with |#p | = MW . This results
in two simplifications. First, many diagrams vanish consistent with the fact that the
tree-level s-channel diagrams do not contribute at leading order in the non-relativistic
expansion. Second, the number of scales present in the loop integrals is reduced. Due to
the simplified kinematics, all box integrals can be reduced to triangle diagrams and the
one-loop correction to the amplitude for the process e!

L e+
R ! W ! W + takes the simple

form
A W W =

$! ew

M2
W

C (1)
p,L R (p1 # p2)µ $p2 # |%%3%µ

4+%%4%µ
3 |p1# & (50)

expected from (23), with %µ
3,4 denoting the polarization vectors of the W bosons. (For

h = RL, the fermion helicities are reversed.) The scalar coefficients C (1)
p,h can be obtained

by projections of the full amplitude. Thus, we are left with the calculation of a scalar
quantity and standard techniques for the reduction of tensor and scalar integrals can be
applied.

In the computation of C (1)
p,RL all poles cancel and we are left with a finite result. This

is to be expected, since the corresponding Born term vanishes, as indicated in (13). For

C (1)
p,L R , the matching coefficient of the operator that does not vanish at tree level, the

poles do not cancel. After adding the counterterm (46) with n = 2, it takes the form

C (1)
p,L R =

!
2$

[

(

#
1

%2
#

3

2%

) (

#
4M2

W

µ2

)! !

+ c(1,Þn)
p,L R

]

, (51)

where the finite part c(1,Þn)
p,L R together with the expression for C (1)

p,RL is given explicitly
in Appendix B. For the final expression of the matching coefficient, the poles have to

24

At NLO need only on-shell corrections  
⇒ only t-channel diagrams survive & reduced number of scales

O(! ew) Cp

(p2
1, p2

2 = 0, k2
W + , k2

W ! = M 2
W )



Production/decay vertices at NLO

16

•             correction to production vertex      :
e

e

W

W

νi

νj

ek W

e

e

W

W

νi

γ

e W

e

e

W

W

νi

W

W

γ

e

e

W

W

e

Z

γ

W

Figure 7: Sample diagrams contributing to the matching of the production operator Op

at one loop.

The diagrams for the e! (p1)e+ (p2) ! W ! (k1)W + (k2) scattering process are gener-
ated with FeynArts [37] and the algebra is performed with FeynCalc [38]. At one loop,
there are 65 two-point diagrams, 84 three-point diagrams and 31 four-point diagrams
(generically counting up-type quarks, down type quarks, leptons and neutrinos), some of
which are shown in Figure 7. Due to the simplified kinematics, many of these diagrams
do not contribute. In fact, since the one-loop contributions are already suppressed by
! ew " " it is sufficient to take the leading order in the non-relativistic expansion of the
one-loop diagrams and to set k2

1, k2
2 to M2

W rather than to the complex pole position.
Thus, for the W momenta we use k1 = k2 = MW v whereas the incoming lepton momenta
can be parametrized as p1 = (MW , #p ) and p2 = (MW , # #p ) with |#p | = MW . This results
in two simplifications. First, many diagrams vanish consistent with the fact that the
tree-level s-channel diagrams do not contribute at leading order in the non-relativistic
expansion. Second, the number of scales present in the loop integrals is reduced. Due to
the simplified kinematics, all box integrals can be reduced to triangle diagrams and the
one-loop correction to the amplitude for the process e!

L e+
R ! W ! W + takes the simple

form
A W W =

$! ew

M2
W

C (1)
p,L R (p1 # p2)µ $p2 # |%%3%µ

4+%%4%µ
3 |p1# & (50)

expected from (23), with %µ
3,4 denoting the polarization vectors of the W bosons. (For

h = RL, the fermion helicities are reversed.) The scalar coefficients C (1)
p,h can be obtained

by projections of the full amplitude. Thus, we are left with the calculation of a scalar
quantity and standard techniques for the reduction of tensor and scalar integrals can be
applied.

In the computation of C (1)
p,RL all poles cancel and we are left with a finite result. This

is to be expected, since the corresponding Born term vanishes, as indicated in (13). For

C (1)
p,L R , the matching coefficient of the operator that does not vanish at tree level, the

poles do not cancel. After adding the counterterm (46) with n = 2, it takes the form

C (1)
p,L R =

!
2$

[

(

#
1

%2
#

3

2%

) (

#
4M2

W

µ2

)! !

+ c(1,Þn)
p,L R

]

, (51)

where the finite part c(1,Þn)
p,L R together with the expression for C (1)

p,RL is given explicitly
in Appendix B. For the final expression of the matching coefficient, the poles have to
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At NLO need only on-shell corrections  
⇒ only t-channel diagrams survive & reduced number of scales
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Cd•                                    virtual and real corrections to decay vertex      :

W

u

d

u

d

! / Z
W

u

d

! / Z

W

u
W

u

d

W

! / Z

d

Figure 8: Diagrams contribut ing to the virtual correct ion C(1)
d,h at one loop.

4.1.2 Decay corrections

Next we discuss the electroweak correct ion to the matching coefficient ∆. In the pole
mass and on-shell Þeld renormalizat ion scheme ∆(2,ew) = ! iΓ(1,ew) = iMW ImΠ(2,0) . The
cuts of the 2-loop electroweak W self-energy consist of two parts, corresponding to the
virtual and real hard correct ions to the W pole decay width. Dealing with the total
cross sect ion, we only need the sum of these two. However, we also have to discuss how
to obtain results for the ßavour-speciÞc process e+ e− " µ−ø! µ u ødX . To aid this, we will
discuss the virtual and real correct ions separately, start ing with the former.

The virtual one-loop correct ion to the pole-scheme decay width into a single lepton
(l) or quark (h) doublet can be writ ten as

Γ(1,virt )
W,l / h = 2Γ(0)

W,l / h ReC(1)
d,l / h, (57)

where the tree-level widths in d dimensions are Γ(0)
W,l = Γ(0)

µ! ø! µ
= " ewMW / 12 + O(#) and

Γ(0)
W,h = Γ(0)

u ød = 3Γ(0)
W,l . The calculat ion of C(1)

d,h involves the evaluat ion of the diagrams
depicted in Figure 8 with obvious modiÞcat ions for the leptonic decay. After adding the
counterterm (46) with n = 1 we obtain

C(1)
d,l / h =

"
2$

[

(

!
1

2#2
!

5
4#

) (

M 2
W

µ2

)−"

+ Qf
øQf

(

!
1
#2

!
3
2#

) (

!
M 2

W

µ2

)−"

+ c(1,Þn)
d,l / h

]

,

(58)
where for the leptonic (hadronic) decay we have to set the electric charges to Qf =
! 1, øQf = 0 (Qf = 2/ 3, øQf = ! 1/ 3 ). The Þnite parts c(1,Þn)

d,l / h of the matching coefficients
are given explicit ly in Appendix B. Numerically,

c(1,Þn)
d,l = ! 2.709 ! 0.552i , c(1,Þn)

d,h = ! 2.034 ! 0.597i , (59)

for MW = 80.377GeV, MZ = 91.188GeV, mt = 174.2GeV, and MH = 115GeV.
To this we have to add the correct ion due to hard real radiat ion of a single photon.

Since the corresponding soft correct ions vanish, the hard real correct ions are equivalent
to the real correct ions evaluated in thestandard electroweak theory and their calculat ion
is straight forward. We compute the bremsstrahlung diagrams and integrate the squared
amplitude (divided by 2MW ) over the d-dimensional phase-space [39]. The expression
thus obtained contains infrared (double) poles which cancel the poles in (57) and we

26

QCD corrections taken into account by multiplying the Born cross-
section with 

! QCD = 1 +
" s

#
+ 1.409

" 2
s

#2

NB: all conventional PT calculations, strict expansion in the couplings

O(! ew),O(! s),O(! 2
s )



Coulomb and soft corrections at NLO 

17

• Coulomb effects: 
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Figure 9: First and second order Coulomb correction.

are left with finite expressions for the flavour-specific leptonic and hadronic matching
coe" cients. Including the (two-loop) QCD correction to the hadronic decay, they read

# (2)
l = ! i $(1,ew)

W,l ,

# (2)
h = ! i

!
$(1,ew)

W,h + 1.409
! 2

s

" 2
$(0)

W,h

"
,

$(1,ew)
W,l / h = $(0)

W,l / h

!
2"

!
2 Re c(1,Þn)

d,l / h +

#
101

12
+

19

2
Qf Q̄f !

7" 2

12
!

" 2

6
Qf Q̄f

$ "
. (60)

Strictly speaking, for the computation of these matching coe" cients we have to expand
around the complex pole s̄ and not around M 2

W . However, the di%erence in the width is
of order ! 3 and thus beyond NLO [2].

4.2 Coulomb cor rect ions

The exchange of potential photons with energy k0 " MW # and three-momentum $k "
MW

#
#, shown in Figure 9, corresponds to insertions of the non-local four-boson inter-

actions in the e%ective Lagrangian (11). These insertions can be summed to all orders
in terms of the Green function Gc($r ,$r ′; E ) of the Schrödinger operator ! $$ 2/ MW ! ! / r
evaluated at $r = $r ′ = 0. Using the representation of the Green function given in [40],
we obtain [41]

iA coulomb = ! 4i " ! 2
ew!

%
&

'
1

2
ln

(

!
E + i$(0)

W

MW

)

+ %

*

+ 1 !
!

2
,

! (E + i$(0)
W )/ MW

-

.

/
0

1
, (61)

where %(x) is Euler’s psi-function, and a subtraction-scheme dependent real constant
that drops out in the cross section has been omitted. The diagram with no photon
exchange is not included in this expression, since it corresponds to the leading-order
amplitude (15). The logarithm constitutes a ! /

#
# "

#
# correction relative to the

leading-order scattering amplitude (15). The expansion of the psi-function in ! results
in an expansion in powers of

#
#. Thus, the Coulomb correction up to NLO reads

# &(1)
C ou l omb =

4" ! 2

27s4
ws

Im

2

!
!
2

ln

(

!
E + i$(0)

W

MW

)

+
! 2" 2

12

3

!
MW

E + i$(0)
W

4

. (62)

27

Exchange of n Coulomb photons scales as    
⇒ no resummation needed (unlike top), need only 2 photon exchange
⇒ at threshold one (two)-photon exchange amounts to 5% (few ‰) 

αn (M W / ! W )n/ 2 ! αn δ! n/ 2
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Figure 10: Soft -photon diagrams in the e" ect ive theory: Init ial-init ial state interfer-
ence (ii), init ial-intermediate state interference (im) and intermediate-intermediate state
interference (mm). Symmetric diagrams are not shown.

This contributes only to the LR helicity cross sect ion, since the product ion operator at
the vert ices in Figure 9 is the leading order one (13). Direct ly at threshold (E = 0) the
one-photon exchange N1/ 2LO term (the logarithm in (62)) is of order 5% relat ive to the
leading order. Two-photon exchange is only a few-permille correct ion, conÞrming the
expectat ion that Coulomb exchanges do not have to be summed to all orders due to the
large width of the W boson. The one and two Coulomb-exchange terms have already
been discussed in [10,11].

4.3 Soft-photon corrections

We now turn to the radiat ive correct ion originat ing from soft -photon exchange. These
are O(! ) contribut ions to the forward-scat tering amplitude, and correspond to two-
loop diagrams in the e" ect ive theory containing a photon with momentum components
q0 ∼ |"q| ∼ MW #. The relevant Feynman rules are given by the coupling of the soft
photon to the ! ± Þelds in the PNRQED Lagrangian (11) and to the collinear electrons
and posit rons contained in the SCET Lagrangian. The lat ter is simply the eikonal
coupling ±ienµ , where nµ is the direct ion of the four-momentum of the electron or
posit ron. The topologies contribut ing to the two-loop forward-scat tering amplitude are
shown in Figure 10. The W-boson vert ices are leading-order product ion vert ices, hence
at NLO the soft correct ion applies only to the left -right e! e+ helicity forward-scat tering
amplitude. Note that (mm2) is not a double-count ing of the Coulomb-exchange diagram
in Figure 9, since the two diagrams refer to di" erent loop momentum regions.

It is well known that for the process e! e+ → W ! W + → f 1
øf 2f 3

øf 4 the soft -photon
correct ions related to the Þnal state cancel for the inclusive cross sect ion [42, 43]. The
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W )

Various cancellations: 
• soft photon corrections to final 

state cancel in inclusive quantities 
• diagrams (im) cancel pairwise
• diagram (ii2) scaleless
• (ii3)    
   ⇒ only diagram (ii1) survives
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Figure 9: First and second order Coulomb correction.

are left with finite expressions for the flavour-specific leptonic and hadronic matching
coe" cients. Including the (two-loop) QCD correction to the hadronic decay, they read
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Strictly speaking, for the computation of these matching coe" cients we have to expand
around the complex pole s̄ and not around M 2

W . However, the di%erence in the width is
of order ! 3 and thus beyond NLO [2].

4.2 Coulomb cor rect ions

The exchange of potential photons with energy k0 " MW # and three-momentum $k "
MW

#
#, shown in Figure 9, corresponds to insertions of the non-local four-boson inter-

actions in the e%ective Lagrangian (11). These insertions can be summed to all orders
in terms of the Green function Gc($r ,$r ′; E ) of the Schrödinger operator ! $$ 2/ MW ! ! / r
evaluated at $r = $r ′ = 0. Using the representation of the Green function given in [40],
we obtain [41]
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where %(x) is Euler’s psi-function, and a subtraction-scheme dependent real constant
that drops out in the cross section has been omitted. The diagram with no photon
exchange is not included in this expression, since it corresponds to the leading-order
amplitude (15). The logarithm constitutes a ! /

#
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leading-order scattering amplitude (15). The expansion of the psi-function in ! results
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27

Exchange of n Coulomb photons scales as    
⇒ no resummation needed (unlike top), need only 2 photon exchange
⇒ at threshold one (two)-photon exchange amounts to 5% (few ‰) 

αn (M W / ! W )n/ 2 ! αn δ! n/ 2
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• Initial state radiation (collinear and soft photons):

Scaleless diagrams for massless on-shell initial state fermions 
 �Ã��vanishing contribution

• Summary of radiative corrections:

�Ã��Partonic cross-section not finite. IR safety recovered after convolution 
          with e+/e- distribution functions containing collinear effects
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Figure 11: Collinear-photon diagrams in the e" ect ive theory. Two symmetric diagrams
are not shown.

4.4 Coll inear -phot on cor rect ions

Finally we consider collinear-photon correct ions, corresponding to photon energies of
order MW , and photon virtuality of order MW #W . The four-momentum of the photon
is proport ional to the init ial-state electron or posit ron momentum. The collinear photon
couplings arise from the SCET Lagrangian, while their couplings to the W bosons is
encoded in the collinear Wilson lines in the product ion operators. The diagrams corre-
sponding to NLO contribut ions are shown in Figure 11. As discussed in [13] all these
diagrams are scaleless for on-shell, massless init ial-state part icles. However, we shall
have to say more about collinear e" ects in Sect ion 5, when we include the resummat ion
of large init ial-state radiat ion logarithms.

4.5 Summary of radiat ive cor rect ions

The radiat ive correct ion to the next-to-leading order cross sect ion is given by the sum
of the correct ions (56), (65), (62), (35) computed in the previous sect ions,
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Recall that this refers to the e−Le+
R helicity init ial state, while there are no radiat ive

correct ions to the other helicity combinat ions at NLO. The radiat ive correct ion to the
unpolarized cross sect ion is one fourth of the LR contribut ion.

Because of the approximat ion me = 0, the cross sect ion is not infrared-safe, as can
be seen by summing the four contribut ions. The Coulomb and decay correct ions are free
of infrared singularit ies. For the sum of the soft (63) and hard (56) terms we obtain the
following expression:

$ ! (1)
hard + $ ! (1)

soft =
16" 2#2

ew

27M2
Ws

#
"

Im

{

(! i) ÷µ2!
∫

ddr

(2" )d

1 ! $
%−%+

"
[

!
1
$

(

2ln
(

!
%−

MW

)

+
3
2

)

+ 2ln2

(

!
2%−
µ

)

! 2 ln2

(

2MW

µ

)

+ 3ln
(

2MW

µ

)

+ Re
[

c(1,Þn)
p,LR

]

+
11" 2

12

]

}

. (67)

30



ISR and finite cross-section
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After convolution the physical cross-section is

! h (s) =
∫ 1

0
dx1

∫ 1

0
dx2 ! MS

ee (x1)! MS
ee (x2) ö! MS

h (x1x2s)

However,             in the literature uses mass regularization and sums only 
leading logarithms                 

! LL
ee (x)

! n lnn (Q2/m 2
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Input: me = 0.510MeV, ! Gµ =
!

2GµM 2
W s2

W / " , ! s = ! s(80.4GeV) = 0.1199

M W = 80.377GeV, M Z = 91.188GeV, M H = 115GeV, mt = 174.2GeV

! (e! e+ ! µ! ø" µu ødX )(fb)
"

s [GeV] Born Born(ISR) NLO NLO(ISR-tree)

158 61.67(2) 45.64(2) 49.19(2) 50.02(2)

[-26.0%] [-20.2%] [-18.9%]

161 154.19(6) 108.60(4) 117.81(5) 120.00(5)

[-29.6%] [-23.6%] [-22.2%]

164 303.0(1) 219.7(1) 234.9(1) 236.8(1)

[-27.5%] [-22.5%] [-21.8%]

167 408.8(2) 310.2(1) 328.2(1) 329.1(1)

[-24.1%] [-19.7%] [-19.5%]

170 481.7(2) 378.4(2) 398.0(2) 398.3(2)

[-21.4%] [-17.4%] [-17.3%]

Table 3: Two NLO implementat ions of the e! ect ive-theory calculat ion, which di! er by
the treatment of init ial-state radiat ion compared to the ÒexactÓBorn cross sect ion with-
out (second column) and with (third column) ISR improvement. The relat ive correct ion
in brackets is given with respect to the Born cross sect ion in the second column.

to 155GeV to 150GeV (140 GeV), changes the cross sect ion at
"

s = 161 GeV from
117.81fb to 117.87fb (117.91fb), while the dependence on the cut-o! for higher cms
energy is even smaller.

Our result for the NLO four-fermion cross sect ion is shown in Table 3. The impact of
radiat ive correct ions is seen by comparing the exact Born cross sect ion (second column,
ident ical to the last column in Table 2), the ISR-improved Born cross sect ion (third
column) and the NLO result (fourth column). As is well-known init ial-state radiat ion
results in a large negat ive correct ion (about 25%). The size of the genuine radiat ive
correct ion is best assessed by comparing the ÒNLOÓcolumn to the ÒBorn(ISR)Ócolumn
and thus seen to be about + 8%. Given that we aim at a theoret ical accuracy at the
sub-percent level, this is an important e! ect . We shall discuss below, in Sect ion 6.4, an
est imate of the remaining uncertainty of the NLO cross sect ion.

One uncertainty is related to the fact that the convent ional implementat ion of ISR
sums only leading logarithms, whereas a NLO calculat ion of the partonic cross sect ion
should be accompanied by a next-to-leading logarithmic resummat ion. Thus rather
than convolut ing the full NLO partonic cross sect ion with thestructure funct ions asdone
aboveand indicated in (71), onecould equally well convolute only theBorn cross sect ion,
and add the radiat ive correct ion without ISR improvement, as done in some previous
NLO calculat ions [6,15]. Although we favour the Þrst opt ion, the two implementat ions
are formally equivalent , because the di! erence is a next-to-leading logarithmic term.
We therefore consider this di! erence as an est imate of the uncertainty induced by the

37



Results

20

Input: me = 0.510MeV, ! Gµ =
!

2GµM 2
W s2

W / " , ! s = ! s(80.4GeV) = 0.1199

M W = 80.377GeV, M Z = 91.188GeV, M H = 115GeV, mt = 174.2GeV

! (e! e+ ! µ! ø" µu ødX )(fb)
"

s [GeV] Born Born(ISR) NLO NLO(ISR-tree)

158 61.67(2) 45.64(2) 49.19(2) 50.02(2)

[-26.0%] [-20.2%] [-18.9%]

161 154.19(6) 108.60(4) 117.81(5) 120.00(5)

[-29.6%] [-23.6%] [-22.2%]

164 303.0(1) 219.7(1) 234.9(1) 236.8(1)

[-27.5%] [-22.5%] [-21.8%]

167 408.8(2) 310.2(1) 328.2(1) 329.1(1)

[-24.1%] [-19.7%] [-19.5%]

170 481.7(2) 378.4(2) 398.0(2) 398.3(2)

[-21.4%] [-17.4%] [-17.3%]

Table 3: Two NLO implementat ions of the e! ect ive-theory calculat ion, which di! er by
the treatment of init ial-state radiat ion compared to the ÒexactÓBorn cross sect ion with-
out (second column) and with (third column) ISR improvement. The relat ive correct ion
in brackets is given with respect to the Born cross sect ion in the second column.

to 155GeV to 150GeV (140 GeV), changes the cross sect ion at
"

s = 161 GeV from
117.81fb to 117.87fb (117.91fb), while the dependence on the cut-o! for higher cms
energy is even smaller.

Our result for the NLO four-fermion cross sect ion is shown in Table 3. The impact of
radiat ive correct ions is seen by comparing the exact Born cross sect ion (second column,
ident ical to the last column in Table 2), the ISR-improved Born cross sect ion (third
column) and the NLO result (fourth column). As is well-known init ial-state radiat ion
results in a large negat ive correct ion (about 25%). The size of the genuine radiat ive
correct ion is best assessed by comparing the ÒNLOÓcolumn to the ÒBorn(ISR)Ócolumn
and thus seen to be about + 8%. Given that we aim at a theoret ical accuracy at the
sub-percent level, this is an important e! ect . We shall discuss below, in Sect ion 6.4, an
est imate of the remaining uncertainty of the NLO cross sect ion.

One uncertainty is related to the fact that the convent ional implementat ion of ISR
sums only leading logarithms, whereas a NLO calculat ion of the partonic cross sect ion
should be accompanied by a next-to-leading logarithmic resummat ion. Thus rather
than convolut ing the full NLO partonic cross sect ion with thestructure funct ions asdone
aboveand indicated in (71), onecould equally well convolute only theBorn cross sect ion,
and add the radiat ive correct ion without ISR improvement, as done in some previous
NLO calculat ions [6,15]. Although we favour the Þrst opt ion, the two implementat ions
are formally equivalent , because the di! erence is a next-to-leading logarithmic term.
We therefore consider this di! erence as an est imate of the uncertainty induced by the

37

�Ã��NB: need to perform convolution at                  : use ISR-improved
     Born below    155 GeV. Cut-off dependence negligible (    0.05%)

!
s " 2M 2

W

∼∼



Results

20

�Ã�� ISR results in large negative correction (    -25%)!

Input: me = 0.510MeV, ! Gµ =
!

2GµM 2
W s2

W / " , ! s = ! s(80.4GeV) = 0.1199

M W = 80.377GeV, M Z = 91.188GeV, M H = 115GeV, mt = 174.2GeV

! (e! e+ ! µ! ø" µu ødX )(fb)
"

s [GeV] Born Born(ISR) NLO NLO(ISR-tree)

158 61.67(2) 45.64(2) 49.19(2) 50.02(2)

[-26.0%] [-20.2%] [-18.9%]

161 154.19(6) 108.60(4) 117.81(5) 120.00(5)

[-29.6%] [-23.6%] [-22.2%]

164 303.0(1) 219.7(1) 234.9(1) 236.8(1)

[-27.5%] [-22.5%] [-21.8%]

167 408.8(2) 310.2(1) 328.2(1) 329.1(1)

[-24.1%] [-19.7%] [-19.5%]

170 481.7(2) 378.4(2) 398.0(2) 398.3(2)

[-21.4%] [-17.4%] [-17.3%]

Table 3: Two NLO implementat ions of the e! ect ive-theory calculat ion, which di! er by
the treatment of init ial-state radiat ion compared to the ÒexactÓBorn cross sect ion with-
out (second column) and with (third column) ISR improvement. The relat ive correct ion
in brackets is given with respect to the Born cross sect ion in the second column.

to 155GeV to 150GeV (140 GeV), changes the cross sect ion at
"

s = 161 GeV from
117.81fb to 117.87fb (117.91fb), while the dependence on the cut-o! for higher cms
energy is even smaller.

Our result for the NLO four-fermion cross sect ion is shown in Table 3. The impact of
radiat ive correct ions is seen by comparing the exact Born cross sect ion (second column,
ident ical to the last column in Table 2), the ISR-improved Born cross sect ion (third
column) and the NLO result (fourth column). As is well-known init ial-state radiat ion
results in a large negat ive correct ion (about 25%). The size of the genuine radiat ive
correct ion is best assessed by comparing the ÒNLOÓcolumn to the ÒBorn(ISR)Ócolumn
and thus seen to be about + 8%. Given that we aim at a theoret ical accuracy at the
sub-percent level, this is an important e! ect . We shall discuss below, in Sect ion 6.4, an
est imate of the remaining uncertainty of the NLO cross sect ion.

One uncertainty is related to the fact that the convent ional implementat ion of ISR
sums only leading logarithms, whereas a NLO calculat ion of the partonic cross sect ion
should be accompanied by a next-to-leading logarithmic resummat ion. Thus rather
than convolut ing the full NLO partonic cross sect ion with thestructure funct ions asdone
aboveand indicated in (71), onecould equally well convolute only theBorn cross sect ion,
and add the radiat ive correct ion without ISR improvement, as done in some previous
NLO calculat ions [6,15]. Although we favour the Þrst opt ion, the two implementat ions
are formally equivalent , because the di! erence is a next-to-leading logarithmic term.
We therefore consider this di! erence as an est imate of the uncertainty induced by the

37

�Ã��NB: need to perform convolution at                  : use ISR-improved
     Born below    155 GeV. Cut-off dependence negligible (    0.05%)

!
s " 2M 2

W

∼∼



Results

20

�Ã�� ISR results in large negative correction (    -25%)!

Input: me = 0.510MeV, ! Gµ =
!

2GµM 2
W s2

W / " , ! s = ! s(80.4GeV) = 0.1199

M W = 80.377GeV, M Z = 91.188GeV, M H = 115GeV, mt = 174.2GeV

! (e! e+ ! µ! ø" µu ødX )(fb)
"

s [GeV] Born Born(ISR) NLO NLO(ISR-tree)

158 61.67(2) 45.64(2) 49.19(2) 50.02(2)

[-26.0%] [-20.2%] [-18.9%]

161 154.19(6) 108.60(4) 117.81(5) 120.00(5)

[-29.6%] [-23.6%] [-22.2%]

164 303.0(1) 219.7(1) 234.9(1) 236.8(1)

[-27.5%] [-22.5%] [-21.8%]

167 408.8(2) 310.2(1) 328.2(1) 329.1(1)

[-24.1%] [-19.7%] [-19.5%]

170 481.7(2) 378.4(2) 398.0(2) 398.3(2)

[-21.4%] [-17.4%] [-17.3%]

Table 3: Two NLO implementat ions of the e! ect ive-theory calculat ion, which di! er by
the treatment of init ial-state radiat ion compared to the ÒexactÓBorn cross sect ion with-
out (second column) and with (third column) ISR improvement. The relat ive correct ion
in brackets is given with respect to the Born cross sect ion in the second column.

to 155GeV to 150GeV (140 GeV), changes the cross sect ion at
"

s = 161 GeV from
117.81fb to 117.87fb (117.91fb), while the dependence on the cut-o! for higher cms
energy is even smaller.

Our result for the NLO four-fermion cross sect ion is shown in Table 3. The impact of
radiat ive correct ions is seen by comparing the exact Born cross sect ion (second column,
ident ical to the last column in Table 2), the ISR-improved Born cross sect ion (third
column) and the NLO result (fourth column). As is well-known init ial-state radiat ion
results in a large negat ive correct ion (about 25%). The size of the genuine radiat ive
correct ion is best assessed by comparing the ÒNLOÓcolumn to the ÒBorn(ISR)Ócolumn
and thus seen to be about + 8%. Given that we aim at a theoret ical accuracy at the
sub-percent level, this is an important e! ect . We shall discuss below, in Sect ion 6.4, an
est imate of the remaining uncertainty of the NLO cross sect ion.

One uncertainty is related to the fact that the convent ional implementat ion of ISR
sums only leading logarithms, whereas a NLO calculat ion of the partonic cross sect ion
should be accompanied by a next-to-leading logarithmic resummat ion. Thus rather
than convolut ing the full NLO partonic cross sect ion with thestructure funct ions asdone
aboveand indicated in (71), onecould equally well convolute only theBorn cross sect ion,
and add the radiat ive correct ion without ISR improvement, as done in some previous
NLO calculat ions [6,15]. Although we favour the Þrst opt ion, the two implementat ions
are formally equivalent , because the di! erence is a next-to-leading logarithmic term.
We therefore consider this di! erence as an est imate of the uncertainty induced by the

37

�Ã��genuine NLO: additional     +7%      target accuracy! !

�Ã��NB: need to perform convolution at                  : use ISR-improved
     Born below    155 GeV. Cut-off dependence negligible (    0.05%)

!
s " 2M 2

W

∼∼



Comparison between ee4f and EFT in theory
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[Denner et. al Õ05]
technically challenging calculation 
[involves one-loop hexagons to with complex masses in the loop]
flexible treatment of final state
valid in all phase space (no matching needed)

! full                       calculation in the complex-mass scheme O(! )e+ e! ! 4f
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[Beneke et. al Õ07]! effective theory approach

currently inclusive cross-section only
technically simpler, compact analytical formulae 
[most complicated loop calculation are on-shell boxes]
formalism can be extended to higher orders (systematization of DPA)

Also: proof of principle of the effective theory method to treat unstable particles
[Beneke et. al Õ03-Õ04]

[Denner et. al Õ05]
technically challenging calculation 
[involves one-loop hexagons to with complex masses in the loop]
flexible treatment of final state
valid in all phase space (no matching needed)

! full                       calculation in the complex-mass scheme O(! )e+ e! ! 4f



Comparison between ee4f and EFT in practice
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�Ã��agreement between EFT and ee4f up to 0.6% at threshold 

! (e+e! ) ! µ! " µ ud̄ + X [fb]

      [GeV] Born+ISR DPA NLO [EFT] NLO [ee4f]

161 107.06(4) 115.48(7) 117.38(4) 118.12(8)

170 381.0(2) 402.1(2) 399.9(2) 401.8(2)

√
s

Using same input, handling ambiguities in the same way and removing 
double Coulomb exchange from EFT one gets: 
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NLO results presented before based on 

! N LO
v1 !

! 1
0 dx1

! 1
0 dx2ΓLL

ee (x1)ΓLL
ee (x2)

"
! (0 ) (x1x2s) + ! (1 ) (x1x2s)

#
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⇒ 30 MeV effect for M W

√
s      [GeV] 161

NLO (v1) [fb] 117.81(5)

NLO (v2) [fb] 120.00(5)

(v1-v2)/v1 -1.9%

! NL O
v2

}
Ambiguities in higher order ISR 15

ISR1: convolute tree with structure function

ISR2: convolute ! NLO:

! ISR2(s) =

! 1

0

dx1

! 1

0

dx2! ee(x1)! ee(x2)ö! NLO(x1x2s)

!
s [GeV] LO(Whizard) EFT(ISR1) EFT(ISR2) ! ISR1-ISR2

161 154.19(6)fb 119.93(5) 117.73(5) 1.9%

164 303.3(1)fb 237.0(1) 235.1(1) 0.8%

170 481.9(2)fb 398.3(2) 397.9(2) 0.1%

(mW = 80.377 GeV, " GF
scheme, " 2

s included)

Di! erent treatments:

! 2% di! erence at threshold.

First estimate:

! 30 MeV uncertainty in M W

80.37 80.38 80.39 80.4 80.41 80.42
MW !GeV"

117.5

118

118.5

119

119.5

120

120.5

ΣISR1 !fb"

C. Schwinn W -pairs near threshold LCWS 07 Hamburg
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!                 ! 2("M W ) !
6∑

1

(Oi " Ei ("M W ))2

2#2
i

(assume e.g. flat weights            ) ! i = !

         at which      is minimum gives the best estimate of the difference 
between true and measured mass due to missing higher orders 
! MW ! 2

Define:                
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!
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! (s,M W + "M W )
! (s,M W )

160 162 164 166 168 170
! """"

s #GeV$

0.98

0.99

1.01

1.02

Κ

"45MeV

"30MeV

"15MeV

#15MeV

#30MeV

#45MeV

ISR

160 162 164 166 168 170
! """"

s #GeV$

0.98

0.99

1.01

1.02

Κ

single Coulomb + soft 
or hard photon

single Coulomb + soft 
or hard photon + 
non-resonant        (N 3/ 2LO )

! MWmain uncertainties remedy?

 ISR-treatment 31MeV NLL resummation

coupling scheme 15 MeV make best choice (    ?)   

non-resonant    8 MeV already in ee4f

single Coulomb + 
soft or hard photon 5 MeV not needed

Gµ



       measurement at ILC with an error     6 MeV needs    at threshold to 
an accuracy of     0.6%

Conclusions
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Two independent NLO calculations of 

# full EW                 f in the complex mass scheme

# effective theory calculation 

⇒ results agree up to 0.6% at threshold

However large (    2%) ambiguities from ISR treatment

⇒ resummation of NLO collinear logarithms mandatory to reduce the error
    below 30 MeV

e+ e− → 4

!

!!
!

M W


