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What do parton shower event 
generators do?

¥An !event" is a list of particles #pions, protons, ...$ 
with their momenta.

¥The MCs generate events. 

¥The probability to generate an event is proportional 
to the #approximate!$ cross section for such an event.

¥Alt ernatively, cross section could be a weight given 
by the program times the probability to generate the 
event.
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1. Incoming hadr on   (gray bubbles)

!  Parton distribution function

2. Hard part of the pr ocess 
!  Matrix element calculation at LO, 
NLO, ... level

3. Radiation  (red graphs)

!  Parton shower calculation
!  Matching to the hard part

4. Underlying event    (blue graphs)

!  Models based on multiple 
interaction

5. Hardonization  (green bubbles)

!  Universal models 

A complete event generator is more than a parton shower...
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! An iterative algorithm. Arbitrary number of partons.

! Based on the universal soft and collinear factorization 
property  of the QCD matrix elements. (Cf. SCET) 

! Physically reasonable results for two partons collinear 
or one soft, in contrast to a perturbative calculation.

" Often uses more approximations.                 

" Only leading or der splitting kernels ar e involved.

" If no Òmatching,Ó based on 2" 2 tree calculation.



A theoretical approach to 
parton showers

¥I wil l present a description of #lowest 
order$ parton showers based on 
factorization.

¥This is showers as they !ought to be."

¥Nagy and I are trying to build such a 
thing, but this is a work in progress.

¥At the end, I wil l describe additional 
approximations that are usually used.



! The basic idea is to approximate the theory for 
the case of collinear and/or soft emissions.

! We start with the quantum amplitude.

! We attempt to describe what happens when we 
change the resolution scale.

" We generate cross sections, not just amplitudes. 

" We have not used the operator language of SCET.

" In many ways, the approach is not as sophisticated 
as SCET.

Connection to SCET



¥The basic object is the quantum 
matrix element

¥This is a function of the 
momenta and %avors and carries 
color and spin indices. Consider 
it as a vector in color and spin 
space

The matrix element

M ({ p, f } m )ca ,cb ,c1 ,. ..,c m
sa ,sb ,s1 ,. ..,s m

!
!M ({ p, f } m )

"



The cross section
The cross section with a measurement function F is
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The density matrix
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Density matrix in statistical 
notation

¥Partons have momenta and %avors. 

¥There are two sets of spin indices and two sets of 
color indices. 

¥       is the !state.&&

¥                                      are basis states.|{ p, f , s′, c′, s, c} m )



Measurement function
¥De'ne the measurement function as a bra vector on 

the statistical states,

¥Then

¥Vector corresponding to the unit measurement is       ,
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Spin

¥Use ordinary helicity states

¥For gluons, de'ne polarization vectors with

U(p,s) ! (p,s; öQ)

öQ á! (p,s; öQ) = 0

Q̂ =
m +1∑

i =1

p̂i



Color basis states

¥We use a set of !string" basis states for color.

¥With this basis, splitting is simple.



Color approximations

¥Implement a large Nc approximation if desired.

�i

�j

�m�+�1
An int erference diagram, to 
be decomposed in basis states.

The leading contribution A subleading contribution.



vl = ! ! µ ( öpm +1 , ösm +1 ; öQ)!

"
U(pl , sl ) /nl (/öpl ! /öpm +1 + m(f l ))g" µ U( öpl , ösl )

2pl ánl [( öpl ! öpm +1 )2 ! m2(f l )]

Splitting amplitudes

¥Take #full$ splitting amplitude directly from the Feynman 
rules,

Here nl is the lightli ke combination of pl and öQ.¥ 



...more on splitting amplitudes

¥One needs the splitting amplitudes to agree with 
QCD in the soft and collinear limits.

¥Beyond that, there is some choice.

¥SCET takes simpler approximations.

¥Our choice is to make minimal approximations.



Soft splitting amplitude

¥In an interference graph, gluon emission can only 
be soft.

¥This allows a simple eikonal approximation,

vsoft
l = gδösl,sl

ε( öpm +1 , ösm +1 ; öQ)∗áöpl

öpm +1 áöpl



Shower evolution

¥First approximation is just the 
hard interaction. 

¥Softer interactions not resolved 
by imagined observations.

¥So softer interactions are 
integrated out.

¥Then we increase the 
resolution...



Shower evolution II

Real time picture Shower time picture

¥Showers develop in !shower time."

¥Hardest interactions 'rst.

¥Eg.                             .t = log(Q2
0/Q2)



The evolution operator

¥The density matrix evolves in resolution scale t.

¥Evolution fol lows a linear operator

¥Evolution does not change the cross section

|! (t)) = U(t, t ′)|! (t ′))

(1|U(t, t !)|! (t !)) = (1|! (t !))



d
dt

U(t, t !) = [H I (t) ! V(t)] U(t, t !)

V(t) = virtual splitting operator

Structure of evolution

H I (t) = splitt ing operator



H I (t) ∝ vl ({ öp, öf } m +1 , ösm +1 , ösl , sl ) vl ({ öp, öf } m +1 , ös!
m +1 , ös!

l , s!
l )

"

What is           ?

¥Direct graphs.

H I (t)

¥Assign colors according to the graphs.



H I (t) ! vsoft
l ({ öp, öf } m+1 , ösm+1 , ösl, sl) ! ösk ,sk

" vsoft
k ({ öp, öf } m+1 , ös′m+1 , ös′l, s′l)

∗! ösl ,sl

¥ Interference graphs.

¥Assign colors according to the graphs.



d
dt

U(t, t !) = [H I (t) ! V(t)] U(t, t !)

V(t) = virtual splitting operator

We can determine V from H I using
(
1
∣∣[H I(t) ! V(t)] = 0

In general,V is a matri x in the color space.

Structure of evolution II

H I (t) = splitt ing operator



Here N is the Sudakov exponenti al,

Shower form of evolution

U(t3, t1) = N (t3, t1) +
∫ t 3

t 1

dt2 U(t3, t2) H I(t2) N (t2, t1)

N (t, t! ) = T exp
{

!
∫ t

t !
d! V(! )

}

In the simplest case, the Sudakov factor represents 
the probability not t o split.



Picture for evolution

Evolution equation

I terative 
solution



Status

¥Nagy and I also subtract something from the 
Sudakov exponent and add it to the splitting 
operator in order to simplify the color structure.

¥This is the content of JHEP 90 #2007$ 114.

¥ I t gives an integral equation, not a practical 
computer algorithm.

¥We are working on the practical implementation.



Further approximation: color

¥One can drop terms proportional to           .

¥Then the structure is much simpler:                          .

¥This is used in Pythia, Herwig, ....

¥We don&t know how good this approximation is.

1/N2
c

{ c} m = { c!} m

The leading contribution A subleading contribution.



Further approximation: spin

¥At each splitting, we can average over the mother 
parton spins and sum over the daughter parton 
spins, as in most parton shower programs.

¥Then we don&t have any spin at all.

¥This can change the angular distributions of 
splittings. 



Spin averaged splitting
¥With our de'nition, the spin a veraged splitting 

functions depend on a momentum fraction and on 
the virtuality of the splitting.

Final state q    q + g

Collinear splitting #A.P.$

Small virtuality
Larger virtuality

Very small virtuality

¥Parton showers often use the Altarelli(Parisi splitting 
function with a cut on momentum fraction.



Spin averaged soft gluon 
interference

W (l )
l k !

1
E

g(! , " )
1 " cos!

Singular when 
gluon is soft

Singular when 
gluon is collinear

Interference 
factor

The interference factor



Soft gluon interference

¥Contained in showers based on !dipoles."

¥First of these: Ariadne )L*nnblad+.

¥Catani(Seymour dipole showers. )Schumann  & 
Krauss; Dinsdale, Ternick, & Weinzierl.+

¥Final state shower in Pythia.

¥Also in !dipole antenna" shower )Giele, Kosower 
& Skands+.



Angular ordering

¥The soft gluon interference e,ectively restricts 
the angular region for emission of soft gluons.

¥This is implemented in an approximate way in 
Herwig as a constant interference function with a 
cut.



Matching

¥One can match the parton shower calculation to 
exact tree level 2    n cross sections for small 
values of n.

¥One can, with di-culty , also do this with loop 
level 2    n perturbative calculations.

¥ I omit discussion of these important topics.

Tree 
calculations

LO Parton 
Shower

Loop 
calculationsNLO MatchingLO Matching



Shower family tree

NLO match
NNL O 
match

LO match NLO match

Leading color shower
Full spin but no color correlations

Spin averaged shower
Full color but no spin correlations

Classical Shower
No spin or color correlations

-Herwig , Pythia, Ariadne, 
Dipole shower, ...

ÒRealityÓ

ÒDreamlandÓ

ÒPartial RealityÓ

LO Parton Shower
Full spin and color correlations

NLO Parton Shower
Full spin and color correlations


