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Chapter 1
Introduction

Calculating Feynman graph and Feynman integrals is a difficult and important task in

theoretical high energy physics.

The techniques for doing specific one- or two-loop integrations by hand are well-known
and up to two-loop order most of the relevant integrals have been calculated. However, to
generalize the techniques to solve a class of arbitrary one- or two-loop integrals (including
the general mass case) in a generic and systematic way is far more complicated and is

thus an interesting topic to work on.

In the last two decades, there has been much progress in developing techniques to calculate
one- and two-loop integrals with the help of computer programs. At the tree-level there
already exist many program packages such as GRACE [1] and CompHEP [2]. At the
one-loop level there exist packages such as XLOOPS [3], FeynArts, FeynCalc and FF
[4, 5, 6, 7]. These packages can perform one-loop one-, two- and three-point tensor
integrations in 4 — 2¢ dimensions. At the two-loop level, however, up to now, there only
exist packages for two-point tensor integrals such as XLOOPS, TwoCalc [8] and FeynHiggs
[9]. A comprehensive review of the field is presented in [10]. It is known that most of the
techniques which use the Feynman parametrisation are limited to certain subclasses of
integrals, for instance the rank of the tensor integrand is restricted or only specific mass

configurations are allowed.
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In this thesis, we will mainly discuss the implementation of a technique for calculating
Feynman loop integrals in parallel and orthogonal spaces, which has been developed by
D. Kreimer and then successfully implemented into the XLOOPS program package by his
collaborators in Mainz [3, 11, 12, 13, 14, 15, 16]. The method opens a new way to solve
the Feynman loop integrals systematically and automatically (by computer) without any

restriction on parameters like the tensor degree or masses.

We emphasize that in this thesis, we are presenting a technique for calculating general
Feynman one- and two-loop tensor integrals, i.e. integrals with arbitrary masses in the
denominator (the masses can be zero, large, different or equal) and arbitrary tensor rank

in the numerator.

The XLOOPS package was originally written in Maple VR3, a computer algebraic en-
vironment [17]. As discussed in [16], there are numerous technical issues of coding that
have lead to a termination of developing XLOOPS in the Maple environment. A few of

these are:

e Maple does not handle global and local variables well. This deficiency n of Maple

may lead to unpredictable errors when a local variable is modified globally.

e Releases 3 to 5 of Maple do not handle expressions larger than 21¢ terms in a sum.
This limiting capacity of Maple is not sufficient for two-loop problems where larger

expressions are needed.

e The non-compatibility of subsequent Maple releases means XLOOPS has to pro-
vide different versions for every update of Maple. Such a maintenance effort is

unreasonable.

In brief, Maple is not a programming language designed for complicated problems. In
addition, the above drawbacks and the observation of bugs related to the internal struc-
ture of XLOOPS-Maple led to the conclusion that XLOOPS-Maple had reached a state
in which further development was almost impossible [18]. Thus the decision was made to

look for an alternative symbolic programming language to rewrite XLOOPS, putting it



on more solid grounds. The alternative symbolic programming environment was realized

in GiNaC, a C++ library developed and written in Mainz [19].

Inheriting the progress of the method for Feynman loop integration from the XLOOPS

project, the aims of this thesis are

e to rewrite XLOOPS in a solid and homogeneous programming environment, the
C++ programming language [20] and the GiNaC library [19]. The new version of
XLOOPS based on the GiNaC symbolic library written in the C++ programming
language is called XLOOPS-GiNaC.

e to re-implement and improve (fix bugs) the procedures for the analytic evaluation

of one-loop one-, two- and three-point tensor integrals.

e to implement a new procedure for evaluating two-loop two-point tensor integrals.
Based on the one-loop procedures, the divergent part of two-loop two-point integrals
is calculated analytically while their finite part is integrated analytically up to a

remaining two-fold numerical integration.

e to apply the advantages of the XLOOPS-GiNaC package to solve phenomenological
problems of particle physics.

In the second chapter of this thesis, after a short introduction to the standard t’Hooft-
Veltman-Passarino method, we present the method for calculating Feynman loop integrals

in parallel and orthogonal spaces [11, 21].

In chapter three, we present a tensor reduction algorithm for one-loop one-, two- and
three-point integrals of arbitrary tensor degree and arbitrary masses. It is shown that all
the tensor one-loop two- and three-point integrals can be reduced to a set of scalar (zero

tensor degree) one-loop integrals Ay, By and Cj.

In chapter four, we present a complete calculation of two-loop two-point tensor integrals

for arbitrary masses. After doing tensor reduction in parallel and orthogonal spaces
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we introduce a suitable set of subtraction terms to split the integral into ultra-violet
(UV) divergent and UV-finite parts. It turns out that the UV-finite part of all the non-
trivial two-loop two-point tensor integrals can be reduced to a subset of twofold numerical

integrals while its UV-divergent part can be expressed in terms of one-loop functions [12].

Although the source code of the XLOOPS-Maple package is available, reading the source
code without adequate documentation is a mission impossible. Furthermore, the XLOOPS-
Maple package contains some known bugs in both one-loop and two-loop procedures.
Because of these difficulties, besides rewriting XLOOPS from scratch, the algorithm for
one-loop and two-loop tensor integral reduction presented here is a completely new im-
plementation. In particular the overlapping divergence of the sunrise integral is now cal-
culated correctly in XLOOPS-GiNaC, which was not the case in XLOOPS-Maple. The
sunrise integral is a basic integral to which other (non-trivial) two-loop two-point tensor

integrals are reduced.

In chapter five, we present a short introduction to the XLOOPS-GiNaC library. We
also provide some examples of using the XLOOPS-GiNaC one- and two-loop libraries to
calculate some real physical processes. We present the corresponding source code and
give a detailed line-by-line description. This may help beginners to get a quick start with

their own applications.

In chapter six, we calculate the anomalous magnetic moment g, of the nucleon in the
framework of the so-called “spontaneous color symmetry breaking” model in QCD [22].
This calculation involves the calculation of one-loop vertex corrections with massive

quarks and massive gluons.

The use of XLOOPS in these calculations is important, first because XLOOPS speeds up
the calculations and on the other hand, because the applications are important as a test
of XLOOPS. Such a real test has only been done by [23] so far.

In the appendix, we provide some mathematical material and explicit expressions for

scalar one-loop functions.



Chapter 2

Feynman Loop-Integrals in

Orthogonal and Parallel Spaces

In this chapter, we present the mathematical framework for the calculations in the next
sections. We will use the dimensional regularization (DR) technique to regularize the UV
and infrared (IR) divergences which appear when performing the Feynman loop integra-

tion.!

The necessary steps in the calculation of cross-sections or decay widths of an interaction

process in high energy physics can be summarized as follows:

e For each theory of interaction which may be defined by an associated set of Feynman
rules, one constructs all possible Feynman diagrams for a given physical process at

a given order of perturbation theory.

e Next, one constructs the amplitude M of each diagram based on the Feynman rules.
The amplitude, in general, is a function of external momenta ¢! of the particles in

initial and final states and of the masses of particles involved.

In this thesis, only IR-divergences which appear in one-loop integrals are regularized by using DR.

For two-loop integrals, we regularize IR-divergences by introducing small masses.
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e [f the amplitude involves loops, one has to calculate Feynman loop-integrals.

e The cross-sections or decay widths can be obtained by summing the amplitudes of
all diagrams, squaring the sum and then integrating it over the phase space of the

external momenta where needed.

Calculating the amplitude of a given set of Feynman diagrams at one- and two-loop orders
is the main purpose of the XLOOPS project. The next two chapters are dedicated for

the step of calculating Feynman loop integrals.

The general form of a Feynman tensor loop integral at the one-loop level can be written

as

[, [He
@ngw:/fnn . (2.1)

[1[(+a) —m2+ip]"
=1

The integration is performed over the D = 4 — 2¢ dimensional space of the internal loop
momentum [. The index p is the tensor degree of the integral and can take any non-
negative integer value. The index n is the number of propagators in the loop and ¢; are
external momenta. The masses m;, in general, can take any real value. We also keep the
causality prescription ip explicitly. In general, each inverse propagator in the denominator

of Eq. (2.1) can take any integer power ¢; > 1.

At the two-loop level, the most general integral structure can be constructed by combi-

nations of internal momenta [ and k, the external momenta ¢, and masses m, of particles

involved
T(2) 1o, V1 e Vp . le de [Fr . [H
tl-ntnl§~--tnl+nm§~--tnl+nm+nk - ng 9 ot
(1 + g5)" — m2 +ip]
s=1
1
X — (22)
[T [(+k+q) —m2+ip]”
s=n;+1
kvroL kb
X

ny+nm+ng

[I [(k+q)—m2+ip]"

s=Np+nm+1



where n;, ng, n,, are the numbers of propagators which carry momentum [, k or [ + k

respectively.

Evaluating the one-loop tensor integrals, in principle, was completely solved long ago by
t’Hooft, Veltman and Passarino [24, 25]. Even though we are not using this conventional

technique of calculation in this thesis, we briefly summarize the main steps of this method:

e perform Feynman-Schwinger parametrisation

(Feynman parametrisation)

PMPy2 . Pon T(o)I(a

1
1 r
<al+a2+ /d 1d$2d$n5(1—$1—$2—37n)
0

1 1 B
A P R el

X )
[Plazl + PQLEQ +. Pn n]a1+a2~~+an

(Schwinger parametrisation)

1
ﬁ = T /dx 721 exp[P] (2.4)
0
where Py, ..., P, are inverse propagators. The original integrand is transformed into

the integration over Feynman-Schwinger parameters.

e the tensor structure of the loop integral after the parametrisation and a shift on the

loop momenta is reduced to the form of a tadpole integral

AHl--w“p(C) . / dPl M M (2 5)
t T (2m)P [12 + C] |
H1p2  gMp—1fp ...all tati f
_ (g g +(D_;/2 permutation of {s ... u,}) Af/Q(C)
[1 (D+20)
n=0

where C' is a function of squares and products of external momenta, masses m;,
and Feynman-Schwinger parameters. The coefficient Af/ 2(C) can be reduced by
Eq. (2.5) to the form

/2 B le (ZZ)p/2
AP0y = / oL (2.6)

The above tadpole integral is symmetric in [ so it vanishes for odd p.
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e perform a Wick rotation by the transformation {° — iw. Then

2= 0?2 = —1z, lE:<w7f)7
/dl0—>i/dw.

e integrate over the loop momenta using DR and obtain

non (=D AT o T24n—e)D(t—n—24¢)
40 =i () o s g e

e in the last step, one has to integrate over Feynman parameters.

At the two-loop level, one can apply the above procedure one after the other for the
internal [- and k-integrals. The method still works well with two-point integrals [26, 27]
or, in some cases, for three-point integrals [28]. Nevertheless, this method will run into
difficulties when being applied to three- or four-point integrals since the first integration
results in a complicated function of the second internal loop momentum. Further, from

the point of view of computation, the procedure is difficult to implement.

There are other alternative methods which are often used in the two-loop problem such
as differential equations in external Mandelstam variables [28], asymptotic expansions in

the momentum space [29] or in the configuration space [30].

In this thesis, the calculation is based on an alternative method which was introduced by
Collins [21] and further developed by Kreimer [11, 12]. A similar approach was used in a
subsequent paper by Ghinculov and Yao [31]. The advantages of this approach, compared
to the conventional and other methods are that it opens an easier way to implement a
generic algorithm for evaluating arbitrary tensor loop integrals. A detailed description
of the method and its application to one- and two-loop problems will be discussed below

and in the next sections of the thesis.

The main idea of the method is to split the space of integration into parallel and its

orthogonal complement subspaces spanned by external momenta. Working in this special



representation of space-time, one does not need to perform the Feynman parametrisa-
tion but instead performs all integrations in a given reference frame. To regularize UV-
divergences, one works in D = 4 —2¢ dimensional space-time. We define the parallel space
as the linear span of the n external momenta ¢! (i = 1,...,n) involved in the integrand.
This parallel space has a finite dimension J < D. The remaining D — J dimensions span

an orthogonal complement of the parallel space called the orthogonal space [32].

Once an explicit configuration of external momenta is chosen, the dimension of the parallel
space J is known, and the scalar products are written explicitly in terms of the components

of the external momenta

P=0—1f— =05, — |l
l-q= lOQi,O - llQi,l — lJ—lQi,J—b (2.8)
k-q = kOQi,O - lei,l — kJ—lQi,J—la
Lok =lokg— - —ly_tky1 — |[[L]|kL]z

where z = cosf, and 6 is the angle between [, and k.

In terms of the parallel and orthogonal space components, the general one-loop tensor

integral in Eq. (2.1) can be reduced to

p_j 00 [eS) oS
22
T ety — 22 / dly- - - / dly_, / Al 1PV e (1) Lo L) (2.9)
F(T)—oo —00 0
where [| = |l1| The coeflicient in front of the integral is the area of the surface of a

hyper-sphere in D — J dimensions given by

/ dP71, = / 1P=7=1d1, / dQp_y_y (2.10)

and

2w 2
/dQDJ1 = —5 5 (2.11)
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Similarly, the general two-loop tensor integral in Eq. (2.2) can be reduced to

D— D— 1
T(2) H1...fp,V1...Ur o 272 2 2n 2

J—
2 D—J-1
tl“'t"l;'“tnl‘i’"m;'“tnl“rnm“r"k - F(D F(D J—1 /dlo /dlj 1/le_l
2

/ dkq- - - / dky_y / dk kP71 / df(sin §)P 71 (2.12)

0 0

X GHieHp Lt (ZL, lo,...,lj_1;k, ko, ..., kj_1;cos 9) .

As a result, the tensor integrals on the left-hand side of Eqs. (2.9, 2.12) are reduced to
a set of integrands F and G over the J + 1 and 2(J + 1) 4+ 1 real variables ly,...1;_1,
ko,...ky_1,11,k,,0 which will be specified later on. The advantages of using the new
representation for integrals are that the integrals of the new type can be evaluated without
using a Wick rotation and Feynman parametrisation. The method of working in parallel
and orthogonal spaces opens a new way for developing a generic and efficient algorithm

to do tensor reduction and to evaluate integrals with an arbitrary tensor order.

To have a closer look at the tensor and integration structure of F and G, we consider
the two-point (J = 1) and three-point functions (J = 2) in the parallel and orthogonal
spaces. The simplest configuration of the external momenta for those two cases is the one
in which the incoming particle is at rest. For the two-point diagrams, assuming g7 > 0,
there is only one independent momentum and for the three-point diagrams there are two
independent momenta. For both two- and three-point integrals, we call ¢; the momentum
of the incoming particle. For the three-point integral, the second independent momentum
¢z is one of the outgoing particles. In the rest frame of the incoming particle, one can

write

—,

¢ = (qi0,0, 6), ¢ = (g20,921,0), (2.13)
where 0 is the D — 2 dimensional orthogonal zero-vector.

By projecting onto the parallel and orthogonal spaces spanned by ¢; and ¢», the parallel
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components of the loop momentum ! (and similarly for k) can be constructed as

l() = > for J =1
qi
or (2.14)
[- l-q
loz—q;; ll——qj for J = 2
Va1 43
where
A q1-q =
@ = a5 — 1q2 “¢ = (0;421,0). (2.15)
i
The orthogonal component is constructed by
" — l# qy for J =1
- gl — 2 g for J = 2.
a4y a3

The tensor metric of the orthogonal subspace is constructed by

H v
g’ — % for J =1
pv N
gL = o (2.17)
w04 @05 for J — 92
g i q
where
991w = DL = D— . (2.18)

Inserting * from Eq. (2.16) into Eq. (2.1), the one-loop integral can be written as a sum

of tensor integrals

_I]_(l) Haepy /le lil R lip/,])(lo, ey l],l)

t1...tn n

- (2.19)
I [(1+a:)® —m2 +ip]"

with a tensor degree p’ smaller or equal to the degree p of the original integral. P is
a polynomial of the parallel components ly,...,l; 1. For p = p’ one has P = 1, and

integrals with p’ > p originate from terms containing ¢;,¢. To avoid using different
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indices as p, p/, p”, ... in intermediate steps of the calculation, the primes will not be written

explicitly in the following.

Similarly, the two-loop integrals are reduced to the form

(2) p1.fpy1... . D D 1
—l]—tl---lzj;l;-7§nlinm§---tnl+nm+nk - /d l / d k ny ‘s (220)
i

l+Qs)2 _mg +2p]

U R K P, Lk, k)

i 2 . ts
[T [(l+k+q)" —m2+ip]
s=n;+1
1
Ny +nm-+ng te
[I [(k+q)" —m2+ip|
s=n;+nm+1
where P is a polynomial of the parallel components of ly,...,l; 1, ko,...,kyj_1. The

indices p and r are equal to or smaller than their original values in Eq. (2.2).

As in the standard procedure, one makes an ansatz by constructing all possible tensor

structures from combinations of ¢! and ¢/” with scalar coefficients. Because the tensor

structure of the integrands in Eqs. (2.19, 2.20) is transverse >

combination of ¢! vanishes, so the possible ansatz for the TTS)’;;“ ? can be constructed

, a contraction with any

by combinations of ¢/ only:

r e _ (g4 g7 4 L all permutation of {py ... pp}) T po-pi-1p1) (9 91)
et (D=2)/2 et
[T (D—J+2j)
j=0
where
B (L |
0 J—1 | L| (2'22)

t;

7;(11,?,15(50“.in1 P1) _ /le —
[T [(+ q:)* — m? +ip]
=1

with p, = p. When p is odd, the integral vanishes because the integrand is symmetric

in [,. The exponents py,...p, pertaining to the real variables ly,...[; are non-negative

2The terminology transverse means that the tensor structure of the integrals contains only orthogonal

components of the internal momenta.
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integers. They are determined from the polynomials P from Eq. (2.20). They should not
be confused with the Lorentz indices in Eq. (2.1)

Similarly, for the case where p and r are both even, the possible ansatz for the two-loop

integrals is

g.)..ltil'}%;ti;:;...tnﬁnmmc: Co (g . gim Mg L g™+ sym(p .. gy 1y))
+ Cy (g g2 gt g g g e sym(p i 1y))
+ (2.23)
+ C, (gﬁ“j1 g g g Y e sym(pg v I/T)) .

Here we suppose that p < r, otherwise we have to exchange i <+ v. The ansatz for the

case where both p and r are odd and p < r is

(2) pa1--ppvaeevr
tln-tnl ;"'tnﬁ'”m ;"'tnl+"m+”k

C (gimgf’“’ gt g g Y e sym(py v yr))

pivi M2V (3V3 Hp—1Hp 1V4V5 Vp—1Vr

+C’3(gL gz g g .g] +sym(,u1...pp;1/1...yr))

+ o (2.24)

+ C ( pivy HpVp Vp+1Vp+2 Vp—1Vp
4

gyttt g . +sym(pn .. i v 0)

where the abbreviation sym(sy ... ;v ... 1) stands for all possible symmetric combi-
nations of the indices p; and v; separately. By contracting the two sides of Egs. (2.23,
2.24) with appropiate symmetric combinations of ¢|” one obtains a system of equations

for the coefficients C;. The coefficients C;, in general, are functions of D and integrals
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of the form
(2) PO---PT—1,P1;T0O--TJ—1,T1L; Pz __ D D 1
L A A / d”l / d°k 3 — (2.25)
I (1 +q5)” —m2 +ip]
... l?‘]_‘f llf k... k:;‘]_ o k‘f zP=
ny+nm 9 ) ts
IT [(+k+q)* —m?+ip
s=n;+1
1
ny+nm+ng
[I  [(k+q)? —m2+ip)”
s=n;+nm+1

where z = cosf and 6 is the angle between ll and /ZL. The exponents pg,...ps_1, p1,
ro,...Tj_1, T1, D, are non-negative integer numbers (and should not be confused with

Lorentz indices).

In the case that p + r is odd, the integral vanishes. To prove that, we contract p +r — 1

indices with symmetric combination of ¢/ and end up with the following structure

/le/de VPlo.. ly—1, koo kyoa, ko 1y - k) _— (2.26)

where the right hand side of Eq. (2.26), a vector in the parallel space with a scalar
coefficient C is the only possible ansatz. On the other hand, the left hand side of Eq.
(2.26) is a vector in the orthogonal space and therefore the equality is valid only for

C = 0, thus the integrals with an odd sum of p and r vanish.

There are two important remarks here:

e in Eq. (2.22), the integrals with odd p, vanish because the denominator of the

integrand is symmetric in [ .

e in Eq. (2.25), the denominator of the integrand is not symmetric either in [, or

in k. In general, p and r can be odd or even. However, as a consequence of the

(2) 1. pap,v1evr

B4ty ooy by i £y, OTE D1AS Oher constraints:

transverse property of T

— The integrals with odd p; + r, vanish.
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— p, must be smaller or equal to min{p, ,r, }.

— Both p;, — p, and r; — p, are even.

In this section, we have presented the mathematical framework to performing the tensor

reduction in parallel and orthogonal spaces.

T(l) (po---ps—1p1) and T(2) P0y---PJ—15P1L; T05---TJ—1,T" 15 Pz

From now on, we call T}, tensor integrals.

tl---tnl§---tnl+nm;---tnl+nm+nk

In the next chapter, we present an algorithm for the automatic calculation of one-loop
one-, two- and three-point tensor integrals. An algorithm for two-loop two-point tensor

integrals will be discussed in chapter 4.
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2. Feynman Loop-Integrals in Orthogonal and Parallel Spaces



Chapter 3

One-Loop One-, Two- and
Three-Point Integrals

3.1 One-loop two-point tensor integrals

In this section, the algorithm for an automatic calculation of one-loop two-point tensor

integrals is presented.

l+q

1

Figure 3.1: Notation for two-point functions

We first consider the case where ¢? is timelike, ¢g> > 0. Then one can choose a reference

frame where ¢* = (go,0,0,0). The general tensor integral for a Feynman diagram shown
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in Fig. 3.1 has the form of
tito (q ;M m2) T Pfl P2t2

(3.1)

_ @)

- tite

where 7}(1115)2 () is the notation for tensor integrals introduced in the previous chapter, and

Py = (lp+ o) — [T —m3 +ip, (3.2)

P=1— 1% —m2+ip. '
The components of the internal momentum, [y and [, span the parallel and orthogonal
subspaces, respectively. For brevity, the arguments of Bgt2 (¢%;my, my) will not be written
explicitly if there is no confusion. The integral vanishes unless j is even. In the spacelike
and lightlike cases where ¢ < 0 or ¢ = 0 one can choose a reference frame where ¢* =
(0,¢1,0,0) or ¢* = (qo, 90, 0, 0), respectively, and the integral space can be split into a two-
dimensional parallel and a (D — 2)-dimensional orthogonal subspaces. We will consider
these cases later in section 3.2.3. A genuine one-loop integral has t; = t; = 1, but the

more general case is needed in the case of the reduction of integrals with more than one

loop.

The strategy now is to expand B,fft2 to a sum of simpler integrals. It turns out that the

usual scalar one- and two-point integrals
Ay =AY (see Eq. (2.7))
and (3.3)
By = B}
are sufficient for the expansion. This expansion is possible except for some special cases

that we will consider later.

Firstly, consider the general case where ¢y # 0. We then express the numerator of the
integral in Eq. (3.1) as a function of P, and P,. From Eq. (3.2) we get:

1
(P — P —by),
290 (3.4)
[ — E(Pr, Payqo,ma,mz) = I — Pa+ by

l() — lo(P1, P27Q07m17m2) =
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where
b = ¢ —m>+m2,
1 0 1 2 (3'5)
by = —m3 + ip.
Inserting Eq. (3.4) into Eq. (3.1) and expanding the numerator of the integrand, one
obtains
N i+
Bi,= > Kun /leP{”l pt (3.6)
n,m=0

with IC,.,,, being simple functions of gy, my, ms, and explicitly

(

0 ifn—t; >0and m —ty >0,

1
/leW ifn—t1<0andm—t2<0,
1 2

/ dP1 P pyt = I (3.7)
/leﬁ ifn—t; >0and m —ty, <0,
2
Pm_t2
/le Pgtrn ifn—¢t <0and m—ty > 0.
. 1

The second case actually is a derivative with respect to the square masses of the scalar

two-point function By by taking into account that

/le r 1 9\t ! Kl t2—1B @ | )
Phpl (- 1D)(ta — 1)! \Om3} om2 o(q”; M1, ma :

where By(q?;mq,ms) is defined in Eq. (3.3).

For the last two cases, from Eq. (3.2) one can insert

Py = Pi(Ps,ly, q0) = 2loqo + P + Iy (3.9)
or

Py = Py(P1,lo, qo) = P1r — 2logo — b (3.10)

and expand the numerator of the integrands in Eq. (3.7). The result is a sum of tadpole
functions A}, which is again reduced to A,. The explicit analytical results for the integrals

Ay and By are well-known and will be given in the appendix A.
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3.1.1 The case ¢y =0

If go = 0, Eq. (3.7) must be rewritten using

P =13—15 —mi+ip,

(3.11)
Py =13 —13 —mi+ip.
If my = ms then P, = P, and Bth has a simple form
BY, (¢* )| = [dPl UL (3.12)
tito q ,Mmi, M2 o=0, mi=mg P1151+t2 (m%) .

which is actually again the one-loop one-point function A} with n =i+ j and ¢t = t; + ¢o.

If my # mo, one performs a partial fraction decomposition and obtains
BY (¢*,m m)‘ = [dPl léli
t1t2 q ) 1, 2 q0:0 - P1<m%)t1 P2<m%)t2
1 oh! 1 / Iy
— le 0°L +
(b = 1)1 Ry <<m% L mm%)) (313)

1 ! 1 /le Iy,
(t2 = DIA(m3)==t \ (m3 —mi)" Py(m3) ) -

which is also a combination of one-loop one-point functions.

3.2 One-loop three-point tensor functions

The notation we use for one-loop three-point functions is shown in Fig. 3.2. We are
working in the frame of reference where the external momentum configuration is ¢; =
(¢10,0,0,0), ¢5 = (goo, ¢21,0,0). The parallel space is now two-dimensional and the general
form of the one-loop three-point tensor function is

B

P B D .

= TV (ef. Bq. (2.22))
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Figure 3.2: Notation for three-point functions

with

P1:Z(Q)—l%—li—f—QqulQ—quo—m%—f—lp,
P2:lg_l%—li+210%0—211QQ1+q§0—q§1—m%—i—ip, (3.15)

Po=0—0—15 —m;+ip

where {ly, [1} and [ span the parallel and orthogonal subspaces, respectively. For brevity,
the arguments of the function CZ{ths (q1, q2; m1, Mo, m3) will not be written explicitly if

there is no confusion.

3.2.1 The general case

First, consider the case where ¢;¢9 # 0 and ¢o; # 0. We can always express ly, [y, [ in
terms of Pl, PQ, P32

lo (Py — Ps — coo),

B 2 qi0

L [q20 (P — P5 — coo) + q10 (Ps — %) + qio c11]

B 2q10 921 (3_16)
[crolo + (P3 — P2) +cul,

421

l2 :lg—l%—Pg—Cg[)
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with
Coo = Gio — m; + m3,
c10 = 2 g0,
) ) ) ) (3.17)
Ci1 = M3 — My + o0 — a1,

2 .
Coo = Mg — 1P.

Again, as in the case of two-point functions, one substitutes Eq. (3.16) into Eq. (3.14)
and obtains
B itk
Citte = D Kunr / dP1 pim—) pir=t) plr=s) (3.18)
m,n,r=0
with the IC,,,, being simple functions of masses and components of external momenta.
More explicitly, the integrand on the right-hand side of Eq. (3.18) contains terms like

s n s ad ﬁ 319
PPy Pl P T (3.19)

with ¢ # j # k and positive n;. Other possible combinations lead to a vanishing integral.

The first group of terms can be obtained from derivatives of scalar three-point functions

Co = C% with respect to the masses m?. The analytical result of

1

—_— 2
PP Py (3:20)

Colqr, g2;ma, me, m3) = /le

is given in the appendix A.3.

For the last two cases, using Eq. (3.15) one can expand the numerator in terms of propa-
gators P, in the denominator. This expansion is always possible and reduces the second
group of terms to one-point functions. Similarly, the third group of terms can be reduced
to one-loop two-point functions. It should be noted that in this step we encounter two
kinds of one-loop two-point functions. The first kind is the one-loop two-point function
with one parallel dimension that was already appeared in the previous section. The sec-
ond kind is the one-loop two-point function with two parallel dimensions of the internal

momentum [ that is not trivial and will be given in section 3.2.3 as a separate case.
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3.2.2 The case ¢ipg21 =0

In this case the expansions in Eq. (3.16) cannot be used. However, Eq. (3.14) can be
reduced by a partial fraction decomposition. First, we consider the case q;9 = 0 with an

arbitrary value of go;.

The case ¢;0 =0

Eq. (3.15) is simplified to

Pr=1— ;=11 —mi+ip,
Py =15 — 17 — 17 + 2logao — 2l1g21 + G50 — Gy — ™3 + ip, (3.21)

Py=15—13—13 —m3+ip.

If my # mg, partial fraction decomposition leads to a separation into terms which contain

only two propagators

I
:w

(7ijk
t1tats

q10=0

1 dts =1 1 111
((t = 1>'d<m2>tf—1) o R / P o) By 3
I f : f 1 3 1\ ) 12\

_ 1 dtf*l 1 /le l(z) l{ llj_ ]
o1\t = Dl d(m§)s=1 | mi —mj3 Py(m3) Py (m3)

1

w

If my = mg3, two propagators are equal and it is sufficient to calculate

q10=0, m=my Py (m?) Py*(m3)

ijk
(jgltgtg

(3.23)

The three-point integrals are then reduced to combinations of two-point integrals with

two parallel dimensions. We will treat this class of two-point functions in section 3.2.3.
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The case ¢19 # 0 and ¢3; =0

In this special case, the integrals collapse from two to one parallel dimension and Eq.
(3.15) reads
Py = (lo + qu0)? — IF —mi +ip,
Py = (lo + go0)® = 1T —m3 +ip, (3.24)
Py=102—1F—m2+ip
where the components [ and [; can be combined into I, to form a new (D—1)-dimensional

orthogonal subspace with
P=101+1. (3.25)

Then the integral can be reduced to a simpler integral with only one parallel dimension

p, U™
})1 '[22 'Z?3

t1tats

g21=0
Again, one can use the same procedure as in the general case

1
lo — lo(Pr, Ps,my, quo) = 2—(P1 — Py +mi —m3 — qiy),
¢10 (3.27)

LL — U (P, Ps,mi, quo) :lg_PS_mg‘i“iP

that reduces Eq. (3.26) to a form similar to Eq. (3.18).

3.2.3 The two-point integral with two parallel dimensions [Bgl];

In the preceding section we have shown that general one-loop three-point tensor functions
can be reduced to the usual scalar integrals and one new two-point function corresponding
to a tensor component in a two-dimensional parallel space. Explicitly, this integral reads
Bilf, = / d’1 L :
[(lo + q10)* = F =17 —mi +ip]™ [(lo + q20)* — (b + go1)? — T — m3 + ip]P
_ /le (lo —aq10)" 1} 1%
5 — 1 — 13 —mi+ip]" [(lo+ Qo)* — (b + Q1)* — 11 —m3 +ip]*

(3.28)
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with Qo = ga0 — q10, Q1 = qo1; Q" = ¢§ — ¢'. If Q1 = 0, this integral reduces to the one-
loop two-point function in one-dimensional parallel space as found in the previous section.
If, on the other hand, (), # 0, one can always find a Lorentz boost which transforms the
integral into a reference frame where the transformed 4-momentum @Q’* has: (a) only one
non-zero component @ (or @) if @ is timelike (or spacelike), or (b) Q) = Q] if @ is
lightlike. The loop momentum has to be boosted accordingly which, however, modifies

only the numerator of the integrand in Eq. (3.28). Explicitly, considering the boost

()= ) 29
ly oy )\l

then the three sub-cases are treated as follows.

The timelike case Qf — Q3 > 0

In this case, under the transformation in Eq. (3.29) the integral will be reduced to one-

loop two-point functions with a one-dimensional parallel space as found in the previous

section:
[Bij]f _ /le, [y (G + B1) — Cho]i [y (Bl + lll)]j I'F (3.30)
e 1 = 152 = 12 = m2 4 ip]™ [l + P)? = 12 = 12 — m3 +ip]”

with P = \/Qf — Q1, v = Qo/P and = Q1/Qo.

The spacelike case, Q3 — Q3 < 0

In this case, the boost with P = 1/Q? — Q3, v = Q1/P and § = Qy/Q; transforms the

integral into a reference frame in which

e 1§ = 42 = 12— md +ip]" [ = (I + P)? = 12 —m3 +ip]”
The components [, and I, can be combined to form a new (D —1)-dimensional orthogonal
subspace while [; spans the parallel subspace. Using the same procedure as in the previous

sections one can reduce the integral completely to scalar one- and two-point functions.
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The lightlike case, Q3 — Q2 =0

In this case the transformation in Eq. (3.29) is singular and the integral [Bg’fz becomes

y lo— qio)" 1] I}
BiF — /le ___ Ll —. (3.32
we = J U E T i et QP — (h+ QP B —mg e O
By solving the system of equations
P=0P-0F-1—m?+ip,
R O (3.33)
P2: (lo+Q0) _(11+Q0) —lL—m2+zp,
one obtains
P =02-07—P —m?+ip,
_Pl—Pg—i-m%—m% (334)

[y + lp.

2Qo
Inserting Eq. (3.34) into Eq. (3.32) and expanding the numerator of the integrand, the

integral will be reduced to scalar one-point functions and an integral of the form

. LY
[Bfntzz/le 2 2 2 2 1t (0)2 2 2 2 | i olt
(1§ — 15 =15 —m7 +ip]" [(lo + Qo) — (I1 + Qo) — 17 — mj3 + ip]*

This integrals cannot be reduced further to a scalar integral by the same method as before.

(3.35)

In order to evaluate the integral, one has to introduce a parameter p’ to shift the external
momentum out of the light-cone. For instance, by shifting the first occurrence of @y in
Eq. (3.35) to Qo + p' one can perform the reduction as for the time-like case. The result
of the integral will be obtained by performing the limit p’ — 0 afterward.

This completes the description of our algorithm for the tensor reduction of one-loop, one-,

two- and three-point functions.

To summarize, all one-loop one-, two- and three-point tensor integrals can be reduced to
a set of only three basic scalar integrals Ay, By and Cj. The explicit analytical results
of the basic scalar integrals as well as their UV- and IR-properties can be found in the

appendix A or in the literature [11, 24].
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3.3 Tests and comparisons of one-loop integrals

The algorithm to calculate one-loop one-, two- and three-point integrals is implemented
in the program package XLOOPS-GiNaC (see chapter 5). As a very important part of
our work, we performed various tests and comparisons. In order to do that we have
used XLOOPS-GiNaC to calculate various physical processes. In chapter 6, we present
an application of XLOOPS-GiNaC in evaluating the go form factor from a theory with
spontaneously broken color. We then compare the result of XLOOPS-GiNaC and get

agreement with the known results in various limiting cases.

The program package is also applied to calculate the electroweak radiative corrections to
the physical process t — b W~ [33]. In this calculation, we used XLOOPS-GiNaC to
evaluate 18 electroweak one-loop three-point and numerous one-loop two-point diagrams
involving a big number of different mass scales. The results of the calculation agree with

the results of [34] analytically as well as numerically.
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Chapter 4

Two-Loop Two-Point Tensor

Integrals

In this chapter, an algorithm for two-loop two-point tensor integrals will be discussed.
In general, there are ten different one-particle irreducible (1PI) topologies which can
be classified into two groups. The integrals of the first group shown in Fig. 4.1 can be
factorized into a product of one-loop functions and thus they are trivial. The main interest

of this chapter is in the second group shown in Fig. 4.2.

Since in this chapter we are going to discuss two-point integrals only, it is sufficient to
separate components of all momenta into one parallel and D — 1 orthogonal dimensions.

Thus a complete set of tensor indices of the integral representation Eq. (2.25) comprises

Do, D1,T0, 7L and p,.

4.1 The factorizing topologies

Fig. 4.1 shows five trivial topologies. Their associated integrals can be factorized into
products of two one-loop two-point or one-point integrals which were already discussed
in the last chapter. The Standard Model possesses only diagrams (a), (b) and (e). The

diagrams (c) and (d) which have five- and six-line vertices appear only in effective theories.
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l k
q q
l+gq k—gq
(b)

k k
m3 mo
N q q N q

I - -

mo
q
mq mi
l+q l
() (d)
k
l ma mi l
q . q

Figure 4.1: Factorizing two-loop two-point topologies.
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In our calculations, the diagrams (c) and (d) will appear after tensor reduction of the non-
trivial diagrams. The diagram (e) is the factorizing two-loop tadpole topology. It can
be evaluated as a special case of the diagram (a) with ms = ms3 and ¢t; = 0. The tensor
integrals associated with the trivial diagrams have no propagator which contains both

loop momenta (n,, = 0) and can be described by

(2) (po,p1sro,Ti3pz)
Ttl...tflo; pjé_nl_:_z#nf_‘_nk - (41)
/le/de lgO llf_ kgo kiL 2P
ng n;+ng :
[0+ a)* =m2+ip]" TI [(k+q)" —m2+ip]"
s=1 s=n;+1

Here, we use the same notation as shown in Eq. (2.25). The momenta ¢, can take the

values ¢, 0 or —q as presented in Fig. 4.1.

Because the integrand on the right-hand side of Eq. (4.1) does not contain propagators
which mix the internal momenta [ and k, one can use the relations in Eq. (2.9) and Eq.
(2.12) to decompose the integral into a product of one-loop functions

1
—i7(D=J
T(Q) (Po,P1;7T0,7L; P2) _ m 2F< 2 )/dz (1_22)% Pz (42)

tl---tnl§ §tnl+l-~tnl+nk F(DfJfl
2

~—

-1

" ﬂ(l?.g;}’pL)(ZOalL) T(l)(ro,rﬂ (ko, k1)

1- tnl+1~~-tnl+nk

where z = cosf and 6 is, as before, the angle between the momenta [ 1 and k . The
functions T are the one-loop one-, two- or three-point integrals discussed in the last

chapter. The z-integral is given by

1

/dz (1= 2% o 2 D) 4 (D —2 1 +pz) (4.3)

2 2 72
-1

where B is Euler’s beta function defined by
['()I'(y)
I'(z+y)

In brief, factorizing integrals can be easily and analytically calculated by using the one-

B(x,y) = (4.4)

loop procedure. In the remaining part of this chapter, we will discuss the calculation of

non-trivial topologies shown in Fig. 4.2.



32 4. Two-Loop Two-Point Tensor Integrals

ma

1+ k

mi

l+q

(f) (8)

l+k
ma
l+k m l
2
q k q q m3 q
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l+k
l mo mi l
q q

Figure 4.2: The non-trivial two-loop two-point topologies.
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4.2 The non-trivial topologies

The explicit formulae of integrals associated with the four non-trivial topologies in Fig.
4.2 are

T — 7@ (Poprroriip:) _ (4.5)

t1t2t3; ta; ts

[PO [PL O |TL Pz
/le / de_ 0o *1L ™o "L
(1 + @) = m3]t [12 = m3]= 12 — m3)'s [(1 + k)* — mi]ts [k2 — m3]'s’

7@ . Tt(12) (PospLro,r 1 p2) (4.6)

t2; t3; tats

[P0 [PL 70 "L o=
/le/ de 0 "L 0 "1
(L + @) = m3]f [I2 = m3]= [(L+ k) — m3]'s [(k — q)> — mi]"s [k* — mg]Ps’

2 ,P1,T0,T 1} Pz
e A L (47)

B0 (P2 o K 2P

/@l/dkW+wmewﬂ—@ww+m14@ww—mﬁv

7@ . (2 PopLrorLspe)

t1; t2; t3

— (4.8)

[ [ I 1k K
d”l [ d7k
U+ @ = mil [+ K2 = gl 2 = ]

7k — 7}(1222(;2,;1757*0,71;102) — (4.9)

/ D / D 10 17 ko K 2P
=l | d”k
(= P = ma [0+ R = i [ = i

where pg, p., 79,71, p. are non-negative integers and t; are positive integers.

The above five integrals are not independent. In fact the integral 7" can be calculated

as a special case of T) with t; = 0. The integral T) in turn, can be reduced to a sum
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of functions T

7(f)

4. Two-Loop Two-Point Tensor Integrals

). By partial fractioning one obtains

(t2 — 1)1(t3 —1)! (aig)tﬂ (a%g)tg_l (4.10)

lp() lpl k,r() k:TL
dPl / dPk 0
/ (14 q)? —mi] [(I + k)2 — ]t“ [k — m3]'s .
1 B 1 1
(2 =m3]  [12—=m3]) (m5 —m3)
ty—1 (ty — 1 —k)! o\ o\ 1 y
k (te — 1)!(ts — 1)! om? om3 ) (m3—m32)
/le / de lgo li)_L kSO kj_l 2P
(14 q)? —mi]t 12 — m3]t2=k [(1 + k)? — m3]* [k2 — m2]ts
t3—1 (ts — 1 —k)! o\ 7/ o\ 1 y
(to — DIt — 1)! | \ Om?3 om3 (m3 —m3)

/le / de lpo lpJ_ kro kri
[(I+ q)* = mi]n [I2 = m3]ts = [(1 + /f) mis [k? — m3]'s

where the integral under each summation sign is actually 7.

The three remaining integrals 7, T") and T® are in general UV-divergent. So far,

these integrals can be analytically solved only in some special cases. In this thesis, we will

use the method proposed by D. Kreimer which enables us to calculate analytically the

UV-divergent part of the integrals [12]. The remaining UV-finite part will be analytically

integrated as far as possible by using the residue theorem. One finally ends up with

a two-dimensional integral representation. This representation is suitable for numerical

integration.!

!The procedure to regulate the IR-divergence by using DR is not discussed in this thesis. It should

be a topic for future work.
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4.2.1 Tensor reduction

In this section, the integrals 7@, T™" and T will be reduced to a subset of three integrals
which are easier to integrate by the residue theorem. The method of tensor reduction is
the same for all three integrals and similar to the one-loop case. Let us consider the case

of the so-called master topology

lpo lpJ_ kT‘o kT’L Pz
- [ e e e o W
with
Pl+q) = (I+q?—mi+ip,
P(l) = PP—mj+ip,
Ps(l+k) = (I+k)?*—mj+ip, (4.12)
Pi(k—q) = (k—q®—mi+ip,
Ps(k) = K —m2+ip.

In order to calculate the integral in Eq. (4.11), one first inserts
1
lJ_kJ_Z:5[—P3+<l0+k0)2—li—ki—m§—ip:| (413)
into the numerator of the integral in Eq. (4.11). One obtains

Pz
pZ _1 " n 22— 1N
1) = [aon [ Ry < ) ) CY By [t + ko) — 2~ 2 —m)”
n=0

Po 1.70 JPL—Pz .71 Pz
ZO k() lJ_ kj_

X
P (1 +q) Py (1) Py (L + ) Py (k — q) P (k)

_ le de pzz f’VL(m%) lgo kSO lil kj_L
N P(i P2(1) PB~™(1 4+ k) Pi*(k — q) P& (k
(I+q) P2(l) PP~ (1 + k) Py*( q) Ps° (k)

n=0,n<t3

D — ts) /le/dei gn(m3) 1" k" U7 K- Py
Py (1 +q) P> (1) Py (k — q) P* ()

n>ts

(4.14)
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where 0 is the step function, f,(m32) and g,(m3) are functions of m2. Note also that the
primed exponents py, p',, 7,1, depend on pg, pi, 7o, 7L, p. and on n. The second term of

the above equation is in the form of the factorizing integrals discussed in section 4.1.
The first term is a sum of integrals of the form

/le / de lgO kSO lIJ)_J- kj_L ]
Py (L + q) Py*(1) P (L + k) Py (k — q) P (k)

Note here that p', = p; — p, and 1/, = r| — p, are even (see the remarks at the end of

(4.15)

chapter 2) so that one can insert

lOZZO(PhPQ) ) li:li(Pla-PQ)a
(4.16)

kOZkO(P47P5) 3 kﬁ_:ki<P47P5)
into the numerator. After cancellation of P;’s one obtains various simpler integrals with
either reduced numerator or a reduced number of propagators. We discuss the possible

terms in turn:

e The scalar term

1
Jo = /le/de .
’ P+ q) P2 (1) Py (1 + k) Pi*(k — q) P (k)

This integral is finite so that one can perform a numerical integration directly.

(4.17)

A two-fold representation for the numerical integration is discussed in [11] and

described in detail in section 4.2.7.

Remark: We will use the same symbols ¢;...t5, po, 70 and P, ..., Ps when writing
down the definitions of Jy and later of J; and J,. It should be understood that the
symbols only have the same form as those in the original integral Eq. (4.15) and do
not necessarily have the same values as had occurred in the original tensor integral

from which the reduction algorithm started. For instance, when writing
Pii(x) = [2* —m] + ip]"

we imply that m; is some mass, ¢; is some positive integer number and x stands for

a combination of momenta [, k£ and gq.
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e The terms with the integrands of the form

Bl +q) By (D)
Py (1) Py (1 + k) Pyt (k — q) P5? (k) " Py (L+ q) P (L + k) Py (k — q) Py (k)

(4.18)
byt (k —q) B5e (k)
P (L+q) Py (1) P (L+ k) P (k) " Py (L4 q) Py (1) P (L+ k) Py (k — q)
will be reduced to integrals of the form
Jy = /le / dk ko’ (4.19)
L P (I+q) Py (1) Py (1 + k) Py’ (k) |

after inserting P;’s from Eq. (4.12) into numerators, shifting and/or relabeling mo-
menta and rearranging indices. Here, again, the indices occurring in .JJ; have to be

understood as remarked above.

e Similarly the terms with the integrands

Pe 1+ ) P (k= a) Py 1+ ) P (K) 120
PR PR+ ) PE(R) " PR PR+ K) P —a) |
P(0) Pyi(k —q) P32 (1) P (k)

Py(l+q) Py (1L + k) P (k) Py (1+q) P (1 + k) Py (k — q)

will be reduced to integrals of the form 2

lpO k.T’O
Jy = le/de 0_"0 . 4.91
.= | PR+ q) PR+ k) PO (k) (4.21)

e The terms with the integrands

PPl +q) P*(1) Ptk —q) P° (k)
PPl +k) Py (k—q)Ps? (k) Pl (I+q) P2 (1) P (I + k)
Pri+q PP() Ptk —q)  PUt(+q) B2(1) P5° (k) (4.22)
Pl (1 + k) P& (k) PB4+ k)P k—q) '
Prt(l+q) Pyt (k—q) P (k) B(D) P (k — q) B5° (k)
Py (l) P (1 + k) © PPl +q) Pl + k)

2The topology of two-point diagrams with three propagators is called sunrise topology. Its associated

integrals, such as T or J,, are called sunrise integrals.
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will be reduced to sums of products of one-loop two-point and one-loop tadpole
integrals after inserting P;’s from Eq. (4.12) into numerators and then shifting mo-

menta.

e The remaining terms vanish due to the property of the dimensional regularization
method

p, [0, P +q) P (D) P (k —q) PP (k)
/d l/d k 00 = 0. (4.23)

By the same procedure, the two other tensor integrals which are associated with topologies
(h) and (i) can also be reduced to expressions containing J;, Jo and products of one-loop

functions.

At this step, the three integrals 79, T and T are reduced to a set of the three
integrals Jy, J1 and Jo. The integrals J; and J; are, in general, UV-divergent. In the next
sections, the procedure of separating the UV-divergent and UV-finite parts of J; and J,

is discussed.

4.2.2 UV-divergences of two-loop integrals

This section is dedicated to a brief discussion of different kinds of UV-divergences of
two-loop two-point integrals. The understanding of these divergences is important when

solving the integrals J; and J in the next steps.

In general, a two-loop integral T\2) 't #wt-vr (c.f. Eq. (2.2)) has the following

1~-~tnl §~~-tnl+nm§~~-tnl+nm+nk

UV-divergences:

e Overall divergence: This divergence appears when both |I| and |k| get large. By
power counting, the degree of overall divergence is defined by

ny+nm+ng

w =2 Z ti—2x4—p-—r. (4.24)

=1
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For example, the degree of overall divergence of the integral J, in Eq. (4.21) is

3

i=1
If w < 0, the integral is divergent. However, unlike in the one-loop case, the
condition w > 0 is not enough for the integral to be convergent. In the two-loop

case, one needs also to consider sub-divergences.
e Sub-divergences: There are two kinds of sub-divergences:

a. The divergence appears when |l| — oo while |k| is fixed,

b. The divergence appears when |k| — oo while |I| is fixed.

One can also define degrees of sub-divergences w; and wy,
ny+nm

w, = 2 Z ti—4—p, (4.26)
=1

ny+nm+ng

wp = 2 Z ti—4—r.

i=n;+1

For instance, the integral J; in Eq. (4.21) has

w;, = 2(t1+t2)—4—p0, (427)
W = 2(t2+t3)—4—7’0.

The conditions for a graph G (i.e for its associated integral) which contains divergent
subgraphs to be convergent are proved in Weinberg’s theorem [35]. The theorem can be

summarized as follows

e Suppose that a one-particle irreducible (1PI) graph G and all its 1PI subgraphs have

positive degrees of divergence. Then the graph is finite.

e Suppose that a 1PI graph G has positive degree of overall divergence, but it might
have sub-divergences. Then the graph is finite after sub-divergences have been

subtracted.
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e If a 1PI graph G has non-positive degree of overall divergence w, then its overall

counter term is polynomial in the external momenta of G of degree —w.

From Eq. (4.24) and Eq. (4.26) one obtains

w=w +wy—2 Yt (4.28)

i=n;+1

From this relation, one observes that if an integral has

1=n;+1

or (4.29)

i=n;+1

then it will be made finite by using subtraction terms to increase wy (or w;) to a positive
value. It means that the integral is already finite after subtraction of its sub-divergences.
The integral is called non-degenerate. Otherwise, if

Nm,

wtwp <20yt (4.30)

i=n;+1
then one needs not only subtraction terms to remove the sub-divergences but also sub-

traction terms for the overall divergence. The integral is called degenerate.

In the next sections, we will construct subtraction terms which can be used to remove
both the overall and sub-divergences of the integrals J; and J,. We will see that the
construction of subtraction terms for the degenerate integrals is slightly different from
the non-degenerate case. The difference is due to the fact that one has to deal with

spurious IR-divergences which might be introduced by subtraction terms.

Note on overlapping divergences

It is possible that the considered graph contains two sub-graphs which may share an inter-

nal line. In this case, we cannot regard the sub-integrals associated with these sub-graphs



4.2. The non-trivial topologies 41

as independent integrals. It is said that the graph contains an overlapping divergence.
In our calculation, this case appears in all topologies. However, as a result of the tensor
reduction, the overlapping divergence remains only in the integral .J,. Historically, to
treat overlapping divergent graphs was a difficult task. However, the method which we

will present in this thesis works well also for the overlapping divergent integrals.

4.2.3 The integral J; and the subtraction procedure

As discussed in the previous sections, the tensor reduction results in three integrals Jy,
Ji and Jy. Jy is UV-finite so that one can integrate it numerically [11]. To solve a
non-degenerate integral such as Ji, a very efficient and practical method was introduced
by D. Kreimer [12]. The method is known not to work in degenerate cases, such as Js.
However, with a modification that we propose in section 4.2.5, the method can be safely
extended to solve degenerate integrals. In this section, we will use D. Kreimer’s standard
procedure to solve the integral of the type .J; before going to discuss an extension for

degenerate integrals. We start with the integral

Ji = /le/de Ty - (i=1,2,3,4) (4.31)
_ ko'

70 _
1{t} Pl + q) P2 (1) P(1 + k) Pl (k)

with ¢, > 1, rg > 0 and

P o= (I4q)* —mi+ip,

P, = 1> —mi+ip, (4.32)
Py = f’g—mg—i-ip,

P, = 134—mi+ip

where we have introduced massless inverse propagators

Py = (I+k)? (4.33)

P, = K
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By power counting one obtains

w = 2<t1+t2+t3+t4>—8—7“0,
w; = 2(t1 + 1ty + t3) -4 > 25 > O, (434)
Wy = 2(253—!—254)—4—7"0.

If wy, > 0, the integral is finite since t;,%5 > 1 and w; > 0. For this case a two-fold integral
representation will be presented in Eq. (4.73) with zx = 0. If w, < 0 one can separate
the integral into two parts, an UV-finite part which can be integrated numerically in
D = 4 dimensions and an UV-divergent part which can be integrated analytically in D

dimensions [12]. Let us introduce a subtraction term for the k-integral

x pi P
Kk = 1—W
3 47y
= 1+ Ky, (4.35)
T, ts ota \
" Lk n [ P3° Py

For |k| — oo, K behaves likes k™! so that the factor K®* improves the degree of divergence
for the k-integral by xp. It is easy to prove that there always exists a value of x such

that wy + zp = 1 and at the same time w + x5, > 0. This means, the integral

/ d”l / d’k T4, K (4.36)

is UV-finite. So, by introducing a subtraction term K** both the k£ sub-divergence and

the overall divergence are removed at the same time.

This procedure can be safely applied also to the more general integral *

Po .70
lO kO

Jre = / dPl / dPk 4.37
) P+ q) PR PR+ R) LR A
with pg, ro > 0 and if w; satisfies the condition

3In fact, this integral can be always reduced back to J; and J,. However to improve the performance

of XLOOPS-GiNaC we will not reduce all integrals to J; and J, if they are non-degenerate ones.
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This condition assures that the integral is non-degenerate and thus with a choice of x
such that xp + wy = 1 one can find subtraction terms for Eq. (4.37) which render it

convergent.

In order to obtain analytically integrable subtraction terms, we use the massless propa-
gators 1/ ﬁ:?’ and 1/ ﬁf“ to construct K**. However, this leads to spurious IR-divergences
when applying the procedure to the degenerate case as we will see later. For now, we are
safe to use the subtraction term K** with z; 4+ w, = 1 to separate UV-divergences from
Jp.

Using Eq. (4.35) we can write

Ji = /d4 /d‘*k Ty Ko — /le/de; Ty Kot (4.39)

On the right-hand side, the first term is finite so that one can perform the numerical
integration in D = 4 dimensions as discussed in section 4.2.7. The integration in the last
term can be done analytically. To have a closer look, let us consider the integrand of this

term:

Tk kro Ptg Pt4 n—1
1{t; Kg* = Z o (—=1)" tO t ( i i) m
{ } — n Pt Py? (P§3 Pizl)

~ ts / ~ e
B ; n <_ ) Pltl P2t2 |:ﬁt3 ﬁi4:|n ( . )
Tk tS(n Ditaln"D) t3(n —1) ) <t4(n—1)>
2oz () (M
2 ko’

(=) (—md)™

Pfl P2tz ﬁ§3+n3 ﬁiﬁ-m ’
Thus one obtains the second term (the subtraction term) as a sum of integrals of the form

/ dPl kgj — .
P+ q)P2(1)Ps* (L + k) Py (k)

(4.41)
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This integral is a special case of the more general one

Po 1.70
lO kO

J = / dP1d"k— — = (4.42)
Py (L + q) P (D) P (L + k) Pyt (k)
where t; € N and py and ry are non-negative integers.
The degree of divergence of each term of the sum of the integrand Eq. (4.40) is
4
w o= 2 Zti +2(n3 +mn4) —8—19 (4.43)

=1

= w+ 2(n3 + ny).

To absorb the UV-divergences of J;, only the divergent terms in Eq. (4.40) are needed.

A minimal set of subtraction terms is determined by n3 +ny < —%.

In the next section, we present the analytical solution of the integral i

4.2.4 The integral Ji

This section is dedicated to the analytical solution of the integrals jl which are subtraction

terms of J; in Eq. (4.40). We first write the integral more explicitly
~ lpo ko
Jio= [ d°ld"k e

- PP (+q) P [+ R (k2]

and rewrite the k-integral in a Lorentz-covariant form

D lp’ Gur *** un,g N T
d l t1 to T0 d ]f o T3 1t
P (1 +q) Py(1) do [(l—l—k‘) ] [(k:)}

(.

(4.44)

~~

B0 (12;0,0)  (see Eq. (3.1))

The analytical result of the k-integral on the right-hand side can be obtained directly by
taking the derivative ro-times with respect to [** of Bt(g 35 ,(1%:0,0) [36], where

) (72, _ D 1

Bt3t4(l 7070) - /d k [(l + k)2}t3 []CQ]t4 (4'45)

. 7 (—1)t3+t47rD/2F(t3 +t4— D/2) B(D/2 — 1y, D/2 — tg) 12 D/2—t5—t4
T(t3)0(ta) (=)
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and B is the beta function (c.f. Eq. (4.4)).

Performing the derivatives with respect to [* of Bt(g ) ,(1%,0,0) to obtain By, " (1%;0,0)
Quy " "y,

then contracting it with o one obtains
0
m - [ro]/2 ro—2;j ; g
/de kg’ _ i (—1)P/2(m)P/? OZ ro! (—1p)" 2j (l2>J+D/2 t3—ta (0.45)
(1 + k)2 (k)" D(ts)T(t) (ro — 2j)! 51 2% '

with [ro] = ro if ro is even, and [ro] = ro — 1 if r¢ is odd. Substituting the right-hand side

of Eq. (4.46) into Eq. (4.44), one ends up with three-point one-loop integrals of the form

o
ly

P00 _ ¢ /le
aht (12)> P (1 + q) Py(1)

(see Eq. (3.14)) (4.47)

where « is an integer when D = 4, and € is a coefficient which depends on D, t3,t4 and

To.

Because the [-integral is still UV-divergent, one can not set D = 4, so « is in general a
non-integer number. To calculate this kind of integral, an algebraic approach is proposed
in [12] by using massive one-loop tadpole subtraction terms. However, again, the method
can not be applied to solve the integral Eq.(4.47) if ¢ = 0 which is the case for the sunrise
topology. In this thesis, we will use the hypergeometrical function to obtain an explicit
expression for this integral when t, = 0. Using the same reduction procedure as in the
one-loop case, the integral on the right-hand side of Eq.(4.47) (in the case t; = 0) can be

reduced to the form

_ D (1%
£= /d l[(l +q)2 —m? +iplt[I2]e (4.48)

where « is a non-integer number. Now, using Feynman parametrisation as in Eq. (2.3)
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and after shifting the momentum, one obtains

2t a—17712 _ ) 2,210
1::7/ /le —) Pl gt q] (4.49)

—¢a(z — (1 —x)) +ip] "

= %/MZZ( )( ):pt—lu—x)a—l

0 J1=0 j2=0

O PO R
=Pl = (=) + i

F 2\j1—7j2/2 jQF(D/2)F(j2/2 + 1/2)
- Ter / 3 Z ( > ( ) P R D 2/

Jj1=0 j2=0

o xt+2j1—j2—1(1 . x)a—l(ﬂ)n—jl-i-jz/?
X
/ (12 — 2x(z — (1 — z)) +ip]"

where 7, is even, z = 7;—22 and the relations Eqgs. (2.5, 2.7) are used in the last line. Using

the ansatz of the one-loop tadpole integral Eq. (2.7) one obtains

£ = ZZ@:/dm A=) (z—ip) —a] ™™ (4.50)

J1=0j2=0

with

a = «,

D_ i
CL/ = <j1+n—@+ 2]2)7 (451)
Dt
bl — _<n—]1—t—a+ +J2>
2
and
- <n> <j> (22 7PP2 (—1)r I e gyt P (452)
n J2

(D/2+n —ji + jo/2)0(t —n+ j1 + o — ZE2YD(D/2)T (2 /2 + 1/2)
I (@)l(D/2 + j2/2) '
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With the help of the formulae Eq. (B.4) and Eq. (B.5), the integral over x can be integrated
in terms of hypergeometrical functions
n o J1

. — / / 1
L= ZZQ: (Z—Zp) b1 B(a,a,) 2F1 (a,bl,a—i-a,z_ip) . (453)

Jj1=072=0

For the scalar sunrise integral, this result is in agreement with [37]. For the general tensor
case, an expansion method (at the pole D = 4) for the hypergeometrical functions oF;
is presented in [38]. From the computational point of view, the expression Eq. (4.53) is

ready to be evaluated with the help of nested sums as introduced in [38].

4.2.5 The degenerate integral J, and the sunrise topology

In this section, we consider the integral J introduced in Eq. (4.21) which appeared as a

result of the tensor reduction in section 4.2.1

Jy = /le dPk N (i=1,2,3)
with
lpO kTO
PO,T0 __ 0 ™0 4.54
S0 P PR B PR 5
and

Pl+q) = (I+q)°—mi+ip,
P(l+k) = (I+k)*—mj+ip, (4.55)
Py(k) = k*—mj +ip.

By power counting, one obtains

wy = 2(t; +t2) — 4 — po,
W = 2(t2+t3)—4—7’0, (456)

w = w;+wg — 2ts.
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If w; > 2ty or wy > 2ty one can use the same procedure as described in section 4.2.3.
However, the procedure fails in the degenerate case where w; + w;, < 2t5. To see the
problem, let us consider a simple case, where 0 < w; < 2t; and wy < 0. The integral
contains overall and k-sub-divergences. Now, if one uses the subtraction term K¢ as
presented in Eq. (4.35) with w), = wy, + 3 = 1 then the overall divergence of the integral

after subtraction is

w' o= w+w), — 2ty
— w12, (4.57)
< 0.

The integral is still overall divergent.

A naive approach to this problem is to increase xj; such that xz; + w, > 1 and w' =
wy; +wy +x — 2ts = 1. However, this is dangerous because K** is constructed by massless

propagators and an IR-divergence will be introduced into the k-sub-integral if x +w;, > 1.

Another approach is to use the forest formula based on the BPHZ prescription [39] to
find suitable subtraction terms . The use of the forest formula may open a more general
way to implement a renormalization procedure into our method. Even though this is an
interesting topic to work on in the future, in this thesis, an alternative approach using
massive propagators to construct the subtraction terms is used to solve the degenerate

integral J,.

With a massive subtraction term, one can chose x; as large as needed to remove the
overall divergence without introducing spurious IR-divergences. On the other hand, one

has to solve more complicated integrals.

We now suppose that w; < 0, w, < 0 and w < 0% In order to remove all divergences,
one needs subtraction terms to remove the overall-, the [- and the k-sub-divergences. The
trick is to use a massive subtraction term to increase the degree of [-sub-divergence to

2ty and isolate the overall divergence in a scalar two-loop vacuum integral which can

4If wy, > 0 (or w; > 0) we need only massive subtraction terms for the I- (or the k)-integral.
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be integrated analytically. The k-sub-divergence is still subtracted off by the massless

subtraction term as before. We define subtraction terms

pi\"
L o= |1- =% = 1+L7, (4.58)
P
PPty
G B R = 1+ Ky
where
P, = PP—m?+ip,
Py = (I+k)?

n=1
Tk
KO e
n=1
x; and x; are chosen such that

T +w = 29, (459)

T +wp = 1.

In contrast to K, the subtraction term L is constructed by a massive propagator 1/P; that
allows one to choose z; big enough to make the whole integral finite without introducing
an IR-divergence. Using subtraction terms L and K, the integral can be rewritten as

follows
Jy = / Al d*k Ty L7 K — / d’1 d°k T} Ly (4.60)
— / d”1 d%k T} Ly Kot — / a1 d%k T3S Kg*

The first term on the right-hand side of Eq. (4.60) is finite; so it can be integrated

numerically in D = 4 dimensions. The last two terms are massless k-integrals with
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integrands

x to ptz\n1—1 T
ke = S () o EEL R (1.61)
2{t:} 700 t1 (D2 pts)
Py <P2 Py )

T T no—1 n1—1 r
i = 53 () ()

N9 (Pltl)n2 <ﬁ2tg ﬁgg)n

which can be evaluated using J; (see section 4.2.4). The second term of Eq. (4.60) is the
tensor vacuum two-loop integral and has the form
lPO k:TO
/ d”1 d"k 0
12 —m? +ip]" [(1+ k)2 — m3 +ip]” [k? — m3 +ip]®
Qur -+ Qupy Qo - - - Qo D1 3D LS L ) SN Al
= 0 [ d7ld7k — — —.
qrotro (12 —m3+ip]" [(L+ k)2 —m3 +ip]” [k2 — m3 +ip]”

By using the decomposition in Lorentz covariant terms like in Eqs. (2.23, 2.24) and then

(4.62)

contracting with the external momenta g,,, the above integral is decomposed into massive

vacuum integrals of the form

l2 nil. kym ]CZ p
/lede: — G Gl ?t — (4.63)
(12 = m2 +ip]" [(1 + k)? — m3 +ip]” [k> — m3 +ip]”
where n, m, p are non-negative integer numbers. By inserting
? = [l2 —mf%—z’p} +m7 —ip,
20-k = [(1+k)?—m5+ip] — 17— k> +mj—ip, (4.64)
k> = [k:Q—mg—l—z'p] +m3 —ip

into the numerator and then canceling the terms in the denominator of Eq. (4.63), the
integral is reduced to products of one-loop integrals and scalar massive vacuum integrals

of the form
1

S = / d”l d"k :
e 2= m - ap] [+ k)2 = m3 il [k — 3 )"
An efficient recursion relation to reduce Eq. (4.62) to Eq. (4.65) and the analytical solution

(4.65)

of the massive vacuum integrals Sy, 4, +,) is presented in [40, 41].

In the next section, we present another approach to solve the massive vacuum integral,

which is more flexible from the computational point of view.
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4.2.6 The massive vacuum integral Sy, 4, 1)

To calculate the massive vacuum integral Sy, 4,1}, it is sufficient to consider the special
case t| =ty =t3 = 1. If {4 > 1 (or ty or t3 > 1) then the integral is non-degenerate and

can be evaluated as described in section 4.2.3. Let us consider the integral

1
S = / Ry

with
P, = I*—mi+ip,
Py = (I+k)*—mj+ip, (4.66)
Py = k*—mi+ip.

We apply the following transformation

1 1 1 1
Sqaiy = /lede‘{ - = }—I—/lede{~ - }
PPy Py P PPy P P,P; P PP

1
+/dDz APk —— (4.67)
P, P, Ps
m2 m2
_ /ledeNil—i—/lede%
P1P1P2P3 P1P2P2P3
1
+/le dPk ——
P, P, Py
with
ﬁl _ 127 (468)
Py, = (I+k)
(4.69)

The first two terms of Eq. (4.67) are actually integrals of the type J; which are discussed
in section 4.2.3. The last term which contains the overall divergence is now isolated in a

simple integral Jy with t; =0 (see section 4.2.4) which can be integrated analytically.

Having discussed the analytical solution of the divergent terms, in order to complete the
calculation, one needs to find numerical solutions of the integrals which appear in the
finite terms of Eq. (4.39) and Eq. (4.60)
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4.2.7 The numerical integration of finite integrals

h)

As discussed in the previous sections, the finite parts of W), 79 T(" can be obtained

via the three finite integrals

Jolp_y / d'l / d'k Ji%,, K™ and / d'l / d'k J5 L7 K™, (4.70)

These are integrals of five real variables ly, ko, [,k and z (see Eq. (2.15)). In contrast
to the one-loop problem no analytical solution is known yet for two-loop integrals with
arbitrary masses so that we will integrate these three integrals numerically. In fact, the
integrals over the last three variables [, , £, and z can be integrated analytically so that the
finite parts of the two-point two-loop integrals can be obtained in terms of two-dimensional

integrals. Let us rewrite

Jolpy = / dly dko Jo (4.71)
with
00 1
Jo / dl, dk / dz i (4.72)
0 — 1 1 . .
/ Jo P+ a) Py () P+ k) Pit(k = q) Ps* (k)

The second finite integral can also be rewritten as a two-dimensional integral over [y and

ko

T o0
/d4 /d“k Ty KT =Y (mk> (=1)" /dlo dko k5o 37 (4.73)
n=0 n

with
o) 1
It = 8r? / dly dk; / dz 12 k%
0 —1

1 (e )T
Ptl P 3 Dta .
(P (I+k) P! )

(4.74)

The third finite integral can be rewritten as follows

/d4 /d4 ZP?tTO} Lo K% — Z Z ( > ( ) (_1)n1+n2 /dlo dko lpo km ~n1 no

n1=0n2=0 N
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with
[e’9) 1
pry"t (plplymT
Jone :8#/% dl@/dz 2K (A" ( 2 S— (4.75)
[ e e e ()

The integrals jo, §1 and 52 are well defined. Further, 51 and §2 can be decomposed into
integrals of the form

00 1

- 12 k2
Jy = 8n° /dl dk /dz L o 4.76
I P P PP R PR 70
and
00 1
s 87 /dl dk /dz Ak (4.77)
fr— T .
2 ST PRk q) PR R) B ()

which are also well defined. In the case of Jy, the method of integration over [, , £, and z
using the residuum theorem is discussed in detail in [11]. In contrast to Jy, the integrands
of J, and J, do not decrease rapidly enough for [, — oo and for k; — oo so that they
can only be evaluated as improper integrals. In the following, we present the solutions of

these three integrals, while their detailed calculation is given in appendix C.

e The solution of the integral jo

oo 1
J; 2 k2
J:82/dldk/d 2 K2 .
0 m LQRL z Pl l_|_q Ptz(l) P§3(l+k) P}(k—q) P5t5(/{) ( )
0 -1
5 .
1 P e
- H t _1 ld )tz—l Jo {1,1,1,1,1}
i=1
with
o0 1
) 82/dldk /dz 11kt
= 8m
0{1,1,1,1,1} J LAk 1 Pi(14q) Px(1) Ps(I+ k) Py(k — q) Ps(k)
4t
= 2 2 2 2 {£134 + Logs — Logq — £135} (4,79)

(wi — w3)(wi — wg)
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where
w, = /(lo+aq@)?2—m3+ip ; wy = JB—mi+ip;
ws = /(lo+k)>—mi+ip ;5 ws = +/(ko—q)?—mi+ip ; (4.80)
ws = +/ki—mi+ip
and
Lijr = In(w; +w;+wy), (4.81)
q = (9076)'

e The solution of the integral jl

e’} 1
~ l2 ]{32
J; = 8’ / dl dk / dz L 4.82
1 / e J Pl +q) P2(1) P3(L+ k) Py (k) (482)
1 dt —1 R
- H(t — 1)l d(m2)t—1 URIRREY:
=1
with
e’} 1 l2 k2
7, = 872 [dl dk, [ d L
1{1,1,1,1} s 0/ 1 J_[ ZP1l+q Pg(l) Pg(l—i—k) P4(k)
= ﬁ{£234_£134} (4.83)
1
and
wi = (lo+q)?—mi+ip ; wy = JIF—m3+ip;
(4.84)
ws = (lo+k)>—mi+ip ; wi = VK§—mi+ip .

e The solution of the integral T
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00 1

- -
2 ™ 1ak ZPfl(l+q) PP (1 + k) Pi(k) (4.85)
0 21
3 1 dtq,—l N
J-
g (t; — Dl d(m2)t—1 2 {111}
with
o0 1
o~ 2 /dl dk /d l2 k,?
J- — 8
s ' o : Pi(l+q) P(I+ k) Ps(k)
1
= At In(wy + wy + w3) (4.86)
and

w, = \/(lo+qo)2—m%+ip DoWwy = \/(lo+k0)2—m§+ip; : )
4.87

wy = kg —m3+ip.

4.3 Tests and comparisons of two-loop two-point in-

tegrals

The algorithm to calculate two-loop self-energy integrals is implemented in the program
package XLOOPS-GiNaC (see chapter 5). In this section, we present results of the cal-
culation of two-loop self-energy integrals using XLOOPS-GiNaC and compare them with
the existing results [30, 37, 42, 43].

The result of XLOOPS-GiNaC consists of two parts. One part is evaluated analytically
in terms of the one-loop and/or hypergeometrical functions. The other one is evaluated
numerically by using Monte Carlo or Quasi-Monte Carlo methods with the help of the
routines Vegas [44] or ParInt [45].

In the following, the sum of the analytical value and of the average of the result of the
numerical integration will be called the main value. The error of Vegas (or ParInt) will

be called the error.
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p? A B C D E F
2.66667 | —8.454752 | —8.45044 | —8.445577 | —8.45038 || —8.450650 | £ 5.1525E-4
1.77778 | —8.286016 | —8.28753 | —8.286116 | —8.28747 || —8.287799 | + 5.3794E-4
1.18519 | —8.186514 | —8.18486 | —8.184417 | —8.18481 || —8.184650 | + 6.2748E-4
0.790124 | —8.116017 | —8.11883 | —8.118665 | —8.11878 || —8.118499 | £+ 6.7367E-4
0.526749 | —8.077571 | —8.07583 | —8.075740 | —8.07577 || —8.075849 | £+ 6.6106E-4
0.351166 | —8.053491 | —8.04759 | —8.047528 | —8.04754 || —8.047599 | £+ 6.8391E-4
0.234111 | —8.033367 | —8.02896 | —8.028900 | —8.02890 || —8.030249 | £+ 6.9644E-4
—8.029050 | £ 1.7597E-4
0.156074 | —8.013727 | —8.01662 | —8.016561 | —8.01656 || —8.017200 | £ 7.4516E-4
0.104049 | —8.018667 | —8.00843 | —8.008371 | —8.00837 || —8.008700 | £ 7.4386E-4
0.069366 | —7.999787 | —8.00298 | —8.002926 | —8.00292 || —8.002699 | £+ 7.5543E-4
0.046244 | —7.997535 | —7.99936 | —7.999303 | —7.99930 || —7.999599 | £+ 7.6981E-4
0.030829 | —7.985865 | —7.99695 | —7.996891 | —7.99689 || —7.996850 | £+ 7.8173E-4
0.020553 | —8.006871 | —7.99534 | —7.995285 | —7.99528 || —7.994649 | £+ 8.2185E-4
0.013702 | —7.900682 | —7.99427 | —7.994214 | —7.99421 || —7.993350 | £+ 8.5223E-4
0.009135 | =7.957410 | —7.99356 | —7.993501 | —7.99350 || —7.991799 | £ 8.7328E-4
0.006090 | —7.793835 | —7.99308 | —7.993026 | —7.99302 || —7.991899 | & 9.0757E-4

2

Table 4.1: Real part of Tia34n (p?; m?, m3, m3, m3) for small values of p?. The masses are

my =1, mg = 3, mg =5 and my = 7 (GeV). Results in columns A-D are reproduced

from [37].

We first consider the finite integral

2., 2
T1234N(p My, m

with

2, ,.2
T1234 (p My, m

dPl dPk
/ [(I+p)* = mi + ip][I? — m3 + ip)

2

2
25 M3, My

2 2 oy
2,m3,m4) =

) := Tiaza(p*;m7, m

2 2) - T1234(p2; m%a m%a Oa 0) (488)

25 Mg, My

1

(4.89)

[(I + K)? —m3 + ip|[k? — mi + ip]

In table 4.1, the four columns A, B, C, D are from [37]. In column A, the values are




4.3. Tests and comparisons of two-loop two-point integrals 57

from a two-dimensional numerical integral representation [46]. Column B shows values
obtained by using a series expansion of hypergeometrical functions [37]. The results in
column C are from an approximation using three terms of a Taylor expansion [47]. Finally,

the results in column D are obtained from a one-dimensional integral [37].

We add results obtained by XLOOPS-GiNaC for the real part of Tis34n in column E to-
gether with errors in column F.°> Here, we use 10° x 10 iterations of Vegas. The calculation

takes less than 1 minute for each integration on a computer with 1.6 GHz Athlon CPU
and 512 MB of RAM.

In Fig. (4.3), Tia34n is plotted as a function of the external momentum p?. Because our
results agree very well with the others, we present another plot in Fig. (4.3) to compare
the differences. In order to do that, we will compare our results with the ones in column
D which were evaluated by a one-dimensional integral. In this figure, we plot the relative
errors (error normalized by main value) of XLOOPS-GiNaC and the differences between
the main values of XLOOPS-GiNaC and the results in the column D of [37] normalized
by the main value of XLOOPS-GiNaC. As shown in Fig. (4.3), the relative differences
are at order 107%. We also observed that there is instability at the point p? = 0.234111.
The agreement can be improved by increasing the number of sample points or iterations
of Vegas as presented in the second entry of the table at p? = 0.234111. We do not see
any special problem at this value of p?, so we believe that the occurrence of the large

deviation here is purely accidental

As a representative of the sunrise integrals, we calculate the finite integral Tio3ny and

compare our results with the results of [42]. The finite integral Tio3x is defined by

Tiosn (p*;mi,m3,m3) = Tias(p*;mi,m3,m3) — Thas(p*; m7,0,m3) (4.90)

—Th93(p% 0, m3, m3) + Ti23(p*; 0,0, m3)

5The C/C++ program of this calculation can be found in the file T1234N. cpp of the XLOOPS-GiNaC
package.
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Figure 4.3: The real part of Tigzan(p*; m?, m3, m3, m?) as a function of p?>. The masses

are m; = 1,me = 3,m3 =5 and my =7 (GeV).
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Figure 4.4: The error of XLOOPS-GiNaC and the relative difference between our results

and of one-dimensional integral representation of [37], !D—;;E}, of Tio34n from Table. 4.1.
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with

Tios(p*;m3, m3,m3) = (4.91)
1

/le dPk _ — .

(I +p)? —mi +ip|[(l + k)* — m3 +ip][k* — m3 + ip]

In table 4.2 and table 4.3 we show the results of XLOOPS-GiNaC and the results of [42]

for small and large p? with different values for the masses.® For the p*-values above the

threshold (large p?), we also have a non-zero imaginary part, which is shown in the last
two columns of table 4.3. Each result in the table is calculated in less than one minute by
XLOOPS-GiNaC on a computer with Athlon 1.6GHz CPU and 512 MB RAM. As seen in
the tables, the differences are of order 1073. The accuracy can be improved by increasing

the number of iterations of Vegas and so the time of calculation also increases.

For a complete calculation of a sunrise integral, we compare the result of XLOOPS-GiNaC
with the result of [30, 43].” We will follow the conventions of [43] where the sunrise integral
is defined by

FO(D,m%,mg,mg,pQ) = (4.92)
M872D . 5 1

D—22/dk1/dk2 2 2\( 1.2 2 2 2

((2m) ) (ki +m7) (ks +m3)((p — k1 — k2)? + m3)

where
H= M + mg + Mms. (493)

The integral F;(D, m}, m3, m3,p*) can be parametrized by

1
(D -4y

1
(D9

R(D. i) = (D) R4 g4 R o
with

C(D) = (2y/7)*PT(3 - D/2). (4.95)

6The C/C++ program of this calculation can be found in the files T123N below.cpp and
T123N_above. cpp of the XLOOPS-GiNaC package.

"The C/C++ program of this calculation can be found in the file groote_remidi . cpp of the XLOOPS-
GiNaC package.
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p? | my | me | ms | Re Tiosn Error
9 3 3 10 || —7.31298

—7.31423 | + 0.00113
20 | 2 3 10 || —4.14938

—4.10781 | £ 0.00044
30 |1 2 10 || —0.81176

—0.81148 | + 0.00034
49 |1 1 10 || —0.31675

—0.32018 | £ 0.00005
50 |3 4 15 || —7.94710

—7.95379 | + 0.00080
25 |2 2 10 || —2.33538

—2.33527 | £ 0.00025
100 | 3 4 20 || —6.01715

—6.02022 | + 0.00167
150 | 3 4 20 || —6.39036

—6.38877 | &+ 0.00017
150 | 5 5 25 || —14.5339

—14.5780 | + 0.00326
200 | 5 ) 25 || —15.0523

—15.0542 | 4 0.00192

61

Table 4.2: Comparison for small p? of the real part of the subtracted sunrise integral
Ti23n- In each box, in the first entry we show the value of Table 1 of [42] (small p* series

expansion). The second entry is our result with its numerical error in the last column.
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p?> | my | ma | ms || Re Tiosn | Vegas Error || Im Thesny | Vegas Error
80 | 2 3 2 0.58743 —11.2628
0.58585 | £ 0.00048 —11.2632 | £ 0.0002
100 | 3 3 3 —1.28285 —20.8996
—1.28227 | + 0.00056 —20.9000 | £ 0.0005
100 | 2 3 4 —0.32864 —11.8459
—0.32028 | £ 0.00118 —11.8460 | + 0.0002
150 | 3 4 4 —1.26795 —26.4912
—1.21248 | £+ 0.00140 —26.4912 | + 0.0005
150 | 2 4 3 1.56625 —11.9689
1.55999 | 4+ 0.00079 —11.9690 | £ 0.0003
150 | 3 3 4 0.98658 —16.1021
0.99128 | £ 0.00614 —16.1026 | = 0.0004
150 | 3 4 5) —4.76259 —29.6012
—4.76273 | + 0.00075 —29.6012 | + 0.0006
200 | 2 3 4 1.69608 —6.02417
1.69549 | + 0.00022 —6.02412 | £ 0.0001
200 | 3 4 4 1.86356 —20.3985
1.85942 | 4+ 0.00175 —20.3987 | & 0.0004
250 | 4 4 4 2.64395 —27.6090
2.65248 | £ 0.00893 —27.6098 | + 0.0006

Table 4.3: Comparison for large p? of the real and imaginary part of the subtracted sunrise
integral To3y. In each box, in the first entry we show the value of Table 2 of [42] (large
p? series expansion). The second entry is our result with its numerical error in the next

column.
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For the divergent terms we obtain

3
. 1
By o= =gy mi, (4.96)
i=1

3 3
TS Y S S S (4.97)
’ 8 4 2" w

which is in agreement with the results of [30, 43]. Note that our result differs with the
2
one of [43] by a minus sign in the term %— of Fo(_l) . This is due to the fact that in [43]

the integral is evaluated in Euclidian space.

(0) 2
In table 4.4 we present the numerical values of % as a function of % . The abbrevi-

ations which are used in the table are

(m1 — Mg — m3)2

2 —
ppsl,r - ,u2 )
mi — Mo + M3 2
p;tzjs?,r = ( 2 ) ’ (498)
1%
2 . (m1 + mey — m3)2
pp53,7‘ - Mz

In column A we show the results of [43] using differential equation techniques. The results
of XLOOPS-GiNaC and their errors are shown in columns B and C. The difference of the

results is of order 1073 where we use 10° x 10 iterations per integration for Vegas.

4.4 Summary for the two-loop self-energy integrals

We have shown that by using an appropriate set of subtraction terms, all the two-loop
two-point integrals with arbitrary tensor degree and masses can be expanded in terms
of one-loop functions and a finite set of two-fold integrals which are suited for numerical

evaluation.

By applying the above method for calculating two-loop self-energy integrals, we get good
agreement with results of other authors. The O(¢~?) and O(e™!) terms of the integrals J;
and J, agree analytically with the results of [29, 30, 43, 48, 49] for the arbitrary mass case
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p? A B C

-1 —0.279454902855371 | —0.279819 | £6.6E-4
—0.99 | —0.2798928396415(5) | —0.280351 | £0.9E-4
P, | —0.280281633048667 | —0.280442 | +4.4F-4
-0.9 —0.2836780811878(5) | —0.283169 | +5.6E-4
P2, | —0.286233415451605 | —0.285265 | +16.3F-4
—0.825 | —0.2866587055221(5) | —0.281268 | +4.2E-4
szl,r —0.286906928933491 | —0.286141 | £5.7E-4
—0.8 —0.2876221116285(5) | —0.288281 | +5.4E-4
—0.1 —0.3101507246241(3) | —0.310516 | +1.9E-4
0 —0.312816604092084 | —0.312800 | £0.1E-4

Table 4.4: Comparison for the sunrise integral. The masses (in GeV) are m; = 1, my = 9,
mg = 200 and p = my + my + ms. Results in columns A are reproduced from [43]. The

results of XLOOPS-GiNaC and their errors are shown in column B and C, respectively.

as well as at the threshold and peseudo-thresholds. The finite terms of J; and Jy (O(€%))
are compared numerically and agree very well with [30, 37, 42, 43] using a reasonable

amount of computer time.

In the next section, the implementat