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Abstract

In this thesis I concentrate on the angular correlations in top quark decays and their
next-to—leading order (NLO) QCD corrections. I also discuss the leading—order (LO)
angular correlations in unpolarized and polarized hyperon decays.

In the first part of the thesis I calculate the angular correlation between the top quark
spin and the momentum of decay products in the rest frame decay of a polarized top
quark into a charged Higgs boson and a bottom quark in Two-Higgs-Doublet-Models:
t(1) — b+ H*. The decay rate in this process is split into an angular independent part
(unpolarized) and an angular dependent part (polar correlation). I provide closed form
formulae for the O(ay) radiative corrections to the unpolarized and the polar correlation
functions for m;, # 0 and m;, = 0. The results for the unpolarized rate agree with the
existing results in the literature. The results for the polarized correlations are new. I
found that, for certain values of tan 3, the O(«y) radiative corrections to the unpolarized,
polarized rates, and the asymmetry parameter can become quite large.

In the second part I concentrate on the semileptonic rest frame decay of a polarized top
quark into a bottom quark and a lepton pair: ¢(T) — X, + 7 4+ 4. I analyze the angular
correlations between the top quark spin and the momenta of the decay products in two
different helicity coordinate systems: system la with the z—axis along the charged lepton
momentum, and system 3a with the z—axis along the neutrino momentum. The decay
rate then splits into an angular independent part (unpolarized), a polar angle dependent
part (polar correlation) and an azimuthal angle dependent part (azimuthal correlation). I
present closed form expressions for the O(ay) radiative corrections to the unpolarized part
and the polar and azimuthal correlations in system la and 3a for m,, # 0 and m;, = 0. For
the unpolarized part and the polar correlation I agree with existing results. My results for
the azimuthal correlations are new. In system la I found that the azimuthal correlation
vanishes in the leading order as a consequence of the (V' — A) nature of the Standard
Model current. The O(a;) radiative corrections to the azimuthal correlation in system
la are very small (around 0.24% relative to the unpolarized LO rate). In system 3a the
azimuthal correlation does not vanish at LO. The O(a;) radiative corrections decreases
the LO azimuthal asymmetry by around 1%.

In the last part I turn to the angular distribution in semileptonic hyperon decays.
Using the helicity method I derive complete formulas for the leading order joint angular
decay distributions occurring in semileptonic hyperon decays including lepton mass and
polarization effects. Compared to the traditional covariant calculation the helicity method
allows one to organize the calculation of the angular decay distributions in a very compact
and efficient way. This is demonstrated by the specific example of the polarized hyperon
decay Z°(1) — St +1"+1; (I” = e, u~) followed by the nonleptonic decay ¥+ — p+7°,
which is described by a five—fold angular decay distribution.
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Chapter 1

Introduction

The top quark, the most massive fundamental particle in the Standard Model (SM), was
discovered in 1995 by the CDF and D@ collaborations at the Tevatron collider at Fermi-
lab [1, 2]. The top quark mass was measured at CDF and D@ to be m; = 174.24 3.3 GeV
(pole mass)[3]. The existence of the the top quark was predicted as the electroweak isospin
partner of the b—quark (see Table 1.1), which was discovered in 1977 [4]. Although the
top quark discovery was anticipated the large mass of the top quark was a big surprise.
The top quark has a mass slightly less than the mass of the gold atom, approximately
twice that of W and Z bosons, the carriers of the electroweak force, and thirty—five times
that of the next most massive fermion, the b—quark. The SM neither predicts nor explains
the observed mass hierarchy.

At the top mass scale the strong coupling constant is small, ag(m;) ~ 0.1. Therefore
QCD effects involving the top quark are well behaved in the perturbative sense, i.e. the
top quark decays provide an ideal tool for studying perturbative QCD.

The interplay between the large top mass and its spin is of crucial importance in
studying the SM. The decay width of the top quark is dominated by the two—body chan-
nel ¢t — b+ W™ because the top quark has a mass above the Wb threshold, and the
Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix element V}, is close to unity with
other channels heavily suppressed. The top quark decay width increases with the top
quark mass. The top quark decay width I'y = 1.39 GeV for the pole mass of 174 GeV
was calculated for this channel in the SM to second order in QCD [5] and to first or-
der in EW [6] corrections. Consequently the SM result of the top quark lifetime is
7, ~ 0.5 x 107%*s. This is much shorter than the typical time for the formation of
QCD bound states Tocp ~ 1/Agep ~ 3 x 1072* s, i.e. the top quark decays long before it
can hadronize [7]. Therefore top decays provide a very clean source of information about
the structure of the SM. In particular the time scale is much shorter than the typical time
required for the QCD interactions to randomize its spin. Therefore the polarization of the
top quark is preserved in the decay and can be studied through the angular correlations
between the direction of the top quark spin and the momenta of the decay products. Mea-
suring the top quark polarization and comparing it to the theoretical predictions would
present a clean test of the SM.

Until recently the precision of the measurements of the top quark have been limited
because of the relatively small top production cross section leading to a small number of
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fermions ‘ bosons ‘
15! generation 2" generation 37 generation v
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Table 1.1: The Standard Model of the elementary particles. The matter is made up of the
fermions, the quarks and lepton which are divided into three families or generations. The left—
handed fermions form isospin doublets while right-handed fermions are isospin singlets. The
interaction between fermions are mediated by gauge bosons.

events. At present the world’s only source of top quarks is the Fermilab Tevatron collider.
At the Tevatron the top quarks are produced mainly in pairs by pp collision at a center—of—
mass energy of /s = 1.96 TeV. At the Tevatron energy top quark pairs are produced from
quark annihilation (¢g — tt) 85% of the time and from gluon annihilation (gg — tt) 15%
of the time (see Fig. 1.1). Single top quark production occur via electroweak production
mechanism ¢’ — W* — bt or qg — ¢'W* — ¢'bt with roughly a factor 3 suppression [9].

g t

q t 9, t 999999990 ————
g9 % g
99900q 5%{6‘6‘6‘6‘6‘6‘6‘6‘
D t
» g
g i S f eOeeteer————

g
(85%) (15%)

Figure 1.1: Leading order Feynman diagrams for top quark pair production via q7 — tt or gg — tt
at the Tevatron. The total production cross section is ca. 7 pb.

The top quark pair production cross section depends strongly on the top quark mass.
The theoretical predictions for the top quark pair production cross section at QCD NLO
are around 6.7pb [13, 14] (at m; = 175GeV, /s = 1.96TeV). These predictions are
in good agreement with the measurements ! at CDF of 7.32 4 0.85pb [15] and at D@
of 7.1712pb [16]. With such a pair production cross section, in order to produce large
number of top quarks for precision studies, the collider must have a very high luminosity.

In the Run I period (1992-1996) there were around 1200 ¢¢ pairs in the interaction
region where the detectors D) and CDF are situated. In the Run II period (2001 till
now) this number increased dramatically (see Table 1.2). The future colliders are also
powerful top quark factories. The Large Hadron Collider (LHC) at CERN is planned to
start in 2007, initial measurements in 2008, and the first precision measurements perhaps
in 2009 with integrated luminosity between 1 and 10 fb~!. The planned International
Linear Collider, the ILC [8] will hopefully run from 2015. Highly polarized top quarks

!Preliminary results, not yet submitted for publication as of September 2006.
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Figure 1.2: Leading order Feynman diagrams for the single top quark production (electroweak
interaction) at the Tevatron. The production cross section for the s—channel is ca. 0.9 pb, for the
t—channel is ca. 2.0 pb, and for the t + W associated production is ca. 0.12 pb.

colliders tt-pair/y | center-of-mass energy | method | start up time
TEVATRON Run I | 5 — 6 x 10° Vs =18 TeV pp from 2001
LHC* 10" — 108 Vs =14.0 TeV pp from 2007
ILC* 1—4x10°| /s =300—800 GeV | ete from 2015

* Planned colliders

Table 1.2: Present and planned tt factories.

will become available in singly produced top quarks at hadron colliders (see e.g. [9-12])
and in top quark pairs produced at future linear e™ — e —colliders (see e.g. [17-23]),
providing enough statistics for precision studies of polarized top quark decays.

The angular correlation in the semileptonic decay of a polarized top quark is the
consequence of the pure left—chiral (V' — A) structure of the charged current in the SM.
Precision measurements of these angular correlations will reveal important informations
about the SM and its (V — A) coupling. To match the ever improving data from the
experiments it is necessary to calculate the NLO corrections to the angular correlations.
The radiative corrections to the angular correlation between the top quark polarization
vector P, and the final state leptons in the semileptonic rest frame decay of a polarized
top quark ¢(7) — b+ 1 + 14, have been studied extensively before [24-28]. In this thesis
we present the first NLO QCD corrections to the azimuthal correlations in polarized top
quark decays.

Another important aspect about the top quark is its Yukawa coupling. The top quark
is the only fermion with a mass close to the electroweak symmetry breaking scale. The
couplings involving the top quark can be important in determining if the SM mechanism
for the electroweak symmetry breaking is the correct one. The Yukawa coupling of the
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top quark and the Higgs boson[29] is among the most likely places where the new physics
may manifest itself. The experimental searches performed at LEP allowed one to put
a lower bound on the SM Higgs boson mass my > 114 GeV at 95% CL [35]. A global
SM fit to electroweak precision measurements has been used to obtain an upper bound
of my < 219GeV at 95% CL [36]. If charged Higgs particles exist as predicted in models
with two Higgs doublets (2HDM), they will play an important role in the production and
the decay of the top quark. If the charged Higgs mass is less than the difference between
the top mass and the b—quark mass, the top quark can decay as: t — H™ +b. Depending
on tan 3 (the ratio of the vacuum expectation values of the two Higgs doublets) the decay
rate for t — H* + b can be comparable to that of the dominant decay mode t — W+ +b.
The O(a;) corrections to the decay rate t — H™' 4 b have been calculated previously in
[37-39] and in [40-43], and have been found to be important. This thesis provides the first
closed form expression of the O(ay) radiative corrections to the asymmetry parameter in
polarized top decay ¢(17) — H' + b.

The emphasis in this thesis is to obtain closed form expressions for the differential and
integrated rates. The advantage of closed form expression is that one can easily discuss
limiting cases such as setting masses to zero, or the limiting behavior at threshold or
kinematic end points. Also it is simple to recalculate the numerical results for different
sets of parameters in the process such as different mass and coupling values. To ensure
the correctness of our closed form results we checked all the integrations numerically.

This thesis is structured as following.

In chapter 2 we present the O(a,) radiative corrections to the rest frame decay of
a polarized top quark into a charged Higgs and a bottom quark in Two-Higgs-Doublet-
Models: ¢(T) — b+ Ht. We calculate the LO unpolarized and polarized rates and
their NLO QCD corrections which consist of the virtual one-loop contribution and the
real gluon emission (tree graph) contribution. We use dimensional regularization (D =
4 — 24 with § < 1) to regularize the ultraviolet divergences of the virtual one-loop
corrections. We regularize the infrared divergences in the virtual one-loop corrections
by introducing a finite (small) gluon mass m, # 0 in the gluon propagator. In the
real emission corrections the phase space boundary becomes deformed away from the IR
singular point through the introduction of a (small) gluon mass. The logarithmic gluon
mass dependence resulting from the regularization procedure cancels out when adding
the virtual one-loop and real emission contributions. Our result for the O(ay) radiative
corrections to the unpolarized rate agrees with calculations in the literature [37, 38]. The
O(ay) radiative corrections to the polarized rate are new. We have checked consistency
with the Goldstone boson equivalence theorem which, in the limit my+/m; — 0 and
my+/my — 0 relates unpolarized and polarized rates for t — H™ + b to the unpolarized
and polarized longitudinal rates in the decay t — W™ + b calculated in [44]. The closed
form expressions for the O(«) radiative corrections for the unpolarized and polarized rates
are compact especially in the m;, = 0 limit. They can be used to scan the predictions of
the 2HDM for the (my, tan 3) parameter space. We found that, for certain values of tan g3,
the O(a,) radiative corrections to the unpolarized, polarized rates, and the asymmetry
parameter can become quite large.

In chapter 3 and 4 we calculate polar and azimuthal angular correlations in the semilep-
tonic rest frame decay of a polarized top quark ¢(7) — X, + ¢* + v,. These angular



correlations are usually analyzed in three different helicity coordinate systems with the
event plane defined in the (z,2z) plain and the z—axes along (i) the charged lepton ¢,
(ii) the W*-boson and (iii) the neutrino 14, which are denoted as system la, 2’a and 3a
respectively. The top quark polarization vector is parameterized with polar and azimuthal
angles in these frames. The decay rate then consists of a piece with no angular dependence
(the unpolarized rate), a piece with polar angle dependence (polar correlation or polar
rate) and a piece with azimuthal angle dependence (azimuthal correlation or azimuthal
rate). In chapter 3 I present the angular correlations in system la and their O(ays) cor-
rections. The “narrow—width” approximation is used for the W-propagator. We obtain
closed form expressions for the unpolarized and polar differential rate (differential w.r.t.
the charged lepton energy). In the next step we integrate over the charged lepton energy
to obtain respective closed form expressions for the integrated rates. For the radiative
corrections to the unpolarized and polar rates we have found agreement with the results
in [24, 26-28]. The radiative corrections to the azimuthal correlation function have not
been done before. The azimuthal correlation between the planes formed by the vectors
(P, Px,) and (D, ]3t) belongs to a class of polarization obsevables which vanish at the
Born term level in the SM. Vanishing of the LO azimuthal correlation is a consequence
of the (V — A) nature of the SM currents. The azimuthal correlations occur in at NLO.
We present a first calculation of the O(ay) correction to this azimuthal correlation. A
numerical result for the charged lepton spectrum of the azimuthal correlation is given.
The integrated azimuthal correlation function is presented in closed form. We show that
the O(a;) correction to the azimuthal correlation in system la is tiny compared to the
LO unpolarized result.

In chapter 4 we calculate the O(a;) radiative corrections to the above mentioned angu-
lar correlations in system 3a. We first present closed form expressions for the unpolarized
and polar differential rates (differential w.r.t. the neutrino energy). The closed form inte-
grated rates are then obtained by performing the neutrino energy integration. In helicity
system 3a the LO azimuthal correlation does not vanish. As in the case of system 1la, the
neutrino spectrum for the azimuthal correlation is obtained numerically. The integrated
azimuthal correlation is presented in closed form. For the unpolarized and polar rates we
agree with existing results [28]. Again we provide a first calculation of the O(ay) correc-
tions to the azimuthal correlation functions in system 3a. As in the case of system la the
neutrino spectrum for the azimuthal correlation is obtained numerically. The integrated
azimuthal correlation is presented in closed form.

It is important to realize that the angular correlations in the helicity systems la and
3a constitute independent measurements of the angular structure of polarized top quark
decays.

In chapter 5 we turn to angular decay distributions in semileptonic hyperon decays.
Using the helicity method we derive complete formulas for the LO joint angular decay
distributions occurring in semileptonic hyperon decays including lepton mass and polar-
ization effects. Compared to the traditional covariant calculation the helicity method
allows one to organize the calculation of the angular decay distributions in a very com-
pact and efficient way. In the helicity method the angular analysis is of cascade type, i.e.
each decay in the decay chain is analyzed in the respective rest system of that particle.
Such an approach is ideally suited as input for a Monte Carlo event generation program.
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Although we used the helicity method the results are checked by doing full-fledged covari-
ant calculations. As a specific example we take the decay Z° — ST +1" 4+ (I" =e", u7)
followed by the nonleptonic decay ¥ — p + 7°. These results are also applicable to the
semileptonic and nonleptonic decays of the ground state charm and bottom baryons, and
to the decays of the top quark.



Chapter 2

Polarization Effects in ¢(1) — b+ H™

Charged Higgs particles appear in generic two—Higgs—doublet models (2HDM) in the Stan-
dard Model (SM) and also in the Minimal Supersymmetric Standard Model (MSSM) [29].
Provided m; > mpy + m;, the top quark can decay into the charged Higgs and the bottom
quark: t — Ht +b.

First we define our notation. For the general case including the NLO decay process
t — b+ H' + g we define the four-momenta of top quark, bottom quark, charged Higgs
and gluon by py, pp, py and k. We also define the four-momentum of the quark—gluon
combined system by P = p, + k. This is of use in the calculation of the real emission of
a gluon from a quark. The scaled masses are defined as

PQ
my my my my
The scaled kinematic variables for the real emission are defined as
1 1
po(Z)=§(1—y2+2), wo(Z)=§(1+y2—Z),
1
pS(z) = § )‘(Ly 7Z)a wg(Z) = P3,
p+(2) = po £ ps, wy(z) = wo = ws,
1. p 1. w
Y,(z) = 3 np—j, Yu(z) = 5 nw—j. (2.2)
where the Kéllén function A(a, b, ¢) is defined by
Ma,b,c) :=a®> +b* +c* —2(ab+bc+ca). (2.3)

Note that pg and ps are the energy and the momentum modulus of the quark—gluon system
P = py + k scaled to the top mass. Similarly wy and ws are the scaled energy and the
momentum modulus of the charged Higgs. We recover the LO kinematics if £ = 0 i.e.
z = €2. The LO scaled kinetic variables are defined by

Po = po(€”), s = ps(€%), Pe = p=(€?), Y, =Y, (€,
Wy = UJQ(GQ), W3 = U)3(€2), Wy = wi(eQ), Yw = Yw(GZ). (24)

The variables pg, p3, wy and w3 are the scaled b—quark energy, b—quark momentum
modulus, charged Higgs energy and charged Higgs momentum modulus in the LO case.



8 2. Polarization Effects in ¢(1) - b+ H™

2.1 The Born approximation

H*. -

/// X
7z

//

7 z
//
t

b b

Figure 2.1: The Feynman diagram (left) and the reference frame (right) for (1) — b+ H™ in the
Born approximation. P is the polarization vector of the top quark and 0, is the polar angle between
P and DH

The coupling of the charged Higgs boson to the top and bottom quark momentum in
the MSSM can either be expressed as a superposition of scalar and pseudoscalar coupling
factors or as a superposition of right— and left—chiral coupling factors. The Born term
amplitude is thus given by

My = alpy, sp)(al + bys)u(py, s¢) (2.5)
1+ 1-
= u(ps, Sp) {gt 275 + gp 275 } u(prse), (2.6)

where a=3(g; +¢g») and b=3(g: — g). The inverse relation reads g, = a+b and g, = a—b.

In order to avoid flavor changing neutral currents (FCNC) the generic Higgs coupling
to all quarks has to be restricted. In the notation of [29] in model 1 the doublet H; couples
to all bosons and the doublet Hy couples to all quarks. This leads to the coupling factors

a= f WV;b(mt my) cot 3,

b= 2\/_mW ———— Vi (my + my) cot 3, (2.7)
where Vj;, is the CKM-matrix element and tan 3 = wvy/v; is the ratio of the vacuum
expectation values of the two electrically neutral components of the two Higgs doublets.
The weak coupling factor g, is related to the usual Fermi coupling constant G by

92 = 4V/2m3, G . (2.8)

In model 2, the doublet H; couples to the right—chiral down—type quarks and the
doublet Hy couples to the right—chiral up—type quarks. Model 2 leads to the coupling
factors

a = —=——Vy(my cot 5 + my tan 3),
f My

b= ———Vu(mycot § — mytan (). (2.9)
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Writing the coupling constants g; and g, explicitly one has:

G=a+b= \/Egiswwbtanﬁmt,
gb:a—b:—\/ﬁg:lwvtbtanﬁmb, (2.10)
for model 1 and
Juw
=a+b=——VytanBm,,
gt NG w tan B my
gy = a—b= Ju V}bcotﬁmb, (211)

\/§mw

for model 2. The coupling constants g; and ¢, highlight an important fact about fermion—
Higgs boson couplings: the strength of the coupling is proportional to the mass of the
fermion.

The LO amplitude squared is then given by

(Mo2 = Y (Mo =) MoMj

Sb Sb

= ) alps, s) (a+ bys) u(pr, s¢) [ﬂ(pb, sp) (a + bys) u(py, S,:)]T

Sb

= S ) (o b o o) [ ()70 0+ ) o )]

Sb

= > tpy, ) (a+ bys) ulpr, se)upr, s0)0(a + byoviyo)u(ps, sb)

Sb

= Y tlpy, s6) (a+ bys) ulpr, s0)(pe, se)(a — bys)ulpy, s3))

Sb

= (g, + ot bre), +m) (2 )|
= 2(a® + b)) (pe-py) + 2(a® — b*)memy, + dabmy(py-s;). (2.12)

The scalar products that do not involve the polarization vector can be obtained using
four-momentum conservation and choosing a convenient frame without having to specify
the directions. For example (p; — py)? = p% gives (p;-py) = myE, in the top rest frame.
In the polarized case the direction of the frame should be defined. We parameterize the
momenta and the polarization vector in the top-rest frame as (see Fig 2.1)

Pt = (mt;ovoao)v

= (E;0,0,—|pb]),
pr = (Ewu;0,0,[py|),

s; = P(0;sinfp cos ¢,sinfpsin ¢, cosbp), (2.13)
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where 0p and ¢ are the polar and azimuthal angles of the polarization vector of the top
quark. The parameter P is the degree of the polarization with 0 < P < 1. P =0
corresponds to an unpolarized top quark while P = 1 corresponds to 100% top quark
polarization. The energy and the momentum modulus of the bottom quark and the Higgs
particle are given by

m?+mi—m3 1 B
By = = = gmul(l =y &) = me o, (2.14)
. A1, 92, €2 ~
il = B - mp=m A (2.15)

where py and p; are defined in (2.4). With these parameterizations we obtain

1
(pe-py) = muEy = §m?(1 —y? + ) =m?po (2.16)
N1 2 2
(pp-st) = |pb| cosbp = mf% cosOp = m7 p3 cosOp . (2.17)

The decay rate of a particle with a mass m and momentum p into a given final state
of particles (p1,pa, ..., Pn) is

1 — &3
= Il il 1454 (p Zp M(m — {p})?

2m
=1
Lo L R ) M(m — {p ) (2.18)
= — ; ey Dn — i), .
2m (27T)3n_4 n pap17p27 7p m p

where the n—body phase space is denoted by

n dgp,z n
i=1 v i=1

In the present case the differential rate is given by

1 1 —_—
dI' = — ——=d ; 2 2.2
s 2 e (s ) T (2.20)

where the two-body phase space reads

dgﬁb dSﬁH 4
. _ 2 P — . 2.21
dRy(pe; py, PH) oF, 2EH5 (Pt — vo — PH) (2.21)
We use the relations
d>p
= [ - mte(s), (2.22)
@5 = QIR (2.23)

pldlp] = EdE, (2.24)
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to write the two—body phase space as

d3py
dRy(pe; po,pE) = _2E5d4pH5(p%I —m3)O(En)6*(py — po — pr)
d*py
ST —

1.
= §|10b|dQ dL, 5(7”? +my —my — 2(pt‘pb>)

l in top quark rest frame with the polarization

vector of the top quark J2 along the z—axis
1
= §’ﬁb\d9 dEy 5(mt2 +mi —mi — thEb) .
1
= o |p]dQ 2.25
pren CALLE (2.25)

In the last step the d—function is integrated out using

J(@) =Y e =), J) =0 f@)#£0.  (@26)

If the process is symmetric in space as for the unpolarized decay case the angular
integration will be a simple factor: [ dQ = dcosfd¢ = 4m where § and ¢ are the polar
and the azimuthal angles of the bottom quark in the top-rest frame. We then define a
two—body phase space factor PSy

1 dgpb 1 d3pH 1

PS, = oIS (o

s = o | yaE a2
1 1
2my (2m)2 2(Dt; o, Pir)
D3

- ' 2.27

87Tmt ( )

However, the polarized calculation is not spherically symmetric because of the polarization
vector. The polar angle 6 of the b—quark and the angle #p between the charged Higgs
momentum and the polarization vector are related by § = 7 + 0p (see Fig. 2.1), i.e.
dcosf = dcosfp up to a minus sign which is of no relevance. Then the angular integral
takes the form:

dQ =2mrdcosf =2ndcosbp, (2.28)

where the integration of the azimuthal angle gives 27 since |Mj|? does not have an
azimuthal dependence. However |M,|? does have a polar dependence, i.e. the polar angle
cannot be simply integrated out via [ dcosfp = 2. Thus the two-body phase space is

dRs(pe; po, pr) = % 2m dcos Op . (2.29)
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Substituting (2.29) equation into (2.20) and inserting the scalar products in |Mg|? from
(2.16) and (2.17) we obtain

o Born Born

dFBorn _ 1 (Funpol
dcosfOp 2

+ Pt cosep), (2.30)

where the unpolarized and polarized Born term rates are

umwel 8:; mf{z(aQ + b5 + 2(a? — b2)e}, (2.31)
t

Fpol . D3 2 4abp 2.32

Born 87Tmtmt aops ¢ - ( : )

We define an asymmetry parameter agy by

Fpol
g = W . (233)
Alternatively one can define a forward-backward asymmetry Apg by writing
I'r—Tp
App = ———— 2.34
BT r+T5’ ( )

where I'r and I'g are the rates into the forward and backward hemispheres, respectively.
The two measures are related by Apg = %PaH. In our numerical results we shall always
set P =1 for simplicity.

Since my, < my it is interesting to take the my, = 0 limit. As can be seen from (2.7) and
(2.9) the b—quark mass can be safely neglected in model 1. But in model 2 the left—chiral
coupling term is proportional to m;tan 3, and become comparable to the right—chiral
coupling term m; cot 3 when tan 3 becomes large. One can therefore naively set m, = 0
in all expressions. One has to distinguish between the cases when the scale of the b—quark
mass is set by m; cot § and when the scale of b-quark mass is set by m;. In the former case
one has to keep the b—quark mass finite. In the latter case the b—quark mass can safely
be set to zero except for the logarithmic terms proportional to In(m;,/m;) that appear
in NLO calculations. This way of taking m;, = 0 limit i.e. neglecting m,; when it is set
by m; but keeping it when it is set by m;cot 3 is referred to as “kinematical” m;, = 0
approximation.

In the my — 0 case the unpolarized and polarized Born term rates simplify to

punwol( 0) = (@+0*)(1+ CoB 2 ) (2.35)
my — = (a —_—— .

Born b a2 + 21 — y2 ’

2 (my —0) = 2abT, (2.36)

where I' = m,(1 — ?)2/(167). The asymmetry parameter is then simply given by

2 (my = 0) 2ab a?—b* 2 \
ag(my — 0) = Tl (" ) T2 (1 + 21— y2) : (2.37)

Born
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unpol [GeV] %l [GeV]
0. 0175 0. 0175
0. 015 0. 015
0.0125 0.0125
0.01 0.01
0. 0075 0. 0075
0. 005 0. 005
0. 0025 0. 0025
0 = 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
y="41 y="2

Figure 2.2: The LO unpolarized (left) and polarized (right) rates as functions of y = mg/m; for
model 1 with m; = 4.8 GeV, m; = 175 GeV and tan 3 = 10 . The m; — 0 curves can not be
discerned at the scale of the figure.

As was mentioned before the e-dependent terms in Egs. (2.35) and (2.37) can be safely
dropped in model 1 but not in model 2. To make this more explicit we rewrite the relevant
second term in the round brackets of Eq. (2.35) and (2.37) for model 2. One has

22 2 4 2 1
. £ = e _— (2.38)
a?+b*1—9y2 1—9y?2\mycot3/) 1+ e2tan*f

It is quiet clear that the contribution of this term can not be neglected if m; becomes
comparable to m; cot 3.

0. 98;
0. 96}

(0574

0. 94;
0.92;
0. 9¢

0. 88-.

Figure 2.3: Asymmetry parameter ay as function of y = my /my for model 1 with m, = 4.8 GeV,
my = 175 GeV and tan 3 = 10.

In model 1 the asymmetry parameter oy is independent of tan § and the value of the
Higgs mass for m;, = 0. It attains its maximal value oy = 1 for m;, — 0 and, as Fig. 2.3
shows, stays very close to its maximal value for non—zero bottom masses except for the
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[runrel [GeV] 7ol [GeV]

0. 15 0
0.125 -0.02
0.1 -0.04

0. 075 -0.06
0.05 -0.08
0.025 0.1

0

0.8 1
— My
Y=

Figure 2.4: The LO unpolarized (left) and polarized (right) decay rates as functions of y = mg/m;
for model 2 with my = 4.8 GeV, m; = 175 GeV and tan 8 = 10. The my — 0 curves can not be
discerned at the scale of the figure.

~N o O b~ W N -k O

Figure 2.5: Asymmetry parameter oy as function of y = my /my for model 2 with m; = 4.8 GeV,
my = 175 GeV and tan 8 = 10 . The dotted line shows the corresponding m; — 0 curves.
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0. 5¢

g

-0. 5}

0 10 20 30 40
tan 3

Figure 2.6: The asymmetry parameter as a function of tan 3 in model 2, with my=120 GeV. The
barely visible dotted line shows the corresponding my — 0 curves.

endpoint region when mpy approaches m;. Contrary to this, in model 2 the asymmetry
parameter agy shows a strong dependence on the value of tan 3 as shown in Fig. 2.6. The
main qualitative features of the behaviour of ag in model 2 can again be extracted from
the simple m, — 0 formula Eq. (2.37). The asymmetry parameter ay is positive/negative
for small/large values of tan  and goes through zero for tan 8 = /m;/my,. More details
of the numerical analysis will be given in section 2.4 where the Born term results are
discussed together with their radiatively corrected counterparts.

2.2 Virtual one—loop corrections

The virtual one-loop corrections arises from a virtual gluon exchange between the top
quark and bottom quark legs, and from emission and absorption of a virtual gluon from
the same quark leg. The former case is called the vertex correction and the latter is
referred to as the quark self-energy diagram. The Feynman graphs contributing to the
virtual one-loop QCD corrections are shown in Fig. 2.7.

H+ H+
oK
S t e
+ +
~
b B, \\b
(IS
9k

Figure 2.7: Feynman diagrams for the virtual one—loop corrections in t — H™ +b.
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2.2.1 Vertex corrections

For the vertex correction shown in Fig. 2.7 (left) the Feynman rules give

]

) . ofd%k o am i '
M, = u(pb,sb)m;1 /W (—%%7) m(a + b75)m

) )\n ‘ v
X <—zgs%7) (—zémni—z) u(py, St)

i oy (A [, — K+ me)(atbs)(p, — KA my”
= —1g, (Pb, b) < 2 2 ) /(2%)4 [(pt _ k)2 _ mﬂ [(Pb _ k)2 — mg} 12

u(pt> St) )
(2.39)

where g, is the strong coupling constant and A" (n = 1,2,...,8) denote the Gell-Mann
matrices (see Appendix A.3). Writing the color indices explicitly for the relevant terms
one has!

S (A" An) g 1~
Z Z ui(py, sb) 5 5 u(pr, s1) = Cp 3 Z Ui (po, sp)ui(pes se) (2.40)
1,j,k=1 n=1 i=1

where the color indices i, j, k = 1,2, 3 denote the three color charges red, green and blue.
The sum over the color indices are averaged by dividing it by three. The color factor

Cp = 4/3 arises from summing the Gell-Mann matrices as given in (A.29):

S () (),
2.0 2 2 - =

n=1 j=1

Sk

Q| v~

Cpl. (2.41)

With (2.40) we write the matrix element for the virtual one-loop QCD correction in (2.39)
as

d*k Yu(p, — K +mw)(a+bys)(p, — k + m)y*
@m)* (o — k)2 —mi][(py — k)2 — mp | k2

U/(pt; St) .

(2.42)
The color indices as well as the 3 x 3 unit matrix / are implicit in this expression.

The integral (2.42) is both IR and UV divergent. We use dimensional regularization for
the UV—divergences taking the space time dimension as D = 4—20 where 0 < § < 1 is the
regularization parameter. A small gluon mass m, is used to regulate the IR-divergences.
Thus we have

M, = —ig? Cr u(ps, Sb)/

APk Vu(p, — K +mp)(a+bys)(p, — k +m)y”
(2m)P [(pe — k)* = m7] [(pp — k)? — m3] (k* — m2)

u(py, 5¢) -
(2.43)

M, = —ig?Cr i(py, Sb)/

'We write the summation symbol explicitly only for emphasis. Generally we adopt the rule that
repeated indices are summed over.
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The numerator of this integral can be simplified using the anti-commutation rules for the
~v—matrices and the Dirac equation for the quark spinors, i.e.

Y = 200 — PV (2.44)
(p —m)u(p,s) =0. (2.45)
We take 5 to anticommute with v#, i.e. y57* = —~*~5, even though v* is a D—-dimensional

object. This is known to be a viable ~ys—prescription, at least at one—loop order [45]. With
(2.44) and (2.45) the numerator of (2.43) can be simplified to

u(ps, $6)7u(p, = K+ 1) (a+bys)(p, — K+ me)y"ulpe, st)
=U(py, $6) (200 — Py, — Vuk + mwya) (@ +0y5)(20) — AP, — k¥ + 7 mu)u(pe, se)
=U(py, ) (2pep — k) (@ + 0y5) (201 — " B)ulpe, st)
=t(py, 56) (@ + b75) 2Py — k) (20 — Ky )ulpe, 1)

=u(py, 5p)(a + bs) [4(pe-py) — 2kp, —2p K+ D k*Ju(pe, se) - (2.46)
With these simplifications the vertex correction takes the form
dPk A(pe-py) — 2kp, — 2p f + D?
2m)P [(pr=k)2=mi] [(pp— k) —mi] (k2 —m3)

u(pt7 St) .

(2.47)
The denominator is the product of the denominators of three propagators: t—quark, b—
quark and gluon propagator. The numerator contains tensors of the integration variable
k, namely 1, k, and k?. The term k? in the numerator can be further simplified:
k‘2
[(pe— k)2 —m3] [(py— k)2 —m3] (k2 —m2)

k* —m2 +m?
(D —E)2=m7] [(pp—k)2 —mi] (k?—m2)

M, = —ig?Crti(py, 55) (a + bys) /

) 1 . e
[(pe—=k)2=mi] [(po—K)2=mj] ~ [(pe—k)2=mi][(pp—k)?—m}] (k?—m2)
Thus the loop integrals that we need are the three-point one-loop scalar and vector
integrals Cy and C*,

o /,64_D de 1
Colg, ma, mu, iy, my) = = /(27)D4 k=] (R =)’ (2.48)
_optP dPk 1
= /(27T)D—4 (kQ—mf)[(q—k)Z—mﬂ [(pt_k>2—m§]7 (2.49)
H(q, my, mey, my, mg) := pr d°k i
C* gy e, mg, my, mg) = = /(QW)D_4 =] [P —ml] = D) (2.50)
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4=D Pk Jot
. / (2.51)

in? J (2m)Pt (k2 —mi) [(q—k)* =mi] [(pe — k)*—mg]

and the two—point one-loop scalar and vector integrals By and B},

R o i e e B
- N”D/ <2i>§4 (e )’ (253)
B = [ A ™
- [e e )’ (259)

where? ¢ = p, — pp. The loop integrals By (g, mq, my), B*(q, ms, mp), Co(q, my, my, my, my)
and C*(q,my, my, mp, my) occur in the calculations frequently. Therefore we drop the
arguments and denote them simply by By, B*, Cy and C* respectively.

In the later calculations we will also have one—point one—loop scalar integral Ag:

AMm):Jf41/<#% ! (2.56)

im? 2m)P—4 k2 —m?’

The specific scalar loop integrals that we need are calculated in Appendix B.2. General
methods for the calculation of the loop integrals can be found in [46-50].

The tensor loop integrals can be reduced to scalar integrals with the help of the
Passarino—Veltman method. The integral C*, a Lorentz vector (rank—one tensor), is a
function of the unintegrated momenta in the integrand of (2.50), i.e. p; and p,. It can
thus be expanded as

CH = Cl pf + Cgp/; 5 (257)

where C} and Cy are scalar coefficients. Define scalar functions R; (i = 1, 2):
Ry :=pi'C,, Ry :=plC,. (2.58)
Contracting (2.57) with p,, and py, one obtains

Ry =Clp,, = Cym?+Cy(p:-py),
Ry=Cl'py, = Cy(pi-py)+Comi, (2.59)

(i) = (s ) (E) (260)

The inverse of this matrix gives the C; in terms of the R;. One has

() =3 (o o) (&) (2.61)

2Although p, — pp, = py in the present case we define a new variable ¢ = p; — p, to keep generality.

or in matrix form,




2.2. Virtual one—loop corrections 19

or writing explicitly

4
Gy =< [(pt'pb>R2_m§Rl] ) Cy =

\ [(pe - p) By — mif Ry (2.62)

S|

where A := A(m?,m?,¢*) = 1[(pe-pp)? — mimi]. As before ¢ = p, — py. As for the

integrand of C*, the numerators of the contractions R, = C*p, ,, and Ry = C*py,, contain
the products k - p; and k - p,. To cancel the terms in the denominator we write these
products in the following form:

R 8 | e B R 8
b = =5 d [0 -] - 2 - ) -2, (2.63)

Substituting k - p; into R; gives

L [ ]

= = = [ Gm T [ — k) — md] (o0 — k) — 2] (7 mj)

R Y / dPk 1
B 2 am* ) (2m)P [(py — k)? — m2] (k2 —m2)

lu‘**D / dPk 1
2 im? ) 2m)P [(py — k) = m3] [(ps — k)* — mi]
N 1m2 =P / dPk 1
279 an? ) 2m)P=4 [(p, — k)* — m?] [(py — k)* — m}] (k2 — m2)
1
= —§{Bo(pb,mb, mg) — Bo(q, m, my) — mZCO} ) (2.64)
Since By (pp, mp, my) is IR—convergent we can set m, = 0. One obtains
1
Ry = C*puyy = 5{ Bola,mu,ms) = Bo(ps, ms, 0) } (2.65)
Similarly
1
Ry = C"pyyy = 5{ Bola, me,mn) = Bo(pi, mi, 0)} (2.66)

The scalar loop integrals By(q, my, my) and By(pg, my, 0) are given in (B.23) and (B.24).
Finally substituting (2.65) and (2.66) into (2.62) we obtain

o = Lln(2) sty (ot )]

q my 2vA m? +m? —q>— VA

1 2 .2, 2 2 9 9
Cy = —— 1n(@)+mt mi gty (e VAN
2V mE +mi — g2 — VA
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In terms of the scaled variables the coeflicients become

11 1 _
= —— |het — (1-y* - )Y, 2.
4 i {ne+2p3( y* —€) p} : (2.68)
Cy=— -1 1ne+i(1+y2—e2)if (2.69)
Ty 25 ah |

The integral in the amplitude for the vertex correction (2.47) is written in terms of
the loop integrals as

1672 / dPk 4(pe-po) — 2Ky, — 29,k + D I
2m)P=[(p, — K) = mal[(p, — #) — mu][k* — mf]

= 4(pi-py)Co — 2(p,C1 + p,Ca)p, — 2p,(p,C1 + p,C2) + D By + Dmi;Cy

7

= [4(ptpb) + sz} C() - 2m?01 - 2m§C’2 + DB() - 2(01 + Cg)ptpb .
Thus the amplitude (2.47) becomes

i
1672

{ [4(pe-ps) + Dmﬂ Co — 2m?Cy — 2m;Cy + DBy — 2(Cy + Cg)ptpb}u(pt, St) -

Mv = — ZggCF I_L(pb, Sb)(CL -+ b’)/5) (270)

The term D mg can be dropped because we anticipate that the logarithmic singularity
in Cp is in the form of an—i’ and thus Dmg vanishes in the m, — 0 limit. Also g7 is

replaced using g% = a,, 47. Then one has

s .
M, :ECF u(py, sv)(a + 575){4(pt'pb)00 = 2m;Cy = 2m;Cy + DBO}u(pb’ )

— _
— T Cr(py, 51){ (a+b5)2(pr-py) + (a = bys)mmy fu(py, 1)

as .,
=5 Cr(p, sb){(a + b7s) [2(pe-p)Co — 2C1 [mf + mymy, + 2(py-py) |

D
—2C5 [m + mymy, + 2(pe-py)| + EBO} —2a(Cy + C’g)mtmb}u(pt, S¢)

= u(py, sb){(a +bvy5)A1 + aAz}u(pt, St) (2.71)

where A; and A, are given by

A5
Ay = ﬂCF{2(Pt-pb)Co — 201 [my +memy + 2(pr-py)]

—2C, [mi + mymp + 2(pt'pb)} + 2By — 1} ) (2.72)
Ay = ;—;(JF{ —2(Ch + Cg)mtmb} . (2.73)

Note that £ By = (2 — §) By = 2B, — 1 where we used the identity
lim By d = 1. (2.74)

This identity is the result of the UV—divergent property of By which is given in (B.23).
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2.2.2 Quark self-energy
The self-energy for the top quark comes from the Fig. 2.7 (center). The Feynman rules

give
1

%t_mt

(—z'gsw%m) m (—igs%§> <_i5mngk—lj) u(p, 5t)

g° d*k %Wt — J 4+ my) "
(—ZQSCF /(2#)4 (e — k)2 — m?]kﬁ) u(py, 5¢)

Mt,self :a(]?b, Sb)(a + b’75)

> [y

1
=1 b
u(py, sp)(a + 75)pt e

=u(py, 55)(a + bys) B u(pe, s¢) (2.75)

p T
with ’ "
d*k — k4 my)y*
3y = _iQECF/ 7#(3”15 1;)7 :
(2m)* [(pe — k)2 — mi]k?
The self-energy for the bottom quark comes from the Fig. 2.7 (right). For the b-quark
self-energy we have

(2.76)

My, seir = WPy, $p) X

a~+ bys) u(pe, st) 2.77
T 0 s @17
with

d'k Vu(p, — K+ mp)y"

Yp = —ig;CF /(2ﬁ)4 (s — R — ik (2.78)

a(k)

Y2
$,
%—»ﬁ—»—

p

Figure 2.8: The quark self-energy.

Let us turn to the quark self-energy (see Fig. 2.8) with general mass m and momentum
p, which we denote by X. The self-energy diagram has UV—divergences. For example, in
the UV case, i.e. for the large integration momentum (|k| > my, |7]), the terms with no
gluon momentum £ in the numerator of the self-energy (2.78) behave as

| ¥y
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We can read off from (B.10) that

1 1
4 .2 2
/d/{?(kQ)Q_Zﬂ' /dka,

and therefore the integral is logarithmically divergent. Dimensional regularization is used
for the UV-divergences. Although the self-energy itself is IR—convergent the differentia-
tion w.r.t. p?is IR-divergent. This differentiation appears in the on-shell renormalization
of the virtual loop corrections. We regularize the IR-divergences by a gluon mass m,. We
therefore generically write

/ dPk Vu(p — K+ m)y*
(

2m) P4 (p — k)2 — m2(k2 —m2)’ (2.79)

where in this application p could be p; or p,. Changing the dimension of the integral will
also change its mass dimension. This effect is compensated by a factor ;*~, where u has
the dimension of a mass. Using the Dirac algebra in D-dimensions and the contractions

W =D,y = (2= D)y, (2.80)

we have
. . 9 4—D de (2_D>(1¢_%)+Dm
) = -iston ™ [t ey 2

In terms of the integrals (2.52) and (2.54) the quark self-energy ¥(p,m) takes the
form

S(p,m) = g? C’F{ [(2— D)p+ Dm] By(p,m,my) — (2 — D)y.B"(p, m, mg)}. (2.82)

1672

As before we observe that B* depends on the unintegrated momentum p*. We can
therefore make the ansatz
B"(p,m,m,) = Bip", (2.83)

where B; is a scalar coefficient. Contracting the above equation with p, gives

1 /f‘_Dl/ dPk (p-k)

B, = —B"p, = —
T T ) P o= R - (6 = mg)

(2.84)

where p-k = £(p* + k* — (p — k)?). To cancel the terms in the denominator we add and
subtract m§ and m? and write

pok = 5[ = m? ) + (8 ) — ((p— K — m?)]

Substituting this back into B, we have

pﬂ

= 2—]?2 [(p2 _ 7n2 =+ m;)Bo(p, m, mg) + Ao(m) — A()(mg)} , (285)

B"(p,m, mg)

where the scalar one—point one—loop integral is defined as
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Substituting the vector loop integral B,, given in (2.85) into (2.82) we obtain

() = iz {p g [0 m* = ) By
+ Ag(my) — Ao(m)] + mDBoy(p,m, mg)}
= pEV(pQ,m2) +m Y5 (p%, m?), (2.86)

where V' and S denote the vector and scalar part of the self-energy. The scalar loop
integrals Ag and By are calculated in Appendix B. In the limit of vanishing gluon mass
one has Ag(m, = 0) =0 (see (B.14)). Thus we have

2

v ooy o Ys (2_D> 2 2

I T [(p +m®) Bo(p,m,0) — Ag(m)|, (287
2

S9(p*m?) = —2-Cp DBy(p,m,0). (2.88)
1672

Results for Ag(m) and By(p, m,0) are given in Appendix (B.14) and (B.24), respectively.
Putting everything together the quark self-energy simplifies to

2 2 2 2 2 2 2
Qg ol m°+p m°—p m°—p

p p
(2.89)
3 M2 mz_pz m2_p2
252 m?) = a0 A+ 2 +m (2 1 2.90
(P, m?) = A0k |A+ 5 +ln{ 5 | + R : (2.90)
with
1
A= 5 E + In(4m),
s A7’

Now that the regularization has been done, we turn to the renormalization.

2.2.3 Renormalization

As we have seen in the last section the loop integrals involve UV—divergences. These UV—
divergences can be eliminated by redefining the fields and parameters. The redefinition
of the fields and the basic parameters in the theory is called renormalization. The formal
development of a general theory of renormalization can be found , for example, in [53, 54].
Here we calculate the renormalization constants for the quark masses and the quark fields.
These are all the renormalization constants needed for the one-loop renormalization of
the quark self-energy and the vertex graph.
Generally the renormalization process proceeds as follows:
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e Renormalization constants are defined by introducing the renormalization transfor-
mations. These will give the relation between the unrenormalized and renormalized
quantities.

e Renormalization conditions on the renormalized quantities are imposed. These con-
ditions are given in different renormalization schemes.

e By renormalization transformations the renormalization conditions on the renormal-
ized quantities become conditions on renormalization constants. Thus the renormal-
ization constants are fixed and the divergences are absorbed into them.

We begin with the renormalization transformation for the masses and quark fields:

Y =\Zyog, m=Zumg. (2.91)

where ) and m are the unrenormalized or bare field and mass and ¥ and mpg are the
renormalized field and mass. In this subsection we determine the quark field and mass
renormalization constants Zs and Z,,. In perturbation theory we write

The full quark propagator is given by the geometric series shown in Fig. 2.9 where
Y1 pr denotes the 1-particle irreducible contributions.

++ ++...

Figure 2.9: Contribution of 1-particle irreducible diagram to a fermion propagator.

A@mozpj@+pmemwﬂ%mﬂ :

+ ﬁ =11 ()]

i |+ Sipr (p,m) N [231131 (p.m)

1

Tp-m p—m p—m

i Yipr (}Yﬁ, m)]l i
— 11— -7 = . 2.93
Z”—m[ p—m p—m=Supr (p,m) (299

The renormalized propagator can now be written as
i
p—mr—Siprr (P mr)

AR (p, mR) = (294)
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The renormalization transformation for the quark field will relate the unrenormalized
propagator A(p, m) and renormalized propagator Ag(p, mg) by

A(p,m) = ZaAr(p, mr). (2.95)
Inserting A(p, m) and Ag(p, mg) from (2.93) and (2.94) into (2.95) leads to
ElPI,R(py mR) = Z221p1(p, m) — (p — mR)(Z2 — 1) + ZQ(Zm — 1)mR (296)

The renormalization condition imposed on Ag(j, mp) fixes the renormalization constants
through (2.96). Now let us turn to the renormalization conditions. In the “on-shell
scheme” the renormalization condition is imposed as

! {

AR(% mg) = p—mn . (2.97)

i
The LO fermion propagator ; has a pole at the fermion mass m and its residue is

1. The renormalization condition renders the renormalized propagator to have the same

properties: the renormalized propagator has its pole at the renormalized mass mpg and it

has the residue 1. To demonstrate this we expand X py, R(p, m) around the renormalized

mass mg

d¥1p1r(p, mR)
dp

Substituting the above equation into (2.94) we have

Siprr(p,m) = Xiprr(p = mg) + (P — mng) |p=mr +O((p —mgr)?) . (2.98)

l

Ag (p,mr) = (2.99)
(p — mg) [1 - %ﬁ’mw:m,a — Yiprr(p = mr)
It follows from (2.97) that
Yiprr(p=mr) = 0, (2.100)
dx ,
1prR(P, MR) PR (2.101)

dp

Eq. (2.100) fixes the pole of the propagator at mpg while Eq. (2.101) fixes the residue of
the quark propagator to be 1.

A point we would like to mention is that after imposing the renormalization conditions
(2.100) and (2.101) the non-vanishing term is

S (p.mr) = O ((p— mn)*) (2.102)

which means,

S (pma) _,
p—mn

(p = maz).
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The self-energy contributions of the quarks are shown by the last two diagrams in Fig. 2.7.
After renormalization they have the form

g (P mr)

ur(p, s 2.103
g un(0:9) (2103)

where ug(p,s) is the renormalized quark spinor. Since the mass is renormalized the
renormalized quark spinor satisfies the Dirac equation (p —mp)ur = 0. This leads to the
vanishing of the renormalized self-energy contribution:

Er (p,mz)

p—mn ugr(p, s) = O (p — mg) ug(p, s) = 0. (2.104)

Now we proceed to fix the renormalization constants. Inserting (2.100) and (2.101)
into (2.96) gives
Zm =1—=31p1(p = mpg)
ASpr(p, ) (2.105)
- d—pbﬁ:m}%
For the quark self-energy the 1-particle irreducible graph is shown in Fig. 2.8. The
quark propagator at one—-loop order is the geometric sum of all graphs in Fig. 2.10 where

Zyt=1

S ST T

Figure 2.10: Contribution of 1-particle irreducible diagram to a quark propagator.

Y1pr equals the quark self-energy 3 given in (2.86). Using the perturbative form of the
renormalization constant Z = 1407, we obtain the quark mass renormalization constant
and the quark field renormalization constant as

(SZm = —E(p = mR)

ds(p,
57y = U mR)|¢mR. (2.106)

dp
Inserting ¥ = pS" + mX* into (2.106) we have

0L = —mn[SV (P =) + S5 = m3)| (2:107)

0
67y, = YV(p?=m%)+ 277&58—2)2 [ZV(pQ) + zs(pﬂ (2.108)

—a2
p2*mR

We make use of pz = p? and use the following change of variables in the differentiation in



2.2. Virtual one—loop corrections 27

the second equation:

a o Lo
dp p=mpr aﬁ p=mpr 8% 8p2 p=mpr
o W
8}2) ?ZWR Op apQ p:mR
0

= — +2mp——
Oplyp=mn " Op?

(2.109)

p=mr

The mass renormalization constant 67, is obtained by substituting ¥ and ° from
(2.89) and (2.90). Writing this in a general way, we have

574 =

™ 4

3 Ay
C’qu{g—B’yE+3ln ;’; +4}, (2.110)

q

where ¢ = t, b denote the t—quark and the b—quark, respectively.

The quark field renormalization constant 75 is both UV- and IR-divergent in the
on—shell scheme. It involves the differentiation 8%230 which is given in Appendix (B.26).
Performing the differentiation and then collecting all the terms we obtain

o 1 Ay m;
523__5@{5—%“11 " +21n—~g+4}. (2.111)

q mq

where ¢ = t, b denotes the t—quark and the b—quark respectively as before.

2.2.4 Renormalized virtual one—loop corrections

In the Standard model the fermions acquire mass through the Higgs mechanism. The
same term in the Lagrangian will give rise to both the fermion mass and the fermion—
Higgs coupling. Therefore the renormalization of the fermion coupling to the Higgs is not
independent of the renormalization of its mass. The btH vertex, as shown in (2.5), reads

1+ s I — s

ﬂ(plnsb){gt 5 T }u(pt75t>- (2.112)

As explained before the explicit form of the coupling constants g; and g, differ in Model
I and Model II. However, the common property of both models is that g, and g, are
proportional to m; and my;, respectively. This allows one to represent the coupling factors
by

9t = CtGuwMuy  Gb = Cb Gu M- (2.113)

The detailed forms of the constants ¢; and ¢, are not relevant for the renormalization
procedure. They can be read off from (2.10) and (2.11). The term in the Lagrangian
which gives rise to the coupling in (2.112) is then:

. 1+ 1 .
gw@/)b{c,:mt 275‘|‘Cbmb 275}¢tH, (2.114)
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where vy, 1, and H~ denote the top quark field, the bottom quark field and the Higgs
boson field., respectively. For the purpose of renormalization we introduce renormalized

quark fields and masses. They are related to the unrenormalized ones by the following

renormalization transformations®:

1
Y= Zyp = (1 + 5525)7/%,1%,

1
=/ Zspr = (1+ 5523)%,37
my = ZémtR = (1 + 6Zﬁn)mt7R,
my = Zimy g = (1 + 622 )my g, (2.115)

where we have used Z = 1+ §Z. The Higgs field and the weak coupling constant g, are
not renormalized at O(as).

Writing the coupling (2.114) in terms of the renormalized quark fields and masses
using (2.115) we have

_ 1 + 1-— 1
gwth(l + 55Z§){Ct (1 + (San)mt R it + Cp (1 + 5an)mb73 275 }(1 + §5Z5)wt,RH_
_ 1+ 1- _
= gw%,R{Ct MR > 46 My R 15 }¢t,RH
- 1+ 1- 1 1 _
—+ Ju ¢b,R{Ct MR > + ¢ mMy,Rr 5 }(—5Z§ + _5Z§)lpt7RH
1+ 1+
+gw¢bR{CtmtR YA 2% +c bRY 5Zb 7E)}?ﬁtRH_
_ 1+ 1- _
= Gu %,R{gt,R 275 + 9.r 5}%}2]‘1
—_ 1 1 1+ 1 1 1-—
+ guw ¢b,R{9t,R(§5Z§ + 5523 +07y,) 2% + (5525 + §5Z§ +627) 275 }%,RH* :
(2.116)
Therefore the counter term for the vertex is
_ 1 1 1+ 1-—
G wt,R{gt,R(ﬁéz;Jr 5523+52t) 275 + bR( 5Zt + 5Zb+6Zb) 5 }wb,RH.
(2.117)

Changing back to the notation in terms of a and b using

gg=a+b g=a—-0>

3The subscript “R” denotes the renormalized quantities. It should not be confused with the subscript
“R” which denotes the right-handed chiral projection.
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we write the renormalized coupling term in the Lagrangian as

?Zb,R(aR +brys)er H™

1+
2

- 1 1

1 1 1-
+(ag — br) (5525 + §523 + 52,’;) 275 }m,R H~

= Yn,r(ar + brys + ON)y g H™ (2.118)
with
1+
2 2
(2.119)
We have dropped the subscript “R” which denote the renormalized quantities, since, from

now on, everything is renormalized.
Finally the renormalized O(as) virtual correction is

1 1 1 1 1—
0A = (a+b) (5525+55Z§+52;> + (a—0b) (552%552%52%) s

M. = alpy, sb){(a +bys)Aq + als + 5A}u(pt, 5) (2.120)

with Ay, Ay and JA given in (2.72), (2.73) and (2.119), respectively.

Summarizing the renormalization procedure one finds that the quark self-energy serves
to fix the renormalization constants. After renormalization the quark self-energy contri-
butions vanish (see 2.104) and the one-loop vertex correction is modified to the form
(2.120).

At O(as) the full amplitude is the sum of the amplitudes of the Born term, virtual
one—loop and the real emissions:

M= Mo+ Myg+M,. (2.121)
Squaring the full amplitude one has
IM|* = (Mo+ Mygr+ M) ( Mo+ M,r+M,)
= M{Mo+ MM, g+ M Mo+ MIM, + O(a?)

= [Mo]* + (Myr)* + IM,[> + O(a?), (2.122)
where
(Mo> = MMy, (2.123)
(Myr)® = M{M,g+ M My, (2.124)
M2 = MIM,. (2.125)

Now that the amplitude squared is at hand we write the rate for the virtual one-loop

contribution
1 1

——5 AR (ps; po, prr) (Mo ) (2.126)

dl'y = —
Y 2my (2m)
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in the usual form:

dr’ 1
Y —_(T,+ PTPcosh 2.127
dcosOp 2 ( Ay cos P) ’ ( )

where the unpolarized and polarized virtual rates are

runeel = U (§7L 4 525+ 678 + 078, + 2A,) +
VA(mE, m, m)

16mm

{2 a® Ay [(my + mp)® — m7 |

—2ab (m} +mj —m3) (62%, — 622 }

= TP (625 + 625+ 62, + 628, + 2A)

Born

+§—73Tmt{2 a® Ay [(1 +€)? — yQ} + 4ab py (5an — 5an) } , (2.128)

pol _ pol
Fv = T Born

VA(mE, mi, mi

167m;

(625 + 025+ 02}, + 620, + 2A)

. ) [2ab Ay + (a4 1) (521, — 628)]

_ pol
=T Born

(625 + 025+ 02%, + 620, + 2A)
)
—f—i—;mt [2ab Ay — (a® + 1) (62t — 620)] . (2.129)

The renormalized virtual one-loop correction to the unpolarized rate (2.128) is in
agreement with Ref. [39]. The result for the virtual one-loop correction to the polarized
rate (2.129) is new. The infrared divergent terms residing in the renormalization factor
Z3 and in the integral term Cj in A; are proportional to the Born term rates ', and

1 .
Iy ., respectively.

2.3 Real gluon emission

At NLO QCD the real emission (tree graph) contributions come from the real gluon
emissions from the quark legs. At the O(as) level one real gluon is emitted from each
of the quark legs as shown in Fig. 2.11. The three-body phase space integration leads
to IR-divergences which are regularized by a small gluon mass m,. In this section the
amplitude squared is split into IR—divergent and IR—convergent pieces. The phase space
integrations of the two pieces are performed separately. In the end the results for the
IR—divergent and IR—convergent parts are summed up to give the total results.
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g(k)@@g /// H+ /// H+

&

" + " ¢ ak)
\{MMMM@
b b

Figure 2.11: The Feynman graphs for the real gluon emission contributions at the O(«ay) in the
decay t(1) — H' +0.

2.3.1 The amplitude squared for the real emissions

The Feynman graphs for the real gluon emission at O(«y) are shown in Fig. 2.11. The
Feynman rules give the transition amplitude *

= Sp) (a iﬁt_%_l—mt
M, = a(ps, sp) (al + bys) [ (pt—k:)Q—m%

: A" o*
<—ng?%)6 (k, Nu(py, s¢)

n

A . + 4+ my
+ U(pe, sp) (—zgs—%) e”(k,\) by

(pb + k)2 — m%

i (al+bys) u(pe, se),  (2.130)

2

where ¢, (k, A) is the polarization vector of the gluon with momentum k& and spin A. In
the Feynman—"tHooft gauge the polarization sum for the gluon gives

D ek, Nep(k, A) = —gpu- (2.131)

Using the mass-shell conditions p? = m?, p? = m? and k? = 0 in the denominator of the
quark propagators, and Dirac relations as well as the Dirac equations in the numerator
the amplitude simplifies to

. )\TL _ 2 g __ g 2 U+ o .
M, = <_2937)“(pb’5"){ p_t%itv + pb%pvb k}(a“b%)U(pt?st) X (k,N). (2.132)

The IR-behavior of the transition amplitude has to be kept in mind when performing the
phase space integration. We regularize the IR-divergence with a gluon mass and this will
considerably complicate the 3—body phase space kinematics in the decay p; — py +py+k
considerably. Therefore it is advantageous to separate the IR-convergent and IR-divergent
parts of the amplitude. For the IR-convergent part we can safely set the gluon mass to
zero which leads to a considerable simplification of the phase space kinematics. Inspection
of the amplitude (2.132) shows that the terms without the gluon momenta will lead to
IR~divergences after squaring and doing the phase space integration. We thus write the

4We shall refer to the tree graph contributions as the real contributions. Accordingly we shall denote
the tree graph contributions with a suffix “r”.
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amplitude as

o 27 — BT W+ )
M, = (=i g o) { 2P BEETER (a6

o 2w¢ 27 By K
—( 13s )ub(pbs”){(Zk-pb 2k‘pt +(2k-pt+2k"pb

d )@+ et 0z 0,

separating the terms with and without a gluon momenta k£ in the numerator. For the
amplitude squared we obtain

M, > = ZZM M = ZZ

A 25 217 ek ]
{cia o[22 20y 4 (T 2 @ i) et o)

AT 2Py 2pip ¥, Vol T
—igs =) u(py, - 1+ bys) € (k, Nu(ps,
{( 9 )u(po; 50) [(Qk-pb Qk-pt) + (Qk-pt * 2/<;.pb)] (all+bys) € (k, Aulpi, )

27 2 VY, vk
= — 2 T b _ t w o ]1 b
g;Cr r{(pb—l-mb)[\(zpb'k 2pt'/€z%+2pb-k+2pt-k; (a1 + bys) x

TV
term 1

1 _ 2Dbo . 2pis ’70%71/ PYV%”YU B
x<zfﬁt+mt>2(1 %#t)[f%b,k 2pt_kz%+2pb_k+2pt_k] (al — bys) ¢.

~-
term 2

(2.133)
In the above expression the multiplication of the “term 1” and the “term 2” gives

2]7? _ 219? 2pt0' N 2pbo
2kpt Qkpb kat 2lfpb

ST {9y ) a1+ 09 (p, ) 30 = 20 a1 = )}

Sb

= —0Oy 4 CF(

m? N Ly

I mg Do Pt
= —odrl {uc-pt)? (k-py )2 <k-pb><’f'pt>}

<> {% ) (a4 ) (p, +me) 50— 754,) (a1 - bw}

Sp
= |M0|2|M|?§GF

where

IMof2 = ZTr{ + my) (al + bys) (pt—i-mt) %(1 —Y54,) (a]l—b%)} :

2
MPop = —dra,C { MMy Db } 2.134
| |SGF F (kpt)Z (kpb)Q (kpb)(kpt) ( )
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The IR-divergent factor |M|%, is known as the soft-gluon (or eikonal) factor. |//\>l/0|2 is
the Born term amplitude squared but evaluated for p, = py, +py + &, i.e. ]Mvo|2(k =0)=
|My|?%. The rest of the real emission amplitude squared is IR-convergent and is denoted
by |M"*2. Thus the real emission amplitude squared is split into a IR-convergent and
a [R—divergent part according to

M2 = M+ [ Mo M g (2.135)

The integration of the term |MO|2|M|%GF is complicated by the fact that [Mo|? depends
on the gluon momentum. However (|Mg|? — |[My|?*)|M|%5r is convergent and can be
integrated without the gluon mass regulator. We further isolate the IR-divergent part by
writing

M2 = (MR 4 (IMof? = IMof?) 1M | + Mol M 2
= |Mr,cmw|2 + |M0|2|M’%‘GF ) (2.136)

with .
M cono|* = ML + (!MOP — !MOF) |M|%qp - (2.137)

We will see in the phase space integration that adding and subtracting a term as done
above is closely related to what is referred to as the plus prescription. Now the IR-
divergent piece |M |, can be integrated separately. The same universal soft gluon factor
appears in the calculation of the radiative corrections to t — W 4 b in [44] and to
t — b+ (" 4+ vy in [25].

For the IR—convergent part of \Mmom,]Q we obtain

k-
’Mr,conv|2 = 8WOCSCF%{(@2 + 1)2)(/€' pH)—|—

m2 +m?2,., —m? m>2
—2abmt{( ¢ lezt b—l——k;;)(k-st)—k(plf-st)

n (ﬂf My %) <(pH'3t) - (pH'St)|k:0>:| } . (2138)

k-py E-py k-pu
The unpolarized and polarized parts of (2.138) are not difficult to identify. We denote
them by |MumPol|2 and|MPoL 12 respectively. Writing them in their explicit form one

r,conv T,conv
has

(k-pu)?
(k-pe)(k-ps)

k-pu m2 4+ m?,. —m? m2,.,
MPL 12 = 81, Cp(—2abm [( ¢ ul b_1— ) (ks
’ ’ | F( t) (k?‘pt)(k"pb) 2k-py k-pu ( t)

’Munpol |2 — 81 a CF<(12 + b2)

T,0Nv

(2.139)

2 2 2
. My My o Mg o) — (e
+ (pr-s¢) + (k'pt - 2 k-PH) ((pH st) — (pg st)\kzoﬂ . (2.140)
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The unpolarized part has a very simple structure. It is quite remarkable that the unpo-
larized and polarized pieces of the convergent tree-level contribution are proportional to
(a* + b*) and 2ab, respectively.

How we proceed with the kinematics of the amplitude squared depends on how we
calculate the phase space integration, which will be discussed in the next section.

2.3.2 The phase space integration

The differential rate for the real emission contribution is given by

L1 &y 1 dp, 1 d*k
dl’ = 2 464 . N _k e 9
2my (2m)° 2By (27)% 2E, (27)° 2Eg( )0 (P = po = pu = k) [Murce|

1 1

= Sy @y ot ) MG

where dR3(py; pu, py, k) is the three-body phase space:

Bpy g, Bk,

dR3(ps; pp, k =————0(pi—pp—pag —k 2.141
s(pipn bopm) = 5o o, (pe — o — pr — k) (2.141)
One way of doing the three body phase integration is to use Céig = %dﬂbﬁ] dE and to

integrate over the gluon energy ko and the Higgs boson energy Ey as was done in [55].
We choose to perform the phase space integration by factorizing the three body phase
space into two two—-body phase spaces (see Fig. 2.12) as described in [56]. The momentum

Figure 2.12: The decay of the top quark into three—particle final states as a sequence of two
two—particle final state decays.

of the combined system of the b-quark and the gluon is defined by P = p, + k. We also
use z = f;—z. With the help of the relations

= [awe-m)e ) (2.142)
1 = / dP?5 (P? —m}) (2.143)

1 = /d4P54 (P—py,— k) (2.144)
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we write the three body phase space as

By B3p, Bk
dRs (pi; pr, v, k) = ——0"(pr —pp —p — k
3(t H b ) 2EH QEbQEg (t b H )

By d&py, Bk
_ L T —
2By 28, 2, (e = po = pr = k) x

xdP?5 (P? —m3}) d*P6* (P —p, — k)

By B3P By, dk
_ 4p? S Ay —py — P P p
d {QEH 25,0 P~ b }{ 28, 25,0 (P k)}

= dP%dR; (pi;pu, P) dRy (P; py, k)
= mfdz dRy (pt; pr, P) dRy (P;py, k) (2.145)
where the integration limits for z are
(e+ AP <2< (1—-y) (2.146)

The two—body phase space integration [ dRs (pi; pu, P) is done in the top-rest frame
with py defining the z—axis. Analogous to (2.29) we have

A1, y2
dRy (pi; pu, P) = %2#6[008 Op . (2.147)

9(k)

Figure 2.13: The P-rest frame.

The two-body phase space integration dRs (P;py, k) is done in the P-rest frame with
P defining the z—axis (see Fig. 2.13). We denote the bottom quark energy and momentum

modulus, and gluon energy and momentum modulus in the P-rest frame by Ey, p;, Ej
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and p;. For dRy (P;py, k) one has

d3 *
ARy (Pipy.k) = Std'ko(k? —m2)o"(P = py — k)
b

1 * * *
= 2—Eb|pb|2d¢dcos9d|pb|5((P—pb)2—mz)

1
= 5]]);](2%) dcos 0 dE; 6(P? + mjy — 2P - py —m?)
! in the P-rest frame

1
= 5p3|(2m) deos 6 dE; §(P? +mj — 2my/zE; —m?),

ﬂ-pg
= dcos 6. 2.14
th\/g o8 ( 8)

The azimuthal angle ¢ is integrated out since the amplitude squared has no azimuthal
dependence. After the Dirac delta integration the scaled energies and the momenta of the
b—quark and gluon are fixed in terms of z, y, A:

L1 292 A2)
pg T mtpg_ 2\/2 )
Ak 1 * Ak
b = — Py = Dy

t

1 1
E* __E*:_ 2 2 A2
b= 2(2 te )
Fik 1 * 1 2 2 2

The result in (2.148) shows that phase space integration dRy (P; py, k) simplifies to the
integration over the polar angle # of the gluon in the P-rest frame. We therefore examine
the cos —dependence of the scalar products that appear in |M,.|?.

The four momenta involved in the decay process are p;, pg, pp, k and the top quark
polarization four vector s;. We choose to eliminate py using momentum conservation
py = pr — P. We also substitute p, by p, = P — k. Then we remain with scalar products
(pe - P), (k- P) and (p; - k). In the P-rest frame they are given by

1 2
pop) =
24+ A% — ¢
(kP = L%
E* o + s p* cos
(pk) = —sPoT PR o (2.150)

VZz

where pg, p3 and py, E‘;‘ are listed in (2.4) and (2.149). In the IR—convergent case we set
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A = 0 and the invariant scalar products simplify to

1+2z—y?
(pe-P) = fymf’
2
Z—¢
P-k)(p;-P) +m2(P-k)ps cos 0
(pr-k) = (B-E) (e >m2;< Jpscost (2.151)
t

From the scalar products in (2.151) it is clear that only (p; - k) is relevant in the dcosf
integration because only (p; - k) depends on the angle . Thus the two body phase space
integration dRy(P;py, k) boils down to following set of integrals

g
I, = /dRQ(P;pb, k)(pe-k)" = ng /dcos@ (pe-k)", (2.152)

with, as we will see later on, —2 < n < 1. The calculation of these basic integrals
is deferred to Appendix D.1. The integrations for the IR-divergent and IR—convergent
cases are different. The results for the IR—divergent basic integrals are denoted by I,.

The polarization dependent scalar products are (P-s;) and (k-s;). In the top-rest
frame (P-s;) is given by

1
(P-s;) = 5\//\(1,y2,z) my cos Op. (2.153)

Since the product (P - s;) is not dependent on cos 6, it is a constant w.r.t. the two—body
phase space integration dRs(P;py, k). We write (k- s;) = k,s} which will give rise to
integrals of the form

D,

I* .= | dRy(P:py. k) (ps k)" KH = —L
n / 2( 3 Po, )(pt ) 2\/3

Note that these vector integrals are IR—convergent because of the gluon momentum £* in
the numerator. Their calculation is also given in Appendix D.1.

Substituting the results for the two—body phase spaces d Ry (py; pr, P) and dRy(P; py, k)
from (2.147) and (2.148) into the three-body phase space dRs(ps; pr, py, k) in (2.145) we
obtain

dcost (p:-k)"k*. (2.154)

dR3(pe; pu,py, k) = m; dzdRo(py; pu, P) - dRa(P;py, k)

A1, y? Ly
MQWdCOS Op - Py geost. (2.155)
8 2\/z
The real emission matrix squared has been split into IR—-divergent and IR-convergent
pieces in (2.136). Let us begin with the unpolarized IR—convergent part given in (2.139):

1 1

= midz

drye = Sy (20 )F dRs3(pe; pr . po, k) [ MEmEeL |2
1 1 AL, 92
= — m?dZMQFdCOSQP X
2my (2m)° 8

(k-pm)?

X dRy(P;py, k) 87 ag Cp(a® + b?) ——rti— .
2( Dy ) F( )(k‘-pt)(k?'pb)

(2.156)
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In the IR-convergent case the scalar products (pg-k) and (p,-k) simplify to (k* = 0)

(pu-k) = (pi-k) — (k-P)
(pp-k) = (P-k)—k* = (k-P). (2.157)

Substituting (2.157) into (2.156) and performing the two-body phase space integration
dRy(P; pp, k) with the help of the basic integrals defined in (2.152) and (2.154) we obtain

/ dRy(P; py, k) % - / dRy(P; py, k) [Eﬁg + EZJZ? 9] (2.158)
(klp) I+ (k-P)I_y — 2,

_z—eZW{l—Sz—y2+ 2 I (1—y + 2+ /A )}
y?

2 AL y2.2)
We insert the above result into the (2.156) and obtain

1 1

drameel = Z—thdRs(pt;pb, k,pg) | Meel |2 (2.159)
1 1 A1, 2
o (27T)5mt2d (Ly 7Z>27ralcos€p-87r04sCF((12—1—172) X

2 AL y2z) \ 1=y 42— /AL y?2)

><1 {1—3z—y2+ 2 n (1—y + 2+ VA1, 92, z)}

Next the z integration is done with the help of the following basic integrals defined
by:

(1-y)? .
R(n) := / dz ,
( ) o (2_62)V)‘(1ay2az)n
(1-y)?
Zm
R(m,n) := dz

/ \/A(l,y2,z)”’
i 1 1= 2 VNP
S(n) = / dZ( 2) 1Il< -y + 2+ (7y72)>7
Z—€

A(lny’Z)n 1_y2+2_ A(l,yQ,Z)

2

(1-y)?
m 1— NOIRT:
S(m,n) = dz : ln( y+ztvALy ’Z)). (2.160)

A(l’yQ,Z)n 1—y2—|—2’— A(L?/sz)

€2
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The needed basic integrals are calculated in the Appendix D.2. Finally, the IR-
convergent unpolarized contribution for the rate is given by

e(1—y?)
A

drunpol B 1

r,conv

R(-2,-1)

3
Lo b*)< ~R(0, -1
dcosOp  Smmy4r G ){4 (0,-1)+
1 —y? + 3¢ 1 1
— 2 " R(—1,-1) + =€25(0,0) — =S(1,0) p.  (2.161)
4 2° 2
Note that the angle fp can be integrated out as [ dcosfp = 2 since there is no angular
dependence in the unpolarized rate.
We now turn to the IR-divergent part given in (2.136).

1 1

dFr v — =R ) 7k7 2 M2
,d oMy (27)5 3(2% Do pH)‘M0| ’ |SGF

1 2
pr— d
5 t( ) ]/\/lo\ m:dz

A1, y2, 2
MQW dcosOpRay(P;py, k) [ M|3cr

(1-y)?

1 i
— M |Qng—dcosﬁp / dz /1,12, 2 /ngPpb, ) Ascr

47Tmt ( 2
e+A

= 47Tm | Mo|? —CF S(A)dcosfp (2.162)

where we have defined Aggr and S(A) as

Asar = —Ara,Cp) ' M|iqp, (2.163)

) (1-y)?

S(A) = T / dz\/)\(l,yQ,z)/dRQ(P;pb,k)ASGF. (2.164)

2
(e+A)?

In Aggr we replace p, by p, = P — k. Because Aggr is IR—divergent we can not neglect
the gluon mass k% completely as we did in the IR-convergent case. However the gluon
mass in (p, - k) = (k- P) — k* ~ (P - k) can be neglected since k? < (k-P). As before k*
in the numerator can be dropped since we have at most a logarithmic IR—divergence of
In(mg/my). Thus Aggr becomes

m} (P — k) Pp,— k-py
Asar = 2 N2 2
(k-pe)? (kP —k?) (k-P — k?)(k-pt)
m? +P2—2P-k_ P-py — k-p,
(k-py)? (k-P)? (k-P)(k-pt)
m? P2 Ppt

(k-py)? * (k-P)? 2(’<?'P)(l€-pt)' (2.165)

Q

Q
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In the P-rest frame (k- P) = my\/2E;. The two-body phase space integration
dRs(P;py, k) is done the with help of the basic integrals I,, defined in (2.152). Thus
we obtain

R . 1—9y2+ 2
m? / ARo(P: py k) Ascr = La(2,N) + ——Io(z,A) = —2—"1_y(2,A),  (2.166)
2By vz E}

where? the basic integrals I,,(z, A) are listed in Appendix D.1. The hat denotes that these
basic integrals are IR-divergent. When we do the z integration we would like to eliminate
the z-dependent terms multiplying the IR-divergent basic integrals fn(z,A) using the
“plus” prescription. There are two types of z—dependent terms. Onme is /A(1,y?, 2)
coming from the phase space integration and the others are the coefficients of fn(z,A).
Let us begin with 1/ A(1, %2, 2).

(1-y)?

m? / dz\/A(l,yQ,z)/dRQ(P;pb,k:)ASGF

(e+A)2
(1-y)?

= / dz >\(1>y2az> [m?/dR2<P7pb>k) ASG’F
+

€2
(& J/
~~

I R—convergent
(1-y)?
—I—mf A(l,yQ,EQ) / dz /dRQ(P;pb, k‘) ASGF, (2.167)

(ce+A)?

where the “plus” prescription is defined by

/d’z )‘<17y272) [m?/dR2<Pvpb7k) ASGF:|Jr

= /dz(\/)\(l,y27z) — \/A(l,y2,62)> mf/dRQ(P;pb,k’)ASGF. (2.168)

The integral in (2.168) is IR—convergent. We perform the two—-body phase space integra-
tion Ry(P;pp, k) with the help of the basic integrals I,,(z) defined in 2.152 and obtain

my /dR2(P;pb,/f)ASGF(A =0) =15+ = Iy — B —

z B2 VZE;
Substituting the IR—convergent basic integrals I_5, Iy and I from (D.13), (D.14) and
(D.15) one obtains

a2 2 5
m; | dRy(P; 1;,/€)A5(;F:2—7r 2—1+Z Y L—y*+ 2+ VAL Y% 2) .
t b 5
- € (1,y2,2) 1—y2—|—2— \/)‘(17y2>z)

(2.170)

1. (2.169)

SNote that the factor z in . sz fo(z,A) has not been canceled because we want to calculate a more
g

general form of integral ﬁ]g(Z, A)
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The z—integration of (2.168) is performed with the help of the basic integrals defined
in (2.160):

(1-y)?

/ dz/N1,92%, z) [mf/ng(P;pb, k)ASGFLr = 27r{2 R(—1) — (1 + €& —y*) S(0)

€2

—5(0,0) + VAL, 42 ) [(1+ € —y?) S(1) + S(0,1) — 2 R(0)] } (2.171)

Now let us eliminate the z terms in the coefficients of the basic integrals I,,(z, A) in
(2.167) using the subtraction technique familiar from the plus prescription:

(1-y)?
my / dz dRy(P; py, k) Ascr
(e+A)?
(1-y)? )
- | a [J_Q(Z,A) +- —Io(z,A) _ZEtzj_l(z,A)]
(e+A)2 g 9
(1-y)?
2 _ 2
_ / ds 22 h(e) - T 1a(e)
J z B2 VZE}
(A-9)* 2 1— 02 & 2
n / dz [f_Q(z,AH < Qfo(z,A)—LfEf_l(z,A)}
(e+7)2 2 V2 E;
(1-y)? ) )
S(A, 2n) + / dz[z_e (z) - 225 (2)} (2.172)
=TT y “m ~ - ~ - L— ) .
Zm=(1-y)? J z B2 ’ VZE} '
I R—convergent
where®
1 = . 2 1— 2 2
YA, zy) = — / dz [I_Q(Z,A) + ;I(](Z,A) - yij—el_l(z,/\)]. (2.173)
s z B*2 V2 E*
(e+A)2 g g

For the IR—convergent part we substitute the basic integrals I,, from Appendix D.1. The

6The hat on the basic integrals I,, for the two—body phase space integration dRs(P; py, k) denote that
they are IR—divergent (see Appendix D.1).
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z integration is done with the help (2.160). One obtains
(1-y)?

/ dz [Z ;@;10(,2) _zoe f_l(z)} (2.174)

2

€

27r/dz{1 ! )1n<1_y2+2+\/m>}

< (1,y2,Z 1—y2—|—2’— )‘(Ly272)
- 27T{R(—1, 0) — 5(0, 1)} . (2.175)
Substituting (2.175) into (2.172) we have
(1-y)*
m? / 42 Ay (Pip k) Dsar =7 (A 5| 2 R-1,0)-50, D} (2176
z2m=(1—y)2
(e+A)2

Note that, when defining the IR-divergent integral ¥(A, z,,), we take a general upper
limit z,, instead of the specific value z,, = (1 — y)?. As we will see in other decays which
have a similar hadronic structure, as e.g. in ¢t — b+ ¢t + v, the same IR-divergent
integrals will appear but with different upper integration limits. Therefore we calculate
these integrals with a general upper limit z,, and substitute specific values for z,, in
specific applications.

Collecting everything we obtain

S(A) = ;n—j /dz\/)\(l,yQ, 2) dRy(P; py, k) Ascr
= 2R(—1)—5(0,0) — (1 — y* + €*)5(0) (2.177)

VA 2 @) {R(—l, 0) — 2R(0) + (1 — y® + )S(1) + %E(A, )

zm:<1y>2] ’

The calculations of the IR-divergent integral 3(A, z,,,) will be done in the next subsection.

2.3.3 Integration of the soft gluon factor

The IR—-divergent soft gluon factor (A, z,,) contains the following three basic integrals:

Zm Zm 9 Zm
1
/ dz1_5(z,\), / dz —< Iy(z,N), / dz —1 4(z,A)
z B2 Vz E*
(e+0)2 (e+A)? 7 (e+A)2 !

We calculate them one by one.




2.3. Real gluon emission 43

For this integral it turns out that integrand is simpler with z in the numerator instead
of €2 because the denominator also has a z factor. These two cases differ by a simple term.

Zm Zm Zm

1 2 1 1 —
- / dz—Iy(z,A) = - / dz — ]o(z,A)——/dzz ()
T ZE*Q T ZE*Q T ZE*Q
(e+A)2 g (e+A)2 g €2
Y 1 Fo
= = / - (Z,A)——27T/d2—
s F*2 T z
(e+A)2 g €2
Zm 1 i 1
(e+A)2

Note that we obtain ZEfQ Iy(z) = 27 using Io(z) from (D.15). Substituting Iy(z, A) from

D.10 and E;‘ from (2.149) we have

1 2
dz In(z, ) /sz 22 4+ — 2922 (24 A2)(z—E+ A%, (2,179
7T/ zEg of \/ ( )( ) ( )

After a change of variables z — t + ¢ — A%, the integral becomes

/dt\/t2 — 4t A2 —4e2 A2 + 4\

The result for of this integration is given by [57]

Vati+bt+c VX b . 2c+bt
ar - -¥ —2\/__0ar031n(t\/_)+\/_1n<b+2at+2\/ X),
7

for a > 0, A < 0 where, in the present case’,

(2.180)

a=1,b=—4N? c= —4N*(* —A?), X =at> + bt +c, A =4dac— b

The integral (2.180 )is reexpressed in terms of z = z(¢). Then take the integration
limit and Laurent series expand the expression in A around A = 0 up to O(A°). This will
give

1 r 1 Zy — €2

— _ A) =2In(—™ — 2. 2.181

B O R (2.181)
(e+A)? g

Inserting (2.181) into (2.178) we obtain

To(A, 2m) = 21n("’m6 ) - 2In(55) - 2. (2.182)

"A < 0since a >0, ¢ < 0.
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(i) Z.o ::l / dz1_5(z,\)
T

(c+A)?

Inserting I_5(z, A) from Appendix (D.12) we have

1 7 24/ (2 —€2)® =2 (2 +€2) A2+ A?
/dz V- -2 (z4e)

Io=-— . (2.183)
@ . (z—e) "+ (1+y*+22—-2y2 (1+2)—2€) A2+ A4
(e+A)
After a change of the integration variable z — v with
1 A
R S I Gl R (2.184)

VO
the integrand becomes

1 (v —1)22

ve2+o[(1—12)2 + (v — 22)e2 + 1] + A(e + ve + VM) [2y/0(1 — 42 + €2) + Ale + ve + VoA)]
2

with the integration limits 1 < v < % for the new variable v in the A — 0 limit.

Since A < 1 < v we can neglect any term linear in A that is added to v. An inspection

of the denominator shows that it is completely safe to set all A to zero. Thus the integral

simplifies to

(1—y*+¢)
T,= [d [—— ] 2.185
2 / Uy T et v(l —2y? + y* — 2y%2€2 + €*) + €2 ( )
which can be integrated using the general form [57]
1 1 b+ 2 —v=A
/dv - (224 ) (2.186)
av?+bv+c V-A “b+2av+vV-A

for A =4ac—b* < 0. In our case®
a=¢, b=1-2y+y' — 2% + €', c=¢, A:—(1—y2+62)2[(1—y2—|—62)2—462].

The inverse of z = z(v) in (2.184) is given by

(z—€) —22A2+ A* 4 \/—4€4A4 F (=224 22€2 — et + 2202 — A4

262 \2 '
The terms a,b,c and A are also expressed in terms of z. We then take the integration
limit and Taylor expand the expression in A around A = 0 up to O(A®). This will give

2 1 — 2 2 1— 2 2 )\1 2 2
T o(A, z) = 2In(Zn =y 9~ Y “)m( yrety <’y’€>>. (2.187)

A ALy? ) \1=y2+e = /A1,2 )

v =

8A < 0 since
miA = —mi (1 — 2+ 62)2 [(1—9%+€2)? —4e?] = —(2Ep)? [(2Eb)2 — 4m§] = —16E'§|]5'b|2 <0
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- 1

() T.=— / d——Li(2,)
y4
(e+A)2 g

Inserting the basic integral /_; from (D.11) and E;‘ from (2.149) gives

Zm

I, = / dz 2 x (2.188)
(z =€+ A2) /AL 92, 2)

(e+A)?

1 (1—y2+z)(z—62+/\2—I—\/)\1y22\/)\262/\2)
n
(1—y2+2)(z — e+ A2) — /A(1,42,2)/A(z, €2, A2)

This integral has a complicated structure with the logarithmic function and different
square roots. We simplify the integrand of this integral by further isolating the IR-
divergent part of the integrand with the help of a change in the integration variable z — ¢
where z = te A + (e + A)?. We then Laurent series expand the integrand in A around
A = 0 and obtain the IR—divergent part:

2
Ae(2+1t)/A(1,y2, €2)

€2+ 1)1 — 9> + ) + VA2 + 122 /A (1, 42, 2)
€2+ 1)(1 —y2 + €2) — Vate2 + 122 /M (1, 42, €2)

] . (2.189)

The IR—divergence is explicit in the Laurent series with negative powers in A. Chang-
ing back to the variable z, the IR-divergent part (2.189) is given by

Idi'u _ . 2.190
B \/T/ ek 2
(e+A)2
< In 1—y?+e)(z—e—A —l—\/)\ly 2)\/A(z, €2, A2)
(1—y2+e2)(z — 2 — A2) — /A1, 12, €2)/ Az, €2, A2)

Subtracting the divergent part from the total integral gives the convergent part Z¢J™.
Then the integral Z_ is written as the sum of the divergent and convergent pieces as

T, =1T1% y1eom (2.191)
For the convergent part we set A to zero and obtain

7 2 (1—y2+2+\/k(1,y2,z)>

e = /dz In
(2—62) /\(1,y2,2) 1—y2+2’— )\(1,y2,2)

2 1 (1—1/2—1—62—1-\/)\(1,3/2,62))/0[ 1
n z

)\(1,1{/272) 1_y2+€2 - )‘(17:{/2762) z—€

_|_
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S p— ln< —y et VALY, 62) . (2.192)

1—y?2+e2— /A(1,9y2€?)

where

R(0) = /dz; (2.193)

S(0) = / dz(z_ez) ! In (1_y et VALY, Z)). (2.194)

l—y?+2— /A1,y

The tilde notation is used to emphasize that the integrals have a general upper limit z,,
as compared to (2.160) where the upper integration limit z,, = (1 — y)? has been used.
The basic integrals R(0) and S(0) are calculated in (D.53) and (D.54) in Appendix D.2.
Both R(0) and S(0) are divergent at z = ¢2. These divergences are the result of partial
fractioning of the convergent integral Z°7™. As usual we regulate these divergences by a
gluon mass A. The divergent terms cancel and we obtain

1
Iiolfrw — T{ng(l_

; p—(zm)) Lig(1— p-i-EZm)) L1 - p—(zm))

p— p— D+

Py o pelem) P+
HLip(1 = ) = Lip(1 = 2225 — Lig(1 p)}. (2.195)

Let us now turn to the divergent part. To eliminate the square root involving the
integration variable z, we change the integration variable z — v where

(1+v) eA

z=+ AN+ (2.196)

The integral becomes

P-+ 0Pk,

1 1 2
b (L2 Yt
ALma N\ v T+v) Nup 4

div
I_l —

n(vp_ +p+) 2 In(vp- +py)

d _
VAL, Y2, 62/U I+w

v 1+w

2 2
The integration limit for the new variable vis 1 < v < % in the A — 0 limit. These
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integrations can easily be done and the result is

T = m{ In(v) In(p;+) —In(v) In(p-) — 2 In(1 4+ v) In(py — p-)
(14+v) py _ _ [(140) p
+21n [W} In(p_ +vpy) + 2 Lis [ﬁ}

_ _ _ _ (m=2)”
Li (—%) 4 L (—%> + 2L, [w}} TR (2.108)

P- — P+ 1

We insert the integration limits and Laurent series expand the result in A around
A =0 up to O(A?). After expansion and simplification using dilog identities we write the
final result in terms of the compact kinematic variables defined in (2.2) and (2.4):

. 1 m m 2 V \/
Iﬁ’fzﬁ—B{Liz(l—péz ))+2 In(= eAE )Y,,+Y5}. (2.199)

Collecting the TR—convergent and IR—divergent result from (2.195) and (2.199) and
inserting them into (2.191) we have

p- p- P+

T (A, z) = pig{Lw _ p*me)) + Lin(1 — p*ﬁzm)) ~ Lis(1 — p{z’"))

- -y . P+ (2m) R
+L12(1—p—+)—L12(1— o ) +2 (7 )Yp+Yp}. (2.200)

Finally substituting the results of (i), (ii) and (iii) into (2.173) we obtain

. @ i _p_(Zm) 14 _p—(zm) CLi _p—l-(zm)
(A ) = [L2(1 ) = Lip(1 = PR — Lip(1 - BEE
. _p+(zm) _Li _}3__ v Y.
(1 = P — Lip(1 — 2 ¥, (147,) |
+41n(z’“ex 62)[1 - ﬁ;ﬂ - 21n(ze—’§) —2. (2.201)

In the decay ¢t — b+ H™ the upper limit of the z—integration is z,, = (1 — y)?. For
Zm = (1 — y)? one obtains

: 2P0 o7 - -y . 11—y : p-
E(A) =32(A, 2z = —[QL 11— — 2Lip(1 — ——) — Lip(1 — —
(A) (A, 2 )Zm:(l_y)2 s ia —) iz P ) ia( ]3+)

-y, (1+Yp)} +am _yi _62)[1 - ﬁ%yp} —4ln(1;y) — 2. (2:202)
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Thus all the necessary integrations in (2.177) have been done. Collecting everything
together and further simplifying the results using standard dilog identities we obtain

4p? _ _ _
sm):@%pmif)—2—hmm — 2V, + 26 (Y, + Vi) (2.203)

a . D_ ) (T ., 2ps ! 413:2), =9
2 {2L -2y 0 -y 4L —QY[——l A) +1 —} Y}.
+2po 2L ( 15+) i w+)+ 12<13+u‘;+> r|3 n(A) + n(ﬁ+w+> + 1,

Next we rewrite the IR-divergent rate given in (2.162). Using

(Mo* = PS;'TO, (2.204)
dF(O) 1 unpol pol
dcosfp 2 (FBO’"” 2 Lporn c08 9P> ’ (2.205)
we obtain
1« 9
dl'y giw = -~ ECF dcosfOp |[Mo|* S(A)
t
1
= 3 (Ffvzfﬁl +P Fff’dliv cos Qp) dcosfp, (2.206)
where
unpol 1 Qg —1 unpol
e 1 CrPSe T S(A) (2.207)
1 s o
Ff,odliv = “drm, %Cp PS; ! F%(fm S(A). (2.208)

What remains to be done is to integrate the IR—convergent polarized contribution. Its
matrix element squared |MP° 12 is given in (2.140). Similar to the unpolarized case, we

r,C0NV

write [MPL |2 in terms of scalar products involving p;, P, k and s;. Since p; - s; = 0

T,coNnv

one has py - s, = —P - s;. We also have py-si|x—0 = — P - $;|.—2. Substituting the scalar
product P-s; from (2.153) we obtain
\Mfﬁfom]? = 8ma;Cr(2abmy) X

1+y2—€e2 1 < 1—y2—€%\ 1 1
2 _ (1 2 > ] .
{[mt > e T ) e )

+2imt cosOp [\/A(l, Y2, 2) — VAL g2, 62)} Ascr(A = 0)} - (2:209)

Then the differential rate is

1 1
drf,oclonv - m (27r)5dR3(pt;pba kapH) |M]7?,Oclom)|2
t

11,

A1, 92, 2)
= o (27r)5mt dz

21 d cos Opd Ry (P; py, k)| MPSL 2. (2.210)

T,conv
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The two body phase space integration Rs(P;py, k) is performed with the help of the basic
integrals (2.152) and (2.154):

11,

NERTZ
m? d (1,92, 2)

8

drre.

r,conv = 2mt (27_‘_)5

1+y*—¢ 1—y?— ¢ 1
e O (R e s e LOR A ]

27 d cos 0p8m as Crp(2a bmy) X

A1, y2%, 2)

+ my B

cosfp (#[o — Ll>

cos 6p

2m, W AL w2, 2) = VALY, eQﬂ / dRs(P; py, k) Ascr(A = 0)} . (2.211)

where [ dRy(P;py, k)Ascr(A = 0) is given in (2.170). We substitute the basic integrals
from Appendix D.1. Finally the z—integrations are obtained in terms of the basic integrals
defined in (2.160). One obtains

1 «

1
—Cp2abm} { — 4p3 R(—1) + 8p3 R(0) + 1(1 — y?)’€R(-2,0)

B 8mmy 4w

dr#

r,CONV

—i [(1 — )’ +2(3 =) 62] R(—1,0) — 2(2 +10y* — €%) R(0,0) + ZR(I, 0)

+(1 -y +€)2p3 5(0) — (1 — y* + €°) 4p3 S(1) + 2p3.5(0,0)

—|—% [4y* (1—v*) + (T+5y%) ¢ —2€'] S(0,1)

1 1
-3 (3-3y*+¢€) S(1,1) — 55(2, 1)} cosfOp dcosfp. (2.212)

2.3.4 Full real emission contributions

We write the full real emission contribution as

dr, 1
T = (Lumrel 4 PT% cosfp) . (2.213)
P

The unpolarized and the polarized parts are the sum of their respective IR—divergent
and [R—convergent pieces.

L R (2.214)
F,Z,‘)Ol —_ Ffiiliy + Ff,oclonv (2 21 5)

where I/ Tunpel TP "and TP are given in (2.207), (2.161), (2.207) and (2.208),
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respectively. Collecting all of them we obtain

1 « 3 (1 —y?)
unpol s 2( .2 AN It _ _ N I pi_9 _
b PR {mt(a HP)[GRO.21) + = R(-2 )
1 — 4 1 3¢2 1 1
_%363(_1, —1) + ¢45(0,0) - 55(1,0)] o N S(A)}(2.216)
1

pol
r r

1
%CF{Qabmf [ —4ps R(=1) + 895 R(0) + 7(1 — y*) 2 R(—2,0)

- 4mmy 4w

(0= + 23— @) R(-1,0) — 12+ 10 — @) R(0,0) + TR(1,0)

—+ (1= 9" +¢)2p35(0) — (1 —y* + ) 4ps° S(1) + 235(0,0)
1 1
+§<4y2 (1-y*)+ (T+5¢°) € — 264> S(0,1) — 5 (3-3y*+¢€) S(1,1)

—%5(2, 1)} syt S(A)}. (2.217)

2.4 Total O(ay) results

We write the total rate up to O(ay) as

dr
dcosfp

1
=5 (et + P cos fp) (2.218)

where the unpolarized and polarized parts are the sums of the respective LO rate and the
NLO QCD corrections:

Funpol — F%T;Z;%l + Fuangl (2219)
ol ol ol
F%Z)VLO = F%orn + F%7)\/'LO : (2220)

The LO rates T2 and T2 are given in (2.31) and (2.32). The NLO QCD correc-
tions I'%?% and T% , are obtained by combining the respective virtual one-loop and the

real contributions
ryreel —  puneel 4 punpol (2.221)
o, = Teel et (2.222)
The rates Tunpel [unpel Tpol and TPl are given in (2.128), (2.216), (2.129) and (2.217)
respectively.
When simplifying the combination we first sum up the virtual one loop results with

the IR—divergent results of the real emission. All the dilogs, double logs and the IR-
divergences are contained in this sum. The dilogs are simplified using standard dilog
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identities [58]. The IR—divergences cancel between virtual and IR—divergent real contri-
butions. The unpolarized O(ay) corrections are

TES = o 2, Ol [(a Uy + e(a? — BP)U- — 6ab fops In e] , (2.223)

with the coefficients
2D 9 4 _
U, = 4p D—{—po{ ;3(1—62+y)lne+p3[§—4ln(:;3)]—|—2(1—6)Y}

1 _
+_(2_262_264+2€6_y2_462y2_564y2_4y4+3y6)n,

492
- 2ps 2, 2 i 4p? 25
U = ApD+ (1 +y)lne+p3[6+4ln(a)}+2(1—e)Yw
Y,
+—2 (1 -2 + €' —y* —36%%)
y?
4 _
D — Liy(py) — Lis(p.) — 2 Lis(1 — 2=) + In( yp3)y Inev,. (2.224)
P+ p+

Our unpolarized result (2.223) is in complete agreement with that of [38]. We do not,
however, agree with the results of [39].
The polarized O(ay) corrections are

e = 8a thC’F{ —3(a® 4+ b*)p3Ine

1
+ab {Z< — 11+ 28y — 16y* — 8y” + Ty* + €*(4 + 8y — 14y*) + 7e4>

8]7371)0

+<2—9y2+y4—62(4+3y2)+26> —Y, + Ine
y?

, 11—y -y
2 a2 2 NP
+8p31n<(1_y)2_62>+<3 3y° +2¢* (4 4+ y°) 26)111( )

€

1-— 1-—
s (2Lin(1 = —2) = 2Ly (1 - —) — Lig(w)
p- D+

(1 _3/22) _62>}7p>

+Lis(w_) 4+ 21In(
_(24_jz_6%34—%ﬂ)+-&)(2LhQD——LQQEJ-—Lb@ng>]}.(222&

Next we discuss various limiting cases for the unpolarized and polarized rates which,
among others, serve to check on the correctness of our results.
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The limit my — 0 is of interest since, according to the Goldstone equivalence theorem,
the unpolarized and polarized rates for ¢ — H*' + b become related to the unpolarized
and polarized longitudinal rates for ¢ — W+ + b when my, — 0. For myg — 0 one has

. m3 Gp 1+ €[5 — 22¢% + Het
lim T = —L—|V,|*(1 - 1+—=C
o S \/—| wl*(1—€)° { + Py 2{ 41— €Y
1—¢
~2Ineln(l - ) - 2, ( )
4 — 5e? + Tet
— Ine — 2Liy(1 — 2.226
(1—e)(1—eh Rl =€ } (2:226)
: 0 m} G 3
mliln_{orpl = t\/{ﬂ/tb\ (1—€*)? {1—1— CF {—1(54-62)
4 2
—2(1+€e*)Ineln(l — €*) — 1+ 562 Ine
—€

2

“2(1— ) In (1 - )+ (1= 26)Lis(1 - 62)} } (2.227)

We have checked that for model 1 and tan 8 = 1 the limiting expressions Eqs. (2.226)
and (2.227) agree exactly with the my+ — 0 limit of the corresponding longitudinal and
polarized longitudinal rates in the process t — W™ + b listed in [44]. This is nothing
but the statement of the Goldstone equivalence theorem. Our unpolarized result (2.226)
agrees with the corresponding result in [38].

Taking both my — 0 and m; — 0 one obtains

G o 5 22

Jim Pl = mt\/i|1/tb|200t26{1+;—ﬂCF 5—% , (2.228)
m3 G s (15 72T

mlilrgofp‘)l - \/—’Vt ’2C0t 5{1—%01«“ ?—% (2.229)

which, when setting cot 3 = 1, agree exactly with Eqs. (48) and (49) of [44]. The unpo-
larized rate in this limit agrees with the corresponding results in [37, 38, 40].
When mpy approaches m; for m; — 0 one has

[unpol « (13 4x?
lim —— = 1+ 20p| 2 - _3ma - 2.230
Jim T = 1 g0 - —ah ) (2.230
T 1+ % on1— 22— 3m = y?) (2.231)
1m = —_— — T — n — . .
o= T N ’

For the unpolarized rate the limiting expression agrees with the corresponding limit
given in [38].
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Finally, we consider the limit m; — 0 keeping the charged Higgs mass finite with the
proviso discussed after (2.34). This results in very compact expressions for the unpolarized
and polarized rates. Due to the smallness of the bottom quark mass and the fact that the
bottom quark mass corrections are of O(m3/m?) the m, — 0 formulae give quite good
approximations to the exact formulae for Higgs masses as long as the Higgs mass is not
close to the top quark mass. One obtains

2 2
my a® —b*  2e
Funpol 0 - (= 2\2( .2 b2 1
o 9 272 4qy? 2 — by?
Lop( 2 1 ( 41 )1 1 —
+27TOF<2 3 1ot (T ny)In(l—y)
<2 (a—b)2
—4Liy(y°) + 21 31n e) } (2.232)
and
Fp"l( 0) my (1 2)22 b 1+aSC' 11 — 6y — Ty? 1+ 2y% 72
my — = —(1-— a — —
b 167 7 or "\ T 2(l+y?  (1-4223
2 _ 9y2 + y4 _ y2 )
8 + 4yt . (a —b)?
———Liy(—y) — 31 : 2.233
i pia() - e (2233)

Note that the seemingly mass singular terms proportional to In€ in (2.232) and (2.233)
are not in fact mass singular since they are multiplied by the factor (a — b)? which is
proportional to m? in both models 1 and 2. Although the contributions proportional to
€% In € formally vanish for m; — 0 as expected from the Lee-Nauenberg theorem [61], they
can become numerically quite large for m;, = 4.8 GeV in model 2 depending, of course,
on the value of tan 5. This can be seen by calculating the ratios of the coupling factor
expressions in model 2, i.e.

(a — b)? 2¢2 tan 8
a?+b2 14 etan*p
2 24,4
(a —b) _ 2 tan’ ‘ (2.235)
2ab 1 —e2tan 3

For example, for tan 3 = 10 one finds (a—b)?/(a*+b?) = 1.77 and (a—b)?/(2ab) = —2.31.
With a little bit of algebra one finds that the NLO corrections in model 2 are in fact
dominated by the €% In € contributions for larger values of tan 3 as also noted in [38]. This
is evident in Fig. 2.16 where the radiative corrections to the Born term result can be
seen to be as large as —50% compared to the ~ —10% expected from the corresponding
corrections in the decay t — W + b [44].

(2.234)
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Figure 2.14: The LO (solid lines) unpolarized (left) and polarized (right) decay rates and their
O(ay) correction (dashed lines) as functions of y = myg/my; for model 1 with m;, = 4.8 GeV,
m; = 175 GeV and tan 8 = 10. The dotted line for the m; — 0 approximation is not visible for the
LO at the scale of this graph. For the O(«s) the dotted line overlaps with the dashed line making a
dot—dashed curve.
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Figure 2.15: The LO (full line) asymmetry parameter iy and its O(a) correction (dashed line) as

functions of y = my /m; for model 1 with m; = 4.8 GeV and m; = 175 GeV as function of y = T4

my
for tan 8 = 10.
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Figure 2.16: The LO (solid lines) unpolarized (left) and polarized (right) decay rates and their
O(as) correction (dashed lines) as functions of y = mpy/m; for model 2 with m;, = 4.8 GeV,
my = 175 GeV and tan 8 = 10. The dotted line for the “kinematical” m; — 0 approximation is not
visible for the LO at the scale of this graph. For the O(«;) the dotted line overlaps with the dashed
making a dot—dashed curve.
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Figure 2.17: The LO (full line) asymmetry parameter afy and its O(a;) corrections as functions
of y = my/my for model 2 with m;, = 4.8 GeV and m; = 175 GeV as function of y = TZL—’Z’ for
tan 8 = 10 . The dotted lines show the corresponding “kinematical” m; — 0 curves.
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Figure 2.18: tan 3 dependence of symmetry parameter for model 2 with m; = 175 GeV, my;, = 4.8
GeV and my = 120 GeV. The dotted line for the “kinematical” m; — 0 approximation is not visible
for the LO at the scale of this graph. For the O(«s) the dotted line overlaps with the dashed line
making a dot—dashed curve.

We now turn to our numerical results.

In Fig. 2.15 we show the radiative corrections to the polarization asymmetry ay in
model 1 as a function of y = my /m;. The radiative corrections are quite small and lower
ay by only ~ 2% for the most range of y = my/m,;. We do not present a curve for the
dependence of ay; on tan § because the radiative corrections are again quite small ~ 2%0
over a large range of tan f—values and thus do not change the flat Born term behaviour.
Figs. 2.16 show the LO and NLO model 2 results for the unpolarized and polarized rates
as a function of the mass ratio y = my/m, for tan 3 = 10. As input values for our
numerical evaluation we use m, = 4.8 GeV and m; = 175 GeV. The strong coupling
constant is evolved from agz(Myz) = 0.1175 to as(m;) = 0.1070 using two-loop running.
The unpolarized and polarized rates are largest for my = 0 and become smaller towards
the phase-space boundary y = 1 — e¢. The radiative corrections are substantial due to
the €?In e contribution discussed above. The dotted curves in Figs. 2.16 are drawn using
the “kinematical” m;, — 0 approximations Egs. (2.35) (LO) and Egs. (2.232) and (2.233)
(NLO). In these equations the bottom quark mass has been set to zero whenever the scale
of my is set by m; as in the kinematical factors and not by mycot § as in the coupling
factors. As Fig. 2.16 shows the “kinematical” m;, — 0 approximation is an excellent
approximation for both the unpolarized and polarized rate.

In Fig. 2.17 we show the model 2 LO and NLO results for the asymmetry parameter
ay where we have again fixed tan (8 at tan (3 = 10 and show the dependence of ag
on the mass ratio y = my/m;. The asymmetry parameter is large and negative with
only little dependence on the Higgs mass except for the region close to the phase-space
boundary where apy approaches zero. The radiative corrections to the LO Born term
result are substantial and reduce the size of the asymmetry parameter by ~ 25% over
much of the range of the Higgs mass. As anticipated from the results for the unpolarized
and polarized rate the m;, — 0 approximation is excellent. At the scale of Fig. 2.17 the
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my # 0 corrections are barely visible. In Fig. 2.18 we fix the mass of the charged Higgs
boson at my = 120 GeV and vary tan 3 between 0 and 40. For small values of tan (8
the asymmetry parameter ag is negative and rapidly approaches zero around tan = 7.
The LO zero position tan § = /m;/my is shifted upward by approximately one unit by
the radiative corrections. Beyond the zero position the asymmetry parameter rapidly
approaches values close to ay = —1. The radiative corrections are largest around the
zero position of tan 3 at tan 3 ~ 7.

Before turning to the next chapter let us give a brief summary.

We have calculated the O(ay) radiative corrections to polarized top quark decay into a
charged Higgs and a bottom quark in two variants of the Two-Higgs-Doublet model. We
have checked our unpolarized results against known ones and found agreement. With the
same techniques we have calculated the polarized rate. Using a particular limit of our po-
larized rate for (1) — H™ 4 b we were able to compare our result with the corresponding
limit for the decay t — W™ + b appealing to the Goldstone equivalence theorem. Because
of our numerous cross-checks we are quite confident that our new results on the polarized
rates are correct. We have found very compact m;, = 0, O(«ay) expressions for the unpo-
larized and polarized rates which can be usefully employed to scan the predictions of the
2HDM (my, tan 3) parameter space. We have found that the radiative corrections to the
unpolarized and polarized rates, and the asymmetry parameter of the decay can become
quite large.
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Chapter 3

The angular correlations for the
decay (1) — b+ (' + v, in the helicity
system la

3.1 Introduction

In the rest frame decay of a top quark decaying into a jet X, a charged lepton ¢* and
a neutrino vy, the final state particles X3, ¢* and v, define an event frame. Relative
to this event plane one can then define the polarization direction of the polarized top
quark. There are various choices of possible coordinate systems relative to the event
plane where one differentiates between helicity systems with the z—axis in the event plane
and transversity systems with the z—axis perpendicular to the event plane. We analyze
angular correlations in different helicity coordinate systems according to the orientation
of the z—axis. Also one has to specify the orientation of the z—axis for which one has two
possible choices for each system. Thus one can define coordinate systems as (see Fig. 3.1):

system 1: ppfl 25 a:(Py)e=0  b:(ph)e =0 (3.1)
system 2 W llz; a:(@)e=0  b:(5).=0 (3.2)
system 3: py |23 a:(Bh)e 20 b:(Ph)e 20

The systems a and b are related by a rotation of the azimuthal angles by 7, i.e. ¢ — w4+ ¢.
Therefore they are equivalent. In this thesis we shall only deal with system la and
system 3a. The polarized top quark decay in system la is discussed in this chapter. In
the next chapter we discuss the polarized top quark decay in system 3a.

The four-momenta of top quark, bottom quark, charged lepton, neutrino and gluon
are denoted by p;, py, pr, p, and k. The hadronic sector of the decay t — b+ £T + v, is
identical to that of the decay t — H™ + b discussed in chapter 2 except for the different
vertex structures in the two cases. Similar to the case of the decay t — H™ +b we denote
the quark-gluon combined system as P = p, + k. We define scaled masses by

my Mg P?

(3.4)
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(3a)

Figure 3.1: The definition of the polar angle 6 and the azimuthal angle ¢ in the rest frame decay
of a polarized top quark in three different helicity systems. The event plane defines the (z, z)—plane
with (1a) py || z and (p,). = 0, (2'a) W || z and (pi). = 0, and (3a) p, || z and (pp). = 0.

The charged lepton is taken as massless. The W-boson four momentum is denoted by
W = py+ p,. The scaled charged lepton energy, the scaled neutrino energy, the scaled
invariant mass of the virtual W-boson and the scaled mass of the W -boson are defined
by

. 2Eg 2E,, W2 myy

) Ty = ) Y= ) Z) - - (35)
my my my my

T
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The scaled kinematic variables are the same! as in (2.2 ):

1

p0(2)25(1—y2+2), wo(Z)=§(1+y2—Z),
1
p3(z) = 5\/ A1, 9% 2), w3(7~') = Ps,
p+(2) = po £ ps, wy(z) = wo £ ws,
1. p 1, w
Y,(z) = 5 np—i, Yu(z) = 5 nw—i. (3.6)

where the Kallén function A(a, b, c) is defined in 2.3. If 2 = €% i.e. k= 0 we recover the
leading order kinematics. We define

Do = po(€?), D3 = pa(e?), Py = pi(€?), Y, = %(52)7
Wy = UJ()(EZ), Wy = w3(62), Wy = wi(ez), Y, = Yw(62). (3.7)

Note that pg and ps are the energy and momentum modulus of the quark— gluon system
P = p, + k scaled to the top mass whereas py, and ps3 are the scaled energy and the
momentum modulus of the bottom quark in the leading order case. Similarly wy and ws
are the scaled energy and momentum modulus of the W-boson for the real emission case
and wy and w3 for the leading order case.

3.2 The Born approximation

Y

Figure 3.2: Feynman diagrams for the decay #(1) — b+ 1 + 14 at LO.

At LO the Feynman graph shown in Fig 3.2 gives the amplitude

— . Guw 1_75 .gy—WW,,/m2
My = u(py, sp) <—zﬁ’y“ 5 V}b) u(pe, St) (—2 ‘;/[/2 — :L%/V +Z,€W (3.8)

X U(py, Sy) <—i%7”1 _275) v(l, sg) .

!'Note that y is the scaled invariant mass of the W-boson, y = ,/va—j in the decay t — b+ {7 + v,
‘t

whereas, in t — b+ H™T, y is the scaled mass of the Higgs boson, y = my /m;.
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The W, W, /m$,~term in the W—-boson propagator gives rise to the terms proportional
to mymy/m¥, or mymy/m¥,, where m, denotes the lepton mass. Since the TW-boson
mass is much bigger than the lepton mass the W, W, /mj, term can be neglected. The
intermediate W-boson is a resonance with a width of I'yy = 2.134 £0.079 Gev [3]. In the
present application we keep the full propagator dependence of the W in the Breit-Wigner
(BW) form [53] and write the W—propagator as

. Guv . Juv G 1
- — = — 3.9
ZVVZ—m%V—i—ia?_> lWQ—m%,V—f—imWFW lm%,va/?jz—l%—M’ (39)
where v = ;—ZVV Thus the LO amplitude takes the form
2
G Vi 1 _ _
My, = i~ b 1— t vy Su)YH (1 — l,
0 ng%v v )92 — 1+ iyu(  56) Y ( ¥s) u(t, 5¢)U(py, 5, )7" ( ¥s) v(£, s¢)
= GrViy (0) (3.10)

[ ,
V2 (292 —1+idy) "

where the hadron current H ,SO) and the leptonic current L, are defined by

HY = a(py, sp)y (1= 75) u(pr, 50), (3.11)
Ly = u(py, s0)7u (1 —75) v(pes se) - (3.12)
Squaring the amplitude we have
Mol = > IMo)* = > M{M, = CrlVul o puw (3.13)
’ 2[(1—y2/9?)2 + 2

5b,5¢,5v 5b,5¢,5v

where the hadron tensor H, fb,o) and the leptonic tensor L,, are defined by

HY =Y HOMHD),  Lu=) LLi. (3.14)
sp

S¢,Sv

Summing up the relevant spins in the hadron tensor and using the properties of the Dirac
matrices and their traces we have

HE) =" a(py, s5)7u (1= 75) wlpr, s0)a(t, 50)7 (1= 75) u(pp, 51)

Sb

- l(pb ) 3 (1= 35) (p, + ) (HTM) il 75)}

=Tr [ﬁzﬂu (?t - mt#t) Yo (1 — 75)}
=1Tr [m Vb, (1= Vsﬂ
= ppp; Tr [%Wm% - ’mwwmu]

= p?ﬁtﬁ -4 [gaugﬁu — Gap9uv + o 9ups — ieauﬁu]

= A} T (3.15)
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where p; and T}, are defined by

Pt = Di— sy, (3.16)
Tyvap = You9py = GasYur + JowJup — €ansy - (3.17)
Similarly the lepton tensor is given by
Ly = 8pipy Toppuw - (3.18)
The contraction of the lepton and hadron tensors involves the contraction
ThwapT ™™ = 467,07 . (3.19)
With (3.15), (3.18) and (3.19) we obtain
H,S?/)LW =128 (Pt - pe) (po - Dv) (3.20)

The scalar products which appear in the LO and in the QCD NLO virtual one-loop
contributions are

1 2
pt'p@ - §xmt7
o l—ztyr—E
pt'pl/ - 2 mt’
1—y*+e
Pt Do = 5 my,
l—z—¢€
Pv-Dv = —2 my,
r—y
DPo-pe = 5 my,
1
pope = Sym (3.21)

In the polarized calculations we need to define the polarization vector in a specific
frame. In system la (top quark rest frame with the charged lepton momentum defining
the z—axis) the polarization vector and the momenta read

Pt = mt(1)07070) 9 (322)

po= Sa(150,0.1),

p, = %(1 —x+1y? —€®)(1;5in 6,0, cos0p,)
Py = %(1 — y2 —+ 62)(1; sin egb, O, CcOos eéb) )

sy = P(0;sinf0p cos ¢, sinfp sin ¢, coslp) ,
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where
1 — 2 2\ 2 2
cos O, ooty =) =2 : (3.23)
z(l—x+y?—¢€?)
20 —z(1 +y? — €2)
cosblpy = )
z/A(1, 92, €?)
Thus the scalar products involving the polarization vector are given by
-9 2 1 2 2
Dy S = y +r(lty E)thCOSGP
2z
2 (0 — 2 2 2 _ .2
—i—\/y (v -2 =y +ay xG)thcos¢sin9p,
x
2 2 2 1 2 _ 2
DPv St = Ty x( tY 6)TI’Lt.PCOSQP
2x
2 (0 — 2 _ .2 2 _ .2
_\/y (v—2* =y oy xe)thcosgbsinﬁp,
x
x
DS = B my Pcosfp . (3.24)
Substituting the scalar products into the contraction (3.20) we have
4
HOL™ — 128%(1 + PeosOp)z(l— 1z — ). (3.25)

The above derivation shows that the LO result I" ~ (1 + cosfp) does not depend on the
mass of the bottom quark. It does, however, depend on the mass of the lepton. The lepton
mass effect can be easily calculated from (3.20). One obtains |M|? ~ 1+ (1 — sm}/E} +
...)cos @p. The lepton mass correction is thus negligibly small since, in the narrow—width
approximation for the W, which we will discuss later, the minimal lepton energy is given
by EP® = (mfy, + m?m?)/(2mym?,) and is thus very much larger than the lepton mass
appearing in the lepton mass correction.

It is convenient to collect the terms in the lepton—hadron contraction according to
their angular dependence. One has

4
m )
H;E?/)LW = 128T Mé“(m) + ME(x) P cosp + MOC<SL’) Psinfpcoso|, (3.26)

where Mg is not dependent on the angular parameters of the polarization vector of the
top quark. MP and M denote the polar and the azimuthal angle dependent pieces of
the lepton—hadron contraction, respectively. They are called the unpolarized, polar and
azimuthal correlation terms or A, B and C' terms respectively. Comparing (3.25) and
(3.26) one has
MMNz) = MP(x)=2(1 =z —¢€), M (z)=0. (3.27)
The differential rate is

11 &y, 1 Pi 1 PR -,
ar = : 2 454 - - - Pv M
2my (2m)3 2, (2m)3 2, (2m)? 2E,,( )0 (e — o — pe = pu) [ M]
11 .,
= —dR3(Pt;pb7P£,Pu)|M| , (3.28)

2my (27)5
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where

&py &pi d°py

2E, 2E, 2F,
We factorize the three-body phase space into two two-body phase spaces

dRs3(pe; py, pe, pv) as we have done in the case of the three-body phase space for the real

gluon emission in the decay t — HT 4+ b (see 2.145):

dRs(pe; o, pes pv) = (pr — b — P — Do) - (3.29)

Rs(pe; o, pes pv) = /dW2 dRy(pe; po, W) dRoy(Ws e, pu) - (3.30)

We can proceed in analogy to the three-body phase space integration of t — H* + b+ g.
The two-body phase space integration dRs(py;py, W) is done in the top-rest frame with
the polarization vector of the top quark P defining the z—axis. Analogous to (2.29 ) we

have
d3 d3W
dR ;,W:/ S — pr — W
/ o (pe; po, W) 2B, 2By (pe — o )

1 -
= /4—mt]W|27rd0059p, (3.31)

where #p denotes the angle between W-momentum and the polarization vector of the
top quark. The azimuthal angle of the W-momentum is integrated out. The energy and
momentum modulus of the W-boson and the bottom quark are fixed by the integrating
over the d—function:

1+y?*— € _ 1—y?+ ¢ ~
EW = mt+ = My Wo, Eb = mt+ = MMy Po,
AR AL,y € _
(W = [pb] = mu ( 5 ) = my Ps. (3.32)

The two-body phase space integration dRs(W; pg, p,) is also done in the top quark
rest frame with the W—-momentum along the z—axis:

/dRQ(W;pg,py) = f—gﬁ:&w_pe — Dy)
/‘;—g& P20 (W —pe—py)
= [ SEs(w )
_ / Czlg_g:fa(vv? —2W - py) (3.33)

We change from the Cartesian coordinate system to polar coordinate system using

d*py = |pi|?d cos O dp = E3d cos Oy de (3.34)
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where 0y and ¢ are the polar and azimuthal angles of the charged lepton. Then one has

/dRQ(W;pg,py> = / —dEg / d cos QgW dqb 5(W2 - 2EwEg + 2Eg|W| COS ng)

:2”’|W

= W / dE,dé . (3.35)

The é—function fixes the angle Opy as
2% —z(1+y* — €%)
e/AL 2 e)

Since, in the rest frame of the top quark, the W-boson and the bottom quark are produced
back-to-back, Op, + O = 7, i.e. cos by = — cos ey, as can be seen from (3.23).
Inserting the results for dRs(py; pp, W) and dRo(W; py, p,) into (3.30) we have

2
dR3(pe; py, e pu) = 4—dCOS Opde —mt 2dyPdz . (3.37)

d cos Ogy d(cos Oy )

cos Oy = —

(3.36)

The integration limits depend on the order of integration. One has

1 e) 1—¢2 - Z(l xr— 52)
/ dy? /da: or /dm / dy?* . (3.38)
0 0

Comparing the parameterization of the three-body phase space in (3.35) with the three
different parameterizations corresponding to the helicity systems shown in Fig 3.1, we find
that (3.37) corresponds to system 2’a. Note that system la is obtained by a anticlockwise
rotation of system 2’a by an angle 0y around the y—axis followed by a reflection of
the neutrino and p, w.r.t. the (z,y)-plane. In system la, the three-body phase space
Rs3(py; py, pe, ) 18 parameterized by

dRs(pe; Py, Des Py) = dcosé’pd¢ —mtdgfdx (3.39)

where 0p is the angle between the charged lepton and the top quark polarization vector.
Angle ¢ is the azimuthal angle between the (]3,5, pr) and (py, Px,) planes.

Collecting the lepton and hadron tensor contraction from (3.26) and the phase space
integration from (3.39), the differential rate is given by

11

r = M

d 2m (2 ) dR?)(ptvplhpf?pV) | ‘
1 1 1 GE V|

_ — dcosOpdd m2dy? d r 7O
2my (215 4 P & e R N Ry e
12 1

S R T

MMNx) + MP(z) Pcosfp + ME (x) Psinfp cos ¢| , (3.40)
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Figure 3.3: The LO unpolarized differential decay rate w.r.t. 2, i.e. the y?~spectrum for the decay
t(1) = b+ LT + vy

where
GFmt

19273
is a reference rate corresponding to a (hypothetical) point-like four-Fermion interaction
(with massless final state particles). It is obvious that the general form of the differential
rate can be written as

dl’ 1 (dl'y dFB dl'e
dxd cos de¢ 4 ( cosOp + dr sin fp cos QS)

dx dx
where I'4 denote the unpolarized rate. I'g and I'c denote the polar and azimuthal cor-
relations. For simplicity we refer to I'4, I'g and I'c as unpolarized, polar and azimuthal
rate, or A, B, and C terms, respectively. Substituting (3.27) into (3.40) one has

dl 4 Al ,122(1—2—€)
—T, | d -
dx dx (1—y?/9?)" +~2

dFC
— 4
dx 0, (3.43)

The y?-spectrum is shown in Fig 3.3. It has a peak at y = %W Because of the large mass
(80.423 GeV)[3] and the narrow width (2.134 GeV)[3] of the W boson it is natural to use
the “narrow—width” approximation for the W—propagator. In the amplitude squared the
W—propagator becomes

T'p = [Vio|? (3.41)

(3.42)

1 2 1 w1 ¥

- — = . 3.44
W2 —m?, + ilwmw M{}V’}/ﬂ'(l— Y2 /9?)? + 2 (3-44)

Using the Lorentz representation of the d—function,

1 a
o(z) =lim ———— 3.45
() = lim ————3 (3.45)

we write in the narrow-width approximation
w
1 2 MW 1

= — Wm—W 5 (v —7°). (3.46)
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In the narrow—width approximation the differential rate becomes

dr©® = %Wﬁdfﬁs(pt;pb,pwu)wz
1 2 v G| Vi|? (0) 7 v
zmt?Z / ay / 1—y2/z?2)2+72]H“”LM
L_V‘:’ —0 mwy 3 Y 7
—  Tp2r Wﬁﬁ/d rHOLW . (3.47)

w—

From now on y? should be replaced by §? everywhere because we use the narrow-width
approximation. Therefore we drop the hat in y and use instead y = ":n—"t", which should
not be confused with the y defined in (3.5).

The differential unpolarized, polar and azimuthal rates in the narrow—width approxi-
mation are

ar'y) ar'y My

= =Tp2n—2622(1 —x — € 3.48
d]} dl’ F WFW y SL’( T € )7 ( )
e _

de

The integrated rates are (w_ < z < wy):
1@ — 0 _p,or W T, Woyhs [(1 — €2)? + y2(1 + ) — 2], (3.49)
r% — o

In Fig 3.4 we show the unpolarized spectra as a function of the scaled lepton energy
x with and without the narrow resonance approximation.

Ffﬁ?) (no GPPTOJL'-)/FS)) (no approx.) 1

Fff)(narmw width approx.)/l“f)(no approx.) 1.01595

Ff)(narmw width approzx. with my, = 0)/Ff£)(no approz.) | 1.01618

Table 3.1: The difference resulting from the narrow—width approximation and the m; = 0 limit for
LO unpolarized rate in system la.

Numerical change in the rate is given in Table 3.1. The integrated unpolarized result
in the narrow width approximation increases by 1.6% relative to the exact integrated rate.

It is quite safe to take the bottom mass to zero. The difference in the spectra for
mp = 0 and m, # 0 with m, = 4.8 GeV is invisible on the scale of Fig. 3.4. In the
narrow width approximation the integrated rate for m;, = 0 increases by 2%o relative to
the integrated rate for m;, = 4.8 GeV. Clearly narrow width approximation and m, = 0
limit are very good approximations.
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Figure 3.4: The differential rate w.r.t. the charged lepton energy (charged lepton spectrum).
The dashed line corresponds to the spectrum in the narrow width approximation. The solid line
corresponds to the spectrum without the narrow width (NW) approximation. The spectrum in the
narrow—width approximation lies slightly above the Breit—Wigner spectrum except for the region very
close to z = y°.

With the narrow width approximation and a massless bottom quark we write the
leading order differential rates as:

arty aryy mw .

= T o™y (1 — .
7 7 F TFW 6y x(1 — x), (3.50)
arl) .
dv

The integrated rates for my = 0 are (y? < z < 1):

r®» — r_p, 27r?_:vvy2(1 —y*)°(1+2y°),

r® — o. (3.51)

One can read off from (3.51) that the width of the top quark is enhanced by a factor of
2rmyy /Tw - y(1 — y)*(1 4 2y) = 44.09 compared to a point-like four-Fermion interaction
due to the presence of the W-pole.

Let us return to (3.48). The fact that ['4 = I'p means that the proposed polar
correlation measurement has 100% analyzing power to analyze the polarization of the top
quark whereas the azimuthal correlation measurement has zero analyzing power. In the
following we shall present some simple arguments to show that I'y = I'g can be directly
traced to the fact that we are dealing with a (V' — A)(V — A) current—current structure in
this transition. Once this is established we then present a physics argument that I'c = 0
necessarily follows from I'y = I'p.

Let us rewrite the original (V — A)(V — A) SM form into a more convenient form using
the Fierz transformation of the second kind which transforms the (V — A)(V — A) form
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into a (S + P)(S — P) form (see e.g. [59]):
My = a(py, sp)v" (1 — v5)u(pe, 51) Wpy, ,)7" (1 = 75)v(pe, se) (3.52)
= 2u(py, 5) (1 +75)Cu" (o, ) v" (pe, 50)C (1 — v5)u(pe, 5¢) (3.53)
= 2u(py, 5p) (1 + v5)v(P, 50) Wpe, ¢) (1 — ¥5)ulpy, 5¢) (3.54)

where we have used Cu”(p,,s,) = v(py,,s,) and vT(ps, s,)C™" = tu(pe,s¢). The ad-
vantage of the form (3.54) is that the spinors of the top quark and the lepton are
now connected by one Dirac string. In particular this means that there is no correla-
tion between the top quark spin and the momenta of the b-quark jet or the neutrino,
i.e. there will be no azimuthal correlation term. Returning to the spinor amplitude
u(pe, se)(1 — v5)u(py, s¢) one notes that the combination (1 — ~5) acts to project out
the positive helicity spinor of the (massless) lepton. One can evaluate the amplitude
u(pe, se)(1 — vs5)u(py, s¢) for a top quark polarized in the (6p, ¢)—direction (see Fig.1) us-
ing uy (p, s¢)7 = v2my(cos0p/2, e sin0p/2,0,0) and .y (ps, s¢) = vV Ee(1,0,—1,0) for a
positive helicity lepton moving in the z—direction. One obtains

0
Uy (e, s0) (1 — v5)us (P, St) = 24/ 2Eymy cos 7P : (3.55)
On squaring the amplitude (3.55) one finally obtains
|ty (pe, 5¢) (1 — v5)uy (pr, 8¢)|* = 4Eymy (1 + cosfp) , (3.56)

which leads to dff) = dfg) and dI'c = 0 as calculated in (3.48) using the trace method.

The above derivation shows that the LO result I' ~ (1 + cosfp) does not depend
on the mass of the bottom quark. It does, however, depend on the mass of the lepton.
The lepton mass effect can be easily calculated from (3.20). One obtains |My|* ~ (1 +
(1-— —mz 2/E? + ...)cosOp). The lepton mass correction is thus negligibly small since, in
the narrow resonance approximation for the W+, the minimal lepton energy is given by
(myy +m?m?)/(2mym?,) and is thus very much larger than the lepton mass appearing in
the lepton mass correction.

Returning to the original current-current form (3.52) and its Fierz—transformed form
(3.54) it is clear that there will be no azimuthal correlation, i.e. one has I'c = 0 at the
Born term level. It is nevertheless instructive and interesting to go through the exercise to
show that I'c = 0 directly follows from I'y = I'p if the rate is to remain positive definite
over all of phase space. We use a short—hand notation and write A for dI"4/dx and B for
dl'p/dz etc.. With A = B the angular decay distribution is given by (we set P=1)

'~ A(1+ cosfp + %sin Opcos @) . (3.57)

From the structure of (3.57) one can immediately conclude that the ratio C'/A necessarily
has to vanish if the rate is to remain positive definite over all of angular phase space. This

can be seen in the following way. Assume first that C//A is positive. Set cos¢ = —1 and
expand the resulting decay distribution around 6p = 7w (fp < 7). One obtains
-0 C
T~ A(r — 0p) (L — =) (3.58)

2 A
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For any given value of C'/A the piece (m — 0p)/2 can always be chosen small enough
to render the rate to become negative. If C'/A is assumed to be negative one chooses
cosp = +1 and goes through the same steps of arguments as before. The upshot is
that C' has to be zero if one has A = B in order for the rate to be positive definite
everywhere. As mentioned before the explicit calculation using the form (3.52) or more
directly (3.54) of course confirms this conclusion. We have showed that the vanishing
of the LO azimuthal correlation is the direct result of the (V' — A) structure of the SM
(V — A) current. Non-zero LO azimuthal correlation can be induced by a non—SM right—
handed (V + A) current [60]. NLO QCD corrections will also give rise to the azimuthal
correlations as we will see in the next sections.

3.3 Virtual one—-loop corrections

3.3.1 Vertex corrections

At one-loop level one has three Feynman diagrams (see Fig. 3.5 ) contributing to the
virtual corrections.

m
a
2
2
.

b 9%

N
U6

N
o
2

9 %46
Figure 3.5: Feynman diagrams for the virtual one—loop corrections for the decay t — b+ £ + vy.

For the vertex correction (Fig 3.5 right—most) the Feynman rules give

Hé}gzu@b,sb); / % <_2~gs%%’") - o ( ;

£) —ms g k) —me
X (—z’gsvg;) (—an%ﬁ) u(p, st)

d%v b= ¥t Yu (1= 7=
2m)4 " (py — k) —m2 " Y=k —m? R

= u(pp, sp) A u(py, se) (3.59)

:U(pb,sb)[—iQECF/(

where

_ dk (= F+m)y (=) (p, — F+m)
Ay = gsOF/ (2m)* Ve [(py — k)2 — mi][(pt _ k)Z 2k

(3.60)

The integral A, has both IR and UV divergences. As in section 2.2 dimensional regular-
ization is used for the UV divergences with space time dimension taken as D = 4 —2§. A
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small gluon mass my is used for the IR-divergences. We rewrite A, as

(1—=75).

(3.61)
The numerator of A, can be simplified using the Dirac algebra, the Dirac equation
and the contraction of the Dirac y—matrices:

Ya (pb_%+mb>7u(1_75>< t—%+mt>7a
(2060 — Yak) Y (1 —5) (20" — Kv™)
= (2pba — Yak) v 207 — K7Y) (1 —5)

= |4(p: - Pv) Vu Q'Yuk}’)b Q?tk'm + ’Yak%%'YQ] (1 =)

dPk 4(pt pb) 27#%}% 2;%%7# + (2 - )(Zkuk - kQ’Yﬂ)
A = —1 F 3
020 [ oo [Py — K2 — a2l (e — K7 — miZ] (K2 — ma2)

= |4 po) i — 20k, — 29 s+ (2= D)2k — Ky,)| (1= 5),  (362)

Inserting the above result back into A, gives

(1 —75).

(3.63)

Thus one has a two—point one—loop scalar integral By, a three—point one—loop scalar

integral Cy and a three—point one-loop vector integral C* defined by (2.48-2.52). In
addition one also has a three—point one-loop tensor integral C'*” defined by

po._ N4_D dPk LHEV
T / e =k —md] [ — P =] (@ =) OOV

The tensor integrals are reduced to scalar integrals using the Passarino—Veltman
method [46, 47, 50:

. Ak 4Pepo) v — 2vukp, — 29, K+ (2 — D)2k K — k)
A, = QSCF/ (2m)* [(py — k)2 — mz] [(Pt _ k)2 _ mﬂ k2

C* = Cyp)! + Cypl)
C* = Cypi'py + Coa iy + Cra (D'l + Pip)) + Coo g™ (3.65)

The coefficients C; and Cy for the vector integral C* are given in (2.68). Now we turn
to the reduction of the tensor integral C'*”. The rank two symmetric tensor C*” can be
expanded as

CM = Cyp} p{ + Coa v}y py + Cra (0§ vy + 0, D)) + Coo g, (3.66)

where Cyy, Ch1, Co and Co are scalar coefficient functions. The contraction of C*” with
Pty OF Dy, is a vector. Let us define

Slz/ = p’fCW, SQ,/ = p’Q‘CW. (367)



3.3. Virtual one—loop corrections 73

The vectors S7, and Sy, can be expanded in terms of the momenta p; and py,
S, =pi Cu = Riuipn + Riapa (3.68)
Sy, = phy Cpy = Ro1p1y + Raz pay (3.69)

where Ri1, Ris, Rop and Ray are scalar coefficients. Introduction of these intermediate
scalars R;; is advantageous. Since they involve only a single contraction they are simpler
to write in terms of scalar loop integrals.

Contraction of 51, and Sy, with the four-momenta p; and pj will determine the scalar
coefficients R;; in terms of Cj;.

Py S, = pipY Cw = mf Ci + (pe 'Pb)2 Cao + Zm?(pt “pp) Cha + mf Coo
= Rum] + Rz (p - )
pySt =ik Cuw = mi(pe - py) Civ + mi (pr - py) Coo
+2 [(pe - p») + mim;] Cra + (pe - pb) Coo
= (pr- po) Ri1 + mi Ry (3.70)
Solving these equations with respect to Ry; and R one obtains
Riy = Coo+miCi+ (p-pp) Cia, (3.71)
Riy = miCi+ (pr-py) Coa. (3.72)
With a similar calculation for S,, one obtains
Ror = (p:-pp) Ci1 +mj Cha, (3.73)
Ry = Coo+ (pe- ) Cra +m3 Cas. (3.74)

We also define Ry as a contraction of C,, with the metric tensor g,,. In D-dimensional
space-time we have (g,,9"" = D):

Roo = C'ng‘wj = D C()(] + mf 011 + m% 022 + (mf + m% — mg) 012. (375)

Solving the group of five equations formed by (3.71 — 3.75) with respect to C;; we obtain

_ Rop — R11 — Roo

Coo = o (3.76)
4 —

Cn = \ m3 (Coo — Ru1) + (ps - pb) Rzl}, (3.77)
4 -

Cp = X (pt 'pb) (R22 - Coo) - m% R12:| ) (3-78)
4 -

Cyp = \ m?3 (Coo — Raz + (bt - po) R12} . (3.79)
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Next we write the scalar coefficients R;; in terms of the scalar loop integrals.

ROO =g VC/JJ/ _ N4_D/ de /{:2
' in? ) @m)P [(pr = k)" = mi] [(py — k)" — m3] (K2 —m3)
_ M4_D / de. (k2 _ m3> + m?]
im? ] @2m)P (= k)" = m] [(py — &)° —mZ] (k2 —m?2)

= Bo(q, ms,my) + m;, Co(q, my, my, my, my)
! in the my — 0 limit
= BO(Qa mg, mb) ) (380)

where? ¢ = p; — py. The coefficients Ry, and Ry, are determined by reducing the vector
integral 57, to loop integrals:

M4_D / de (pt . k‘)k’y
S v — VCMV — -
v in? ] @)D (e — k)7 = m2] [( — k)7 —m3] (k2 — m2)

Lpt? / "k {lp = F)* = mil] = (= mg) —mg}r"

20 ) 2m)P A [(py— k)2 —m2] (oo — k)2 —m2] (K — m32)
Captp / dP K
2 ir? ) (2m)P [(py — k)® — m?] (k? —m2)
147D / dPk K+ v}
2 im* ) 277 (o — py — k)" — m3] [k2 — m]]
1N4_D / de m52) kv
2 in? ) (2m)P—4 [(pt — k;)2 — mﬂ [(pb — k)2 — mlﬂ (k2 — mf])
1 14 1 14 1 14 4
= —53 (my, My, M) + 53 (q, My, my) + 53 (q, My, my)py
1
+§m3 C"(q, mg, me, mp, my) . (3.81)

In the my — 0 limit mz Co = 0. We also expand B” in term of p;, and py:

B”(mb,mb,O) = Bl(mbambvo)pZ7
BY(q,my,my) = Bi(q, my, mp)q”

= B ((L my, mb) (pt plI;) : (382)

2Although W = p; — p, in the present case we define, as before, ¢ = p; — pp for generality.
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75

Substituting (3.82) into S, and collecting terms in p; and p, we have
1

S].I/ = EBl(Q7mtamb)ptu
1 14
+§ Bo(q, my, my) + Bi(q, my, my) — By (my, ms, 0) | py -
Comparing this with the definition of S, in (3.67) we obtain
1
Rll - §Bl(Q7 mg, mb)v
1
R12 = 5 [BO(Q7 my, mb) + Bl(Q7 my, mb) - Bl(mba my, 0)] :

Repeating the same process for Sy, we obtain

1
Rao = B [BO(CL me, mp) — Bi(g, mt7mb)] '

(3.83)

(3.84)

(3.85)

(3.86)

Thus all of the coefficient function Ry, R12, Ro1 and Ry have been calculated. Sub-

stituting them into (3.76) we obtain Ry, Ria, Ro; and Ras.

Roo — Ri1 — Rao _ 1
D—2 24— 20)

C(]O = BO(QJmt7mb)

1 1
(1 _ 5) Bo(q, my, my) = 1 (1+9) Bo(q, my, mp)

1
4
1 -
Z _1 + BO(Q) my, mb>i| )

(g, m¢, mp) = 1. We take By from (B.23) and obtain

1 2 .9 2
Coo :-—A+3+TL¥@HnC@)+m( K )

4 q? mye M Ty

_|_

\/Xln (mf+m§—q2+\/x)].

2¢* m? +m? —q* — VA

Similarly we obtain

1f4mi 2 m? —m3 my
= - — (1 ———|In| —
Cn 1 { \ + 7 ( 7 n -

012 =

(3.87)

(3.88)
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1+

\/Xln<m?+mg—q2+\/x>]}

2¢° m? +m2 —q>— VA

2¢? m? +m? —q*— VA

Hﬁm(m%mf-qzm)”.
(3.89)

Now that all the necessary loop integrals are at hand we write A, in (3.63) in terms
of scalar loop integrals and their coefficients. The correspondence between the variables
in the numerator of A, ( left column in (3.90)) and the loop integrals ( right column in
(3.90)) can be summarized as

1 — Cp,
k> — By,
Kt — Cip) + Caypl,
KMEY — Cup)'p{ + Coapypy + Cra (0)'py + 1ypt) + Coo ¢,
kg — Cupip, + Capyp, + Ci <pf,¢b + pff}/’t) + Coo 7" (3.90)

Thus for the integral A, we obtain

?

A, = —ig?
o ZgSCF167T2

{4(pt'pb)00 Vu = 29u(Crp, + Cop,)p, — 2p,(CLp, + Cap )7 (3.91)

+(2-D) [2(011 pip, + Coapyp, + Crz (pé‘zﬁb + pifzbt) + Coo V") — Bo%} } (1 =)
1
1672

+(2 = D) [2C0 iy, + 200 plp, + 20> (g, + 9,) + 2Cs — Boy] | (1= ).

= —ig;Cr {4(pt'pb)co Y = 27u(Crpp, + Camy) = 2(Cymi + Copp, )

Since A, appears between quark spinors we can use the Dirac equations. We commute P,
to the right and p, to the left by

V#ptﬁb = 2(pt'pb)7u - 2175?,5 +¢b7u}ét’
P = 2oV = 2p0p, + PP,

and use the Dirac equation ptu(pt, s¢) = myu(py, $¢) and u(py, sb)pb = mpu(ps, Sp). We also
use py-py = 5(mi + mi — ¢*). We then collect coefficient functions that multiply ~+*, pf,
Py, Y5, piys and phys according to

A = (Vv + Vip + Vipeu) — (Agvu + Aipry + Avpry) Vs - (3.92)
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The coefficient functions (called form factors) are given by ?
s
9 {01 m2 + Cym?2 + (C1 + Cy) mtmb} (D —2)(By — 2000)}, (3.93)

Ag = Z—;CF{Q (CQ — Cl — CQ) (mf + mg — q2)

_9 {cl m? 4 Cym? — (Cy + Cy) mtmb] 4 (D—2)(By— 2000>}, (3.94)
V= Z—;CF :402m,, —9(D —2) (Crymy + Clgmb)], (3.95)
Ay = Z—;CF :402m,, —2(D —2) (—Ciymy + cum,,)} , (3.96)
V, = Z—;OF :401mt —2(D —2) (Cramy + cmmb)} , (3.97)
Ay = %cF :—4C'1mt —9(D —2) (—Cramy + C2gmb)]. (3.98)

Note that the only difference between the respective vector and axial vector form factors
are that the terms with m, change sign. This can be traced back to the occurrence of 75
in the axial vector form factors.

3.3.2 Renormalization

The renormalization is similar to the decay t — H™ +b. At one-loop order in the on—shell
renormalization scheme the quark self energy diagrams from the first two graphs of (3.5)
determine the renormalization constants for the quark masses and the quark fields as
discussed in subsection 2.2.3. The self energy contributions vanish as explained in (2.104)
and we are left with the renormalization of the vertex corrections. At O(a;) we write the
hadron current for the vertex corrections as

H" = u(py, sp) T" u(py, s¢) - (3.99)
The vertex I'* is given by
T = 4 (1= 95) + A”, (3.100)

where v (1 — ~5) is the LO vertex and A* is the NLO one-loop contribution given in
(3.92)—(3.98). The renormalization prescription relates the unrenormalized vertex A*
with the renormalized vertex A%, by

I = z,T% . (3.101)

392 is substituted by g2 = 47 a.
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Inserting the above into (3.100) and using Z; = 1+ §Z; one has
= A" (1= 5) + A"
= (1+46Z1) 7" (1 —5) + A%
= (1 =)+ ANy + 021" (1 —75) + Oa?). (3.102)
Neglecting the higher order terms in ay gives
A=A —0Z 4" (1 — ) . (3.103)
We substitute A* given in (3.92) into (3.103) and obtain the renormalized vertex as
A = ((Vq —0Zu)y" + Vipl + pr§,‘> - ((Ag =0V + Avplf + Abpé‘)%. (3.104)

Note that only the form factors V, and A, are renormalized, i.e. renormalization is
only relevant for V, and A;,. We can now write the renormalized vertex in terms of the
renormalized form factors:

Ay = (Vory" + Virpi + Vorpy) — (Agry" + Avr Dt + Asr D)) s,

Comparing (3.104) and (3.105) we obtain the renormalized form factors:

Vor =V, =021, Ay r=A,— 074, (3.105)
V;‘/,R = ‘/ta At,R == At7
Vo.r = Vb, Apr = Ap.

The Ward-Takahashi identity [53, 54] gives the relation between the remormalization
constants for the quark field and the coupling constant as

7 =75/ 75, (3.106)

That is, on the one—loop level,
Lo 1o

Inserting 675 from (2.111) one has

Qg 1 m;
52, = —22Cp {A—i—él—i-ln( >—|—21n( g )} (3.108)
T

mgmy mgmy

Substituting 67, from (3.108 ) and the unrenormalized form factors from (3.93) into the
renormalized form factors (3.105) the NLO renormalized vertex reads

A = (Vo + Vip) + Vipy) — (A" + Aept + Ay py ) (3.109)
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where the renormalized form factors are given by
s 2po | . 0 : D_W_ -
szo‘—cp{ﬁ[m (1—”—) ~ Liy (1—p - >+(2lnA—lne)Yp
4m D3 Wy P+
_ _ _ 1—é
— (Y, +2Y,) (Y, +1ne) | —4—2(2InA —Ine¢) — /7 Ine
(1+e)° = 2]53] > }
n ) _ sy L 3.110
|: D3 yz p ( )
Ol 1 (1—c¢ 14+2 1—¢€
V= L0 — {2—2 - 1
T ar Tmy 2 (1—6 y? )ne
4 1—¢)(3 27
LA e (1-9B+o+y yp}, (3.111)
v l—e D3
s 1 (11— 2 1—é
V=Yg, L 26){2—2( e ;)lne
4T " my Yy 1—e€ Y
4p 1 (1-— 14+ 3€) — %] =
L4 1 (Q-d{(+3) -y Yp}, (3.112)
y? l1—e D3
s 2p 0 p_wW— >
Ag:a—cp{ﬂ[mg <1—“’—> — Li (1—p ° >+(21nA—lne)Y;;
4m D3 w4 b+w4
_ _ _ 1—¢
— (Y, +2Y,) (Y, +Ine) | —4—2(2InA —Ine) — 7 Ine
1—e) —y2 23]
+ [( )~y —%}Yp}, (3.113)
D3
.1 1-2 1-—¢
A= Yo, LI t€>{2—2( < 26)lne
4T " my oy 1+4+e€ Y
4 1 3 — 27 _
L |4, € 1F9B-9+y Yp}, (3.114)
y?  14e D3
Qg 1 (1+¢) 2—¢ 1—¢
Ay =0 — {2—2 - 1
" ar Tme 2 (1+6 y? )ne
4p 1 (1 1-— — %] -
dpy 1 (146 (1=39)—y v} (3.115)
y? 14 D3
Finally the renormalized hadron current for the one-loop virtual correction reads
HY = a(py, sp)Auu(pe, s) . (3.116)

where the renormalized vertex A, is given in (3.109). Note that in (3.109)—(3.116) we
have dropped the subscript R denoting renormalized quantities, since from this point on
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we shall only work with renormalized quantities. As before we use scaled variables. The
UV divergent terms in unrenormalized form factors V, and A,, or more specifically in
By, are canceled by the renormalization constant 67, as they should. The IR—divergent
terms remain. Note that in the hadron current H* the IR-divergent terms come with
V, and A,. Consequently squaring the current and contracting with the lepton tensor,
the IR-divergent terms will be proportional to the leading order contribution. We shall
see that the IR-divergent terms in the real emission contribution is proportional to the
leading order rate. When we sum up virtual and real corrections the IR—divergences will
also cancel, as required by the Lee-Nauenberg theorem [61].

3.3.3 Renormalized virtual one—loop correction

The full O(as) hadron current is given by

H,=H"+ H{) + H) (3.117)

Ty

where H l(LO) is the LO hadron current. H 1(,13 and H, T(B are the hadron currents for the virtual

one-loop and real emission corrections at O(ay). For the hadron tensor one has

T7l"‘

=Y H,H =Y (HY + 1)+ 1) (B + 1Y)+ 1Y)
Sp

Sb

)

=S =IO+ S { B0 HY + HO O+ HOHT + 0(a?)
Sp Sp
= HY) + HY), + HY), + 0(a2), (3.118)

where the hadron tensor for the NLO virtual one-loop and real emission corrections are
given by

1 0 1 1 0
HY, =Y (HOH) + H)HDT) (3.119)
Sp
HY), =Y HOHO (3.120)
Sp

The LO hadron current H, ,(,,0) and the hadron current for the virtual one-loop correction
H{") are given in (3.11) and (3.116).
The vertex amplitude squared is given by
GV l? 1)
2[(1=92/92)? + 2] ™

(M) = . (3.121)
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Substituting the renormalized vertex into the hadron tensor we have

H, = 3 [alon, 507 (1 = 5) ulpe, s0)(pes s0)70M ooy, 51)

Sb

+ u(pep, Sp) Apu(pr, s¢)u(pr, sie) (1 +5) vou(ps, Sb)}

1
= Tr[(jﬁb + mb> Y (L —5) (pt + mt> 5 (1+s4,)
(Vovw + Vivw + Vipew — Agvuys + Apys + Abpbz/)/S):|

+ Tr [(?b + mb> (Vg% + V;fptu + prbu - Ag%% - Atptu’Ys - AbeMVs))

(pt + mt> % (L+758,) (1= 75)}
=4(V,+ Ay) |:]5t,upbu + Py — (Pt * Pv) Guv — i€aﬁuvﬁ?pﬂ
4(V,— A ) (mt 9w + €085 pt>
2 (Vi + Ay) my, (B0} + D{DY))

2 (Vi + Ap) my, (Pipy + DYpY)

1

2(V, — Ay) — — [(pt - pb) (Pepbey + PruPep) + M7 (DeuPow + DevDiy)
t

-2 (ﬁt : pb) PtuPiv + ﬁ?pfpz (ieaﬁvl/ptp, - iGaﬁ'y,uptu)]
1 B 5 N
2(Vp— Ap) — - [(pt D) (PruPow + DewPou) — (Dt * Do) (DepPow + Pevbpt)
+ szpbupbv +py pfpl (ifaﬂwpbu - ieaﬂwpbu)} ) (3-122)

with the usual short—hand notation p; = p;,—m; s;. Contracting the hadron tensor (Hqgl)) v
with the lepton tensor (3.18) one has?

Vo + A,

H) L = —256{( L) (e - e) (o - )

+3&_w+%+&+m

de > (pt PZ) (pt 'pu)

2
my

( Vi+Vy—
+ — TNt 4

A — Ab) (7o ) [(pb b + (Pe - pe) (Pt - py) — (P - ps) (Pt - pe)

4(3.123) agrees with Eq. (2.7) of [26].
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ST (LAg) {(m-puH (Pr - pe) (P - ) — (pe - r) (ﬁwpu)} } (3.123)

2 4e m?

The coefficients of the scalar products are the linear combinations of the form factors.
The form factors appearing in (3.123) have been worked out in (3.110)-(3.115). Although
the form factors V,;, and A, are somewhat lengthy the coefficients as the linear com-
binations of the form factors are relatively simpler.

V,+ A o 20 [ . p-w- : U\ _v (v
_%:<ECF){_—°{L12(1— )—Lu(l—_—)—Yp(YHl)

D3 Dywy Wy

+2(}_@—|—1n6) (Y@,%—Yw)} —1-5[21733_@—1— (1 —2y—62) lne}

—4(@Yp—1> InA+4 } (3.124)
Pp3
Vi+ W+ A4+ 4 a, Y, 1—é 1
- = (= 2 (1 = 12
e 4e (47TCF> {2p3 + y + Y ney (3.125)
‘/t‘i“/b—At—Ab Qg va 1—62 1
- = (= —r (71— — 21 12
e 4 <47TCF> {2—3 y y (3.126)
Vo—Ay  (as Yp
e <47TCF) 2. (3.127)

The scalar products in (3.123) have been worked out in (3.21) and (3.24). Then, upon
collecting terms according to their angular dependence, we write

m4

O pw — (—%C )256
Ar ¥ 4

v, UV

[Mf(x)+Mf(x) P cos 0p+ME (x) Psinp cos ¢] , (3.128)

where M2, MP and ME correspond to the unpolarized, polar and azimuthal contributions
respectively. It is quite remarkable that the unpolarized and polar contributions are equal
to each other. This is not manifest in (3.123) but can be worked out using the relations
(3.21) and (3.24). Separating the IR—convergent and IR—divergent parts we have

MMzx) = M2 (x) = Mg () My giv + My conv () (3.129)

where M(z) is given in (3.27), and

M, 4iv = <_%CF>1 (Vg - Ag)

Ty (1) + 25, ) (7, + o)

1
V2

=

+ [215317p+(1—2y2—e2)1ne} —4( ZYp—l) InA +4,(3.130)

]|
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Mv,cmw(l') = % |:(1 — I) (y2 _ 1‘) + (25(7 — ZE2 o y2 + ny) 62 . xeﬂ ID(E)

Y,
o (1= (~o+a®+ 9" — o)

— (2x2 — 3z + 2y* — 2xy® + 2%y® — 3yt — xy4) €
+(2® =3z +y* —22y%) €' + xeﬁ} . (3.131)
The azimuthal contribution is not IR-divergent. This is because the IR-divergence in

the loop is proportional to the leading order rate and the leading order azimuthal rate is
zero. For the azimuthal loop contribution we have

In(e)
y?

MC(z) = —/y2(x— a2 —y+xy? —xe2){ (1-z—¢€)

+[(1—=2)(1-9%) = (2—2 -3y e%&]%}. (3.132)

We can now give the virtual one-loop contribution to the differential rate,

1 1

dar) = —— _dRs(ps; J) (M)
> 2, @n)F 3(pt; Doy pe, D) (M)
1 1 7,1 GF| Vil
= ————m?-—dcosfOpdpdy*d L HW
o, e 4 A O W T e
l in the narrow—width approximation
= FFQW?—WC’F(—%)@Z [Mf—{—Mf P cosOp + ME Psinfp cos ¢|dx dcos Opdo.
W m

As usual we write the differential rate in the form

A MW Seven
dzdcosOpdp E 'y F\ o 4
1
X [M;“(:U) + MPB(x) PcosOp + M (x) Psinfp cos ¢] , (3.133)
m

where M! (i = A, B, C') are given in (3.129)-(3.132).
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3.4 Real gluon emissions

3.4.1 The amplitude squared for the real emissions

Vi

@2\
>
)
>

g%

Figure 3.6: Feynman diagrams for the NLO real gluon emissions for the decay t — b+ 1 + 1.

The Feynman diagrams for the real gluon emissions at O(ay) are shown in Fig 3.6.
The Feynman rules give the hadron current as

pt_k—i_mt
(pt_%)Q_m?

( - z’gs£%> €7 (k, Mu(py, 5:)

Hyy) = a(po, s3) 7 (1= 75) 5

n

A ox .
+ u(pp, sb)< — zgsg%)e (k, \)i

K m
(pb+k)2_mg

Y (1= 5) ulpe, s¢).  (3.134)

In the numerator p, is commuted to the right and p, to the left using the commuta-
tion relations of the y—matrices. Then one uses the Dirac equation of the quark spinors
ptu(pt, s¢) = myu(pe, s¢) and u(py, sb)pb = myu(pp, Sp). In the denominator one uses the
“mass-shell” condition p7 = m? and p? = m}. Thus the hadron current simplifies to

)\TL

HY) = (—igs

_ 0_2 o o +2 o o*
() | 2828 =20 2R LI (1 A0,
(3.135)

We separate the terms with and without a gluon momentum in the numerator and write

. A" _ o o o o o*
Hr(lu) = (_1957)U(pb78b) {( Po__ Pt )Y, + Yok + "k }(1 —5) €7 (k, Nu(py, st).

bk pe kDT 20k 2p-k
(3.136)
For the hadron tensor one obtains
HO, =Y H (HD))
Sp A
2 Do Dio Yobvu | ko
s - Ju-
gs F I (pb+mb> (pbk: ptk)’yu+2pbk+2ptk ( 75)X

1 Py Py Y kv, kYT
my) =(1 — S T VO 1— :
X<pt+ t>2< 75%)[(1)(,-1{: pt~k>7+2pb-k+2pt-k]( 75>}
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where we have used the gluon polarization sum given in (2.131). Similar to the analysis in
section 2.3.1, the terms without a gluon momentum in the numerator are IR-divergent:

a = —gCr g+ [ - 2o] (-0 x
<, m) 3122 - P =) |

m? m? Db Dt
= —a,4nC Loy —2 2 } X
F{ (kp)? " (kopo)? (k) (kpe)

cnflendo o) (2] -]

= H;E?/) ‘M%GF

where

f[;gr()/) = 4])?]5? Taﬁ/w ) (3138)
with the usual abbreviation p, = p; — mys;. |M | Sop 1s the IR-divergent soft—gluon factor
defined in (2.134). The hadron tensor H, ,(W has the same form as the leadlng order hadron
tensor (3.15) but must be evaluated for p, = p, + p + p, + k. Thus 5%, w has a residual

gluon momentum dependence. In the limit £ — 0 one recovers the leading order hadron
tensor H, ,S?,) . The remaining piece of the real emission hadron tensor is IR—convergent
and we denote it by H:J™. Accordingly we have

H{), = Hi" + HY) |M Sep (3.139)

v

where H ,(f;) |M|%.p is divergent. For the convergent piece one obtains

conv v 4 kp V — v
HEE = dmas Cr (k'pt)(hpb){ " ke [(pb o) (R*pi + KB — h-pe g™)

(€ (=) B — €7 (= k) By + € (po— k) Bur ) i )|

2 Gep) (55 1 = B = 1€ )

= o) (=) 27+ (=) B, = (=) D g™ = 1 (= K)o ) |

— (De-pe) (k“ Py + Ky — kepy g — i€k, pb,p) + (pe-ps) (k“ Py + K P — kD g“”)
— (kepw) (D1 Y + 0 B = e g™ ) + (hpe) (ot R B+ (o) 7 — (o) 5. 9™ )
+ (k-pt) <2p5 Py — Pb'PbgW> + i<€UpW (kD) + €7 K Py — €777 k”ﬁm)?b,a Ptp

+ z‘<ec’f’“” (Do) + €O Uy, — €PN pfﬁm> ko pb,p} . (3.140)
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Finally, the rate for the real gluon emission is

1 1 &, 1 & 1 &, 1 &k —2
driV = & 2m) 6" (pe — Py — pe — Py — k) | MV
’ 2m; (27)3 2, (21) 2B, (27)? 2B, (27)3 2Eg< TP = po = pe = py = R) M
1 1 2
= Q—WWdRZL(pt;pbapﬂvpuyk) |M7gl)| ) (3~141)

where the tree amplitude squared is

2 G2 |‘/tb|2
MY = £l HO v (3.142)
2[(1=9?/9?)2 +~7 ™
The hadron tensor for the real emission is given in (3.139). This contraction is a linear
combination of the scalar products of the relevant four-momenta of the particles of the
process. The parameterizations of the four-momenta depend on how we proceed with the
phase space integration, which we will discuss in the next section.

3.4.2 Phase space integration

The four—body phase space dRy(p; py, pe, pu, k) is factorized according to

dR4 (pt;plnpfupl/a k) = dP2 dR3(pt7 ‘PJ péapl/) dRQ(Pupbu k)
= midzdRs(ps; P, pe, py) dRo(P; p, k) (3.143)

The three-body phase space integration Rs(p;; P, pe, p,) is calculated in a similar way as in
(3.39). The only difference is that the bottom quark momentum p, in (3.39 ) is replaced
by P = p, + k. This gives

1 2
dR3(pe; P, pe,py) = EdCOS Opdo %mf dy? dx . (3.144)

Adopting the narrow—width approximation, the differential rate simplifies to

11 O
artV = %de(pt;pb,pz,pwkﬂm)I (3.145)

mw o 3 1
= I'p2 —
r 7TFW Y 12873mi 4m

dcos Opdem? / dz da dRy(P; py, k) H'L), L™

where the integration limits depend on the order of the x and z integrations according to

oy (1-2)(1-y?/2) (1-y)?  wy
/d:v / dz or dz/dx. (3.146)
w— (e+A)2 (e+A)2 w—

Note that we use y = T after applying the narrow—width approximation. Inserting the
hadron tensor from (3.139) gives the lepton-hadron contraction:

HE), L = H™ LM + HO LM Mg (3.147)
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We rewrite the factor H, ,(f,],) L™ multiplying the IR-divergent |M|%, as follows:

f[ﬁ)LW = 128 (pr - pe) (po - po)

I pw=P—k
= 128 (pr - pe) (P - pu) — 128 (P; - pe) (k- pu)
=128 (p; - pe) (P - pu) — 128pgaprs k" . (3.148)

The second term in the last row of (3.148) contains the gluon momentum. Therefore
PeaPus DEKP|M|%qp is IR—convergent. Separating the IR-convergent and IR-divergent
part we write the lepton—hadron contraction in the following form:

HY), LM = H™ L = 128pgapus PR M [ + 128 (B pe) (P - p) [M[5gp - (3.149)
IRfcog\fergent IRfdiv\;rgent

The two-body phase space integration dRy(P;py, k) is done separately for the IR—
divergent and IR—convergent pieces of the hadron—lepton contraction.

Let us concentrate on the IR—convergent part first. The two—body phase space inte-
gration dRy(P;py, k) is independent of the lepton four-momenta. We use (3.18) to write

dRy(P; py, k) (Ho™ L — 128pgapyp Pk |M 5 r)
= dRo(P;py, k) (H™ 8T P pyopyg — 128psapus B k" [ M 3 r)

— 8prapus ARy (P o, k) (HE T8 — 18 527 | M )
= Sprapust®, (3.150)
where the tensor integral t*? is defined by
{99 := dRy(Ps py, k) (HE™ TF — 128 5 kP [ M2 (3.151)

Similar to (2.148) the two-body phase space integration dRy(P;py, k) simplifies to the
integration over the polar angle 6 of the gluon in the P-rest frame. The only §—dependent
scalar product is p; - k. Therefore the integration can be written in terms of the following
basic integrals:

o= [ dR(P k) b
o / AR (P, py, k) (pr - B)" kP,
N L I
= / dRs(P, py, k) (pe - k) Pk K. (3.152)

These basic integrals are calculated in Appendix D.1. We perform the two—body phase
space dRy(P, py, k) with the help of these basic integrals. The contraction pgap, st is a
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linear combination of the scalar products®

1 2
pt'pf - ixmty
B l—z+y*—2z ,
Pt Dv = 2 my,
1—y*+2
pe- P = 3/2 m??
1 — o —
P = e
2
l‘_
P-p, = 2y 771?7
1
pope = Sytmy
— N2 1 2 _
P-s = y ety Z)mtcosep
2x
2(x—ax? =y +ay? —x2
+\/y( Y 4 )mt cos ¢sinflp ,
x
P+t —a(l+y®—2)
Dv- St = 97 my cosfp
2 (o _ 2 a2 2 _
_\/y (v —2* —y* +ay® — 22) my cos ¢sinfp,
x
x
Do S = §thOSOP. (3.153)

Note that, for z = €2 in the above relations, one recovers the leading order scalar products
(3.21) and (3.24). After substituting the scalar products we perform the z—integration.
The z-integration is done with the help of the indefinite integrals (or primitives)

defined by

R(m,n) = /dzA(L

Ly? z)"

m 1— 2 1 2
S(m,n) = /dz 22 vzt VALY gy
/\<1’y27z)n+§ - y2 +z - )‘(173/272)

The same kind of basic integrals are defined for the decay ¢(T) — b+ H™ in (2.160).
Note that they are not identical. The important difference is that the integrals in (3.154)
are indefinite integrals, i.e. the integration limits are not substituted. It is convenient to
present the results of the z—integration in terms of indefinite integrals since, depending
on where we use them, we will have to take different integration limits for these integrals.

Note also the factor % in the exponent of the denominator of the integrand of S(m,n) in

5The last three scalar product are polarization dependent with the top quark polarization vector
parameterized in system la.
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(3.154). It is because the logarithmic term always come together with y/A(1, 42, z) in odd
powers. The reason is explained in the discussion following (3.195).

All the necessary basic integrals are calculated and listed in Appendix D.3. For the
unpolarized and polar parts we perform the z—integration using the basic integrals (3.154)
and write

4
m? / dz dRy(P;py, k) Hy" L' = (—4ma, Cr) 128%7r X

zZ=€

2
{ [Mfwm(x 2)+ M7, (x,2) Pcos Hp] +/dz ME (x, z) Psinfp cos gb} :
(3.155)

where® z,, = (1 —z)(1 — —) The unpolarized and polar contributions M2 = (z,z) and

T,conv
Mfcom(x z) are given in terms of the indefinite basic integrals.

M/ n(,2) = R(=2,0) pa(=2,0) + R(=1,0) pa(—1,0) + R(0,0) pa(0,0)
+R(0,1) pa(0,1) + R(0,2) pa(0,2)
(

1)

TR(1,1) pa(1,1) + R(1,2) pa(1,2)

+8(0,0) 74(0,0) + 8(0,1) 74(0, 1) + S(0,2) 74 (0, 2)

+8(1,0) 04(1,0) + S(1,1) 04(1,1) + S(1,2) 04(1,2), (3.156)

M7 (2,2) = R(=2,0) pp(—2,0) + R(~1,0) py(—1,0) +R(0,0) py(0, 0)

+R(0,1) p(0,1) + R(0, )pb(> 2) + R(0,3) p(0,3)
+R(L 1) po(1,1) + R(1,2) py(1,2) + R(1,3) pu(1,3)

+8(0,0) 04(0,0) + S5(0,1) 03,0, 1) + 5(0,2) 0(0, 2)

+8(0,3) 03(0,3) + S(1,0) 05(1,0) + S(1,1) 03(1, 1)

+8(1,2) 0y(1,2) + S(1,3) (1, 3), (3.157)

where the indefinite basic integrals R(m,n) and S(m,n) are listed in Appendix D.3. The
coefficient functions p,(m,n) and o,(m,n) for the unpolarized contribution M* and

r,conv’
pp(m,n) and o,(m,n) for the polar contribution Mfcom are listed in Appendix D.4. The
integration limits for the indefinite integrals are ¢ < 2z < (1 — z)(1 — %?/z) according to
the fact that we perform the z—integration first and the x—integration second.

The z—integration for the azimuthal part is not discussed in this chapter. Because the
integrals that appear in the azimuthal calculations are more involved than the ones in
the unpolarized and polar cases, the azimuthal contribution will be treated separately in
section 3.6.

For the unpolarized part, substituting the basic integrals and their coefficients, we

obtain

MA (I Z) _ haZ—|- 1€2hfl N hg—l'ibiz n (hg‘l'héZ)YVp n (h?—{—hgz))/p
2 8]?3 8p3 4p3

1
g psYy + phigInz + | Lis(wy) + Lig(w,)] ha, (3.158)

The integration limits in (3.155) are substituted as M5, (z, z)|§§§fﬂ instead of usual [ZZ7%". It is
done so for the ease of comparison with [25] and [26].
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with the coeflicients

2

y
he = —6x + =

1 l'+2,

a (I—y2>€2
=) o EE0S)

hg = (1—y?)” (52% + (5 — 22) ?)
—4[2*+ (1 -bx+22°) y* + (2 —2)y'] €
1
1—9?
hy = —52* — (5 + 18z + 32°) y* — (3 — 22) y/*

[2° + (1 — 62 +32%) y* + (3 — 22) '] €,

+4[2*+ (1 —2)y?| €+ (2% + (1 —22) y°] €*,

1—y?

hg:—(l—yQ)2 [5x2+ (5+8x—x2) y2—y4}
+2(1—¢?) [22°+ (2— 62+ 2°) y* +y'] €
+(x2+(1—4x+x2)y2+y4)64,

he = 52" + (54 28z +1227) 4> + (6 — 2) (2 + 2) y* — ¢°
—2(2:624—(2—|—2x—x2)y2—y4)62—(x2+y2)e4,

4 4 6

he = —5 4+ 10z + 17y + 8xy? + 8%y — 3y* — 2xy* — y
+2(2 -5z —22> =2y +5zy”) € + (1 —da + ¢°) €,
he =5+ 100 — 42 + 2y° + 223> +y* — 2(2+37)  — €',

hg = 8x ,

hip = =5+ 202 — 1207 + 2y — 6ay” +y* +4(1 —2) € + €,

h, = —x (14 2x) — z€®

For the polar part we obtain

MB

T,c0NV

1 Eh 3

2
(x,z):hl{z+ + y4(hg+hiz)+

+

Y, 32h$+hgz+hg+hﬁoz
4z ps 2p3 2p3
1

+ hl{3p3Y;3 + 4

with the coefficients

2

h + hé =
z2x(1 —y?)?  8zpi 8z(1 — y?)p3

R R Z)

A, Inz + |:L12(U}+) + Lig(w_)} Sy,

Y
W =6z +
1 x+2,

hg =(1-2x) [xz(l — y2)2 — (x — y2) (x — 2% + :vyz) 62} ,

(3.159)

(3.160)

(3.161)

(3.162)

(3.163)

(3.170)

(3.171)

(3.172)
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By = —(1—y?)" (32% + 20° + ¢ + 62y + 32" + y*) +2(1 — ¢?)” (327 +¢?) €
+ (=32" + 22° — y? + 62y — 32°y* — y') €', (3.173)
hZ = 32 4+ 423 + o? + 1229 + 182%y* + 423y* + 6y* + 122y + 322y + ¢/F (3.174)
—2 (32" +22° + y* + 62y’ + 327y + y') € + (327 + ) €',
Bt = (1= y?) (=622 + 32° — 29 — Tay? + 4627y + 182%? (3.175)

+ 18y* + 86xy™* 4 342%y* + 323y* + 69° — Tay® — 2279 + 24%)
+ 4(1 — y2)2 (3:152 — 223 + % — bay? — 142y — 223y% — 6y — ayt + 2x2y4) €
+ (=62 4 52® — 2% + 27xy? — 62%y* — 22°y* — 2y* — 30zy* — 62%y*
+ 5yt — 295 + 272y — 62%y° — 2%)e?
hy = (1—y?)? (622 + 2 + 2% + 31ay® + 300%y> + 2%% + 10y* + 15ay* + 22%* — 2,)%)
— 4(1 — y2)2 (3x2 4+ + Tay? + 2m2y2) € — (=627 + 2% — 2y* + 31y?
+ 6:623/2 + x3y2 + 2y4 4 3$y4 - 6:623/4 o 2y6)€4 7
h=(1- y2)2 (14 2) (32* + y* + 8xy® + 2°y* + 3y*) (3.176)
—2(1- y2)2 (32% + 2° + y* + 3zy®) € + (1 — ¢*) (32% — 2® + y* — 3ay?) €',
hy = —32% — 52° — y* — 15xy* — 302%y* — 102%y* — 10y* — 30xy* (3.177)
— 152%y" — 2®y* — 5y° — 3y’ + 2 (1 + 2) (32® + y* + 8ay® + 2%y + 3y*) €
— (32% +2° + y* + 3ay°) €
hy = 62? — 2® 4+ 2y + 1923 — 382%y* — 332°%y* — 14y* — 1452y* (3.178)
— 12222y — 1523y* — 38y — 1929/° + 102%9° + 235 + 24® + 29/
—2(62% — 22° + 2% + 2ay? — 4227y — 112°y* — 16y* — 432y* + 2°y*
+2y° + 5ay°)e? + (62° — 32° + 2y° — 152y” — 182y + 2°y* — 6y + Jwy?) €*,
hll’o = —62% — 3% — 2% — 4321? — 682%y* — 8x3y? — 24yt — T2xy" — 2627yt — 23y
—2y% — ay® + 2 (62” + 22° + 2y* + 262y + 202°y° + 2y + 6y* + Swy') €
— (62% + 2® + 2y* 4 9zy?) €, (3.179)
Ry, = —2 + 3z — 22 — 8% — 2% — 4Twy? — 282%y* + 82y? — 2yt + Sy’ (3.180)
— 227yt — 25 — 2% — 2 (—2 + 20 — 927 + 22° — 29% — 10zy* — 3x2y2) €
— (2—x+4x2+2y2—xy2)e4,
R}y =2 — 3z — 102” — 42® — 62y® + 22%9? + 2y* + xy* (3.181)
—2(2-2z+2°)E+(2-1x)€",
his =8z, (3.182)

WY, = =24 3z 4 2022 — 122° — 6ay? — 6272 + 24" + xy’ (3.183)
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+4(1—2) — (2—12)€*,
Ry = —x (34 21) — we® (3.184)

Next we turn to the IR-divergent part (see 3.139):
4
m
128 (By - pe) (P~ p) IM [3ar = 128%(1 + PcosOp)z(l —x — 2)[M|5qr,  (3.185)

where the scalar products are evaluated in (3.153). From the above expression it is clear
that the azimuthal contribution is not IR-divergent. Collecting terms according to their
angular dependence we write

4
_ mg [~ ~
128 (p¢ - pe) (P - pu) |M]§GF = 128Tt M64<:L', z) + Mf(:r;, z)P cosOp \M!%GF, (3.186)
where . .
MMz, 2) = MB(2,2) = 2(1 —x — 2). (3.187)

As discussed in subsection 2.3.1 the z—dependent terms multiplying the IR—divergent
terms will complicate the integration. Therefore we use the subtraction method to further
isolate the IR~divergent piece |M|%,p:

M (2, )| M2 = [V, 2) = M (@)] IM 2 + M () M e (3.188)

where the LO term Mg (z) = M (z=¢2) is given in (3.27).
The phase space integration for the IR—divergent contribution reads

m?/dZdRQ(P7pb7 k) M(;A(x7z)|M|?S‘GF

= [ ax [V, 2) = Mta) | dRa(Pipn, ) 1M e

N J/
-~

IR—conw.

+ m?/dz MM (z)dRy(P; py, k)| M 26 - (3.189)

(.

IR:rdiv.
The IR—convergent piece is calculated without a gluon mass regulator, i.e. we take A = 0:

m? / dz [1\754(9;, 2) — MOA(:C)] dRs(P; py, k) M 2ep (3.190)

€2
4 €2

— 128%(—471’0[801:) o & [2 R(0,0) — 2 (1 —2) S(0,0) — 28(1, 0)]

The IR—-divergent piece is integrated with a non—zero gluon mass, i.e. A # 0:
m? / dz M x)dRy(P; py, k)| M|3qr = (—4ma,Cp) MG (z) m? / dz dRy(P; py, k) Asar.

(e+A)2
(3.191)
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Analogous to (2.176) we obtain

m? / dz dRs(P; py, k) Asar = —2 [R(—l,o) . 25(0,0)}
(e4h)2

The IR-divergent piece 3(A, z,,) is identical to the one calculated for ¢ — H* +b in 2.201.
One has

— 2
. _ @ — Zm — € _
(A, zy) =4 (1 ng;J) In ( X ) 2
4 2 {Lig (1 _ M) + Li, (1 _ p‘(Zm)) ~ Li, (1 _ M)
D3 P+ b+ p—

~ Li, (1 - p‘(z’")) ~ Li, (1 = ii) —Y, (Y, + 1)} . (3.193)

D
When substituting the maximal value of z in (3.193), i.e. 2, = (1 —x)(1 — y*/z), the
values of kinematic variables depend on the different regions of z. For 22 < y? we have

Z:€2

+79(A, 20). (3.192)

2=2Zm

y? y?
pi(zm)=1—2, p_(z2m)=1- e Wy (zp) = o w_(zy,) = x,
1 y? 1 x —y?
pulen) = —go(1= ). ¥ = g (221, (3.101)
For y? < 2% we have

% %

p+<zm) =1- ;7 p*(Zm) =1-uz, w+(zm) =, wf(zm) = ;7
1 y? 1 xr —y?

palen) = 30 = %) %= (225, (3.195)

It is easy to see that exchanging the regions of z (2 < y? « y* < 2% ) will exchange the
values py(zpm) < p_(zn) and w,(z,) < w_(z,). However, the result does not depend
on where z lies since (3.193) is symmetric under the exchange of p,(zn) < p—(zm)
and wy(2,) < w_(zy,). Also Y, and ps always come in product form. Although they
are separately different in the different regions of x, their product that appears in the
expressions are the same for both 2% < y? and y? < 22. In order to maintain this symmetry
one deduces that any terms proportional to Y, and ps or p3Y, should not appear in the
expressions. The substitution z,, = (1 — x)(1 — y?/z) and further simplifications give

S(A) =2(A, zm)

zm=(1-2)(1-y?/x)

(1) [0 )

25 1— 1— 2 1—
+@{Liz(1— _I)+L12(1—7_y/x>—mg(1— _x>
P3 P+ P+ -

p
— Liy (1-@) — Liy (1-@*) -Y, (?;Jrl)}. (3.196)

p—
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Thus we obtain

m2 / dz dRy(P; py, k) 128 (7 - pe) (P - ) | M3

4 —_—
= 128%% (1+ Pcos Hp)mf/dzng(P;pb, k) MM, 2)| M |26

4 z=¢€2

:128%#(—47ra$0p)(1+Pcosep)[MA (z,2)] +M54(m)E(A)],
" (3.197)

conv

where

~

MA (2,2) = =20 (1—2—)R(—1,0) + 42R(0,0)
—4z (z —y* + €) §(0,0) — 428(1,0)
= 6rz—2z 2—2—y* —¢) In(2)
22 (142 +€2) <L12(w_) n LiQ(w+)> —8apyY,. (3.108)

Since the leading order azimuthal rate vanishes there is no IR-divergent azimuthal contri-
bution from real emission. This is also expected since there is no IR-divergent azimuthal
contributions from the virtual loop corrections.

Finally we sum up the IR-divergent (3.197) and the IR—convergent (3.155) pieces and
write the total real emission contributions as

ary myy o 1
O T2 O~ 26y —
dzd cos Opdo r2m ~Cr(=g )0y X
X [M:‘(x) + MEB(2) PcosOp + MC(x) Psinfpcos|, (3.199)
with
MAw) = [MA ., (02) + VA, (0 2)] |+ M@)=),  (3.200)
MP(z) = [ME,(02) + N (o 2)] [+ Mi@)s(),  (3:201)
MC(z) = /dz MO (x,2). (3.202)

where Mg'(x), M2, (x, 2), ME, (. 2), M,fcom(w, z) and X(A) are given in (3.27),

(3.158 ), (3.170), (3.198) and (3.196), respectively. The calculation of the azimuthal
contribution is deferred to section 3.6.

3.5 Total O(ay) results for system 1la

The total O(as) correction is the sum of the virtual one-loop and the real emissions
contributions. The general form of the O(a;) correction is

dr® 1 (ary ar}) o
drdcosOpdp  4m > Peostp + — = Psinf . 3.203
drdcosOpdp A ( dr + I costp + . sin fp cos ¢ ( )
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Summing up the virtual one-loop and the real emission contributions from (3.133) and
(3.199) we write the total O(ay) result as:

dr® drt’ dry
= + (3.204)
dxd cos Opdep dxdcosOpdp  dxdcosOpdd
s 1 :
= FFZWWCF(—Q—)GyQ— [MA(JU) + MPB(2) Pcosfp + MC(x) Psinfp cos ¢} ,
'y 2T 4
where
2752

MA) = M)+ M @)SA) + | M (@,2) + M (0, 2)] |, (3.205)

MP(x) = M)+ M @)SA) + [ME,,(w.2) + M, (2.2)] |, (3:200)

M) = MS(z)+ /dz M€ (z,z2). (3.207)
Comparing (3.203) and (3.204) we have

ar _ T2 W o (= 262 L i) (3.208)
de Ty P ’ ‘

where ¢ = A, B, C represent the unpolarized, polar and azimuthal contributions, respec-
tively.

In this section we concentrate on the unpolarized and polar parts, leaving the azimuthal
part to section 3.6. We first sum up the virtual one—loop contribution with the divergent
part of the real emission. The IR—divergences cancel in the sum. Both in the virtual loop
and the IR-divergent part of the real emission the unpolarized part equals the polar part.
Therefore it is sufficient to calculate the unpolarized contributions.

MvA(I) + M64($)Z(A) = M;,lconv<x> + M(;L‘(x)ledw(x) + M64([E)Z(A>

M (@) + M (@) [ My, () + 2(8)] . (3:209)

v,c0Nv

We then take M, and S(A) from (3.130) and (3.196) and substitute them into (3.209).

After some simplifications one obtains

M;gi(@) + 3(A) =

25 1— 1— 2 1—
@[Lh(l— _”T)+L12(1—_7y/x)—mz(1— x)
P3 P+ P+ -

| — g2 i}
~ Liy (1 - 7?”33) + Lig(_) — Lis(@s) + 4, In e}
D

+4 (1 - @Y;,) In (2, — €) +2 — 2 In(2,,)
D3

1 22\ Y,
+ " (1—2y*—¢€) In(e) — (4p0 — —23) — (3.210)
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The dilog identity

Li, (1 — w‘p‘) — Li, (1 — &> —Li, (1 — p—‘) = Lip (0_) — Liy (04) — 2Y,, (Y, + Ine)

WiP+ w4 D+
(3.211)

has been used to obtain the simple form of (3.210). We collect all the dilog and double
log terms (multiplication of two logarithmic terms), and denote them by ®y:

2% - 12 -
@ozﬁ[mg (1— x)+LiQ (1——‘1’/%)—Li2 (1— m) (3.212)

p3 b+ b+ p-

1 —9? _ S
—Liy (1 - ﬁiy/x> + Liy(w_) — Lig(wy) + 4Y, lne] +4 (1 — @yp) I (20 — €2) .
Pp3

The sum is then written as

MM z)MA

v,div

1 2p2\ Y,
+ M2 [2 =2 Inz) + (1—2y> =€) In(e) — <4p0 - %) p—f’] (3.213)
3

(2) + M () S(8) = My

Substituting this back into (3.209) and inserting M2, of (3.131) we obtain

v,c0Nv

M () + Mg () 2(A)
= Mg'®+2z2(1—2—¢€)(1—Inzy,)
+]}3/—:[(1—6x+5x2) (1-9*) — (2— 20 —52” = 3y° +day®) € + (1 + ) €
n [ (1—22)(1— ) — (1 32) 62} In(e). (3.214)

The IR~convergent parts of the unpolarized and polar real emission contributions are
obtained by a straightforward insertion of the integration limits, i.e.

2

[Mfconv(l'7 Z> + Mcl?mv(x7 Z>i| o ) (3215)
and .
[Mfconv((lf, Z) + Mé)nv<$7 Z)] (3216)

Finally we collect the above results and insert them into (3.205) and (3.206), and write
the total O(ay) corrections to the differential rate as

dF(l) mw
T2 Yo (=2 it
Tedeostods ~ FATT,, (o560 o X

x | MA(x) + MPB(x) Pcosfp + M(z) Psinfpcosp|.  (3.217)
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The unpolarized part is given by’

2
MA(w) = M & + 2 (1 + €) [Liz(m) + Lig(w_) — Lig() — Liz(%)}
— ﬁ [ﬁg (3 + 2z + y2 + 62) + 2€2y2]
D3
1
—5[(1—y2) (3+ 2z +y?) —{—262(1—|—5$)—|—64} Ine
1—x)
2
x

(z + 42* — 229 — 2y* —y* + 22) In (1 — y_)

+—|:5—13I+8$2—€2(4—3I)—64i| In (

_|_

— N = N

T

" 22
+ ) (—4xy2 + dy? — oyt + ) + ¢ (x +y* - 2) : (3.218)

The polar part reads

—%[(1—3;2) (5—2x—y2—2—y2—2)

2 2
—262(3—7$——)+€4<1——)}1n6
T T

1 2 4 2
+—[—3—7ZL’+8JZ2+—+62 (4—x——)—64 <1——)}1n(1—x)

2 x x T

1 24 2
—|——(—5x+4m2—2my2—|—6y2—y4—i—i—e%)ln 1-Z

2 x z

1 2y% 3yt
+—(2—2x2+2y2—3y4—i+i)

2 x z

L, s 2y a? 4
—56 (4—:v—y—7~l—$_y2 +e€. (3219)

The endpoint behavior of dI')/dx in (3.217) is interesting. The term In(z,, — €?) in
®, is divergent at the endpoints (integration limits for z) z = w, and x = w_:

2

(s — &) =t [(1—2)(1 = L)~ ] =n [(“_’+ - x)m(‘” - “7)] | (3.220)

73.218 and 3.219 agree with i (x,y) of Eq.(9) and J;" (z,y) of Eq.(10) in [28]. Note that our variable
y? correspond to y of [28].
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When we integrate this term w.r.t. x and insert the integration limits we use a cut—off:

W4 ﬂ)+_51
/...dx: lim / coodx. (3.221)
§1—0,00—0
w_ wW_~+02

The endpoint divergences then manifest themselves in the form of In; and Inds. But all
these logarithmic divergences will cancel out in the final result after x—integration.

In the limit of m;, = 0 the terms the integration limit of z is y?> < # < 1. The terms
In(1 — z), In(1 — y*/z) are divergent at the endpoints. Again one can use cut-offs in the
integration limits and all these divergences cancel out after integration. Also the mass
divergent terms In e will cancel out.

Since the differential rate functions M4 (x) and M?Z(x) are mass convergent for m; — 0
we can therefore safely take my, — 0 limits of (3.218) and (3.219):

dar® mw a
S () F L o A Y,
Jedeostpds  LFATT, Crl=5 )6y

x | M4 (x) + M®B(x) Pcosfp + MC(z) Psinfp cos gzﬁ] . (3.222)

where
MA(z) = T}LibIEOMA(x)
2 2 2 2
Yy 2, Y 2 Y : .Y
= 3(4—4x—y —l—;)%—x(l—x}[g +In (x_x2)+2L12(x)+2L12(;)]
7T2 . . 2 . y2 1 2 2 2
T|— — L2 1(y") — Ll2{—)| — 5 rTy —y)nil=y
[T = Lialw) + Lia(y?) = Lin(5)] = 53+ 20+ 9%) (1= *) (1 = )
2 1 y?
—1—5(1 —z)In(l —x) + 5(9x —42® — 2y — 2zy® —yH) In(1 — =), (3.223)
T
MP(z) = nlb;l,riloMB(x)
1 21 3y
= st gt Y
2 x T

2 9 2
+z(1 —x) [% + an(i — Y ) + 2Li2(x) + 2Lig(%)

2

—%[%—Lig( )+L12 LIQ ]
1. 2 22
52 oy L (1-
+50 -~ =2 —y? = =2) (1= y") In(1 - %)
1 2 2
582 — 42 + 6y° — 2y — y —l)ln(l—y—) (3.224)
xr

83.223 and 3.224 agrees with F;"(z,y) of Eq. (43) and J; (z,y) of Eq. (45) in [28]. Note that our
variable y? correspond to y of [28].
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Returning to the m;, # 0 case, we integrate the differential rate (3.217) over the energy
spectrum (w_ < x < w, ) and obtain

dare

s 1 '
d cos Opdg _a_)G?JQ— MA+MB Pcosfp+MC Psinfpcos ¢, (3.225)

mw
— T2V e
AT r(=5)00

where?
W4
M* = /da;MA(x)
= kiQo + ki + kY, + k5Y, + kips Ine + k¢ps, (3.226)
W4
MP = /dxMB(x)

= k)Qo + K5 + K5V, + KBY, + KbpsIne + k2ps + K0V, Y, + KbY, Ine  (3.227)

with the variables

25 5 _ 5 _ _
0, = 20 {4L12 (1 - ]f—> — 4V, In (1 - Zf—) +Y,Iny? — 2V, mE] + 810 (273) — 212,
Ps3 P+ P+

O = 4Liy(w_) — 4Lis(w, ). (3.228)

The coefficients for M4 are given by

Ky =iy (1= )" 447 (14 €) = 29 (3.229)
K= dpo (1= )" 447 (14 &) — 29 (3.230)
B=—s(1-¢) 14y —ay' =& (2- )+, (3.231)
ko =2 [3 4602 — 21yt + 124

= (11297 +5y"y?) + € (1 - 11+ 2¢2) — €], (3.232)
k= —12 [1 +3y% —ayt— @ (4—y?) + 364} , (3.233)
ko = 2 [5 +0y? — Gyt — € (22 — 92) + 564] . (3.234)

93.226 and 3.229 agree with F;(y) of Eq. (31) and J;" (y) of Eq. (32) in [28]. Note that our variable
y? correspond to y of [28].
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The coefficients for M are given by

Ky =4ps [ (1) 442 (1+€) —24] (3.235)
K =5—9y" +4y° — € (8 — 8y” + 6y") + € + 2¢°, (3.236)
K= 8 [1 A — gt — (3432 —dyt) e (3—0P) — eﬁ} , (3.237)
k= -2 [3 (1—2)° (1+4%) + & (11— 5y*) — €* (13 — 2¢%) — 66] : (3.238)
Ky = —12[(1—3?) (1+49%) — & (4 - ¢) + 3¢ (3.239)
Kb =2 [15 Pt — (124 7R) — 364] , (3.240)
ki=-24(1+y*—¢€) (2]53 + 6;—22) : (3.241)
Ky =—24(1—y" =2 +€'). (3.242)

For m; = 0 the total rate simplifies to

A e o (05 > L[ MA+ MP Peostp + ME Psinfeosg]. (3.243)
deosOpds Ty, PV Y u costp SIITCOS @, 12
where!?
MA = lim0 M4
mp—
= (y*—1) (5+9y*> —6y")
22 o\ [27° 2 c (o2
+2(1 —y*) (1 + 2y )[? +41In(1 — y*) In(y) + 4Lis(y )]
+8y% (1 —y® — 2y ) In(y) +2(1 — 47)° (5 4+ 49%) In(1 — %) (3.244)
MB = lim MP

mp—0

2
= (1-9) (15— 2!) - T (1= ) (1 )

+2(1 - y2)2 (5+4y”) In(1 — *) + 16y* (2+y° — y*) In(y)
+16 (1 - y%) (2+20% — y*) In(1 — ¢*) In(y)
+4 (1 —9?) (5+5y* — 4y") Lia(y). (3.245)

As we will see in section 3.7, the lepton energy spectra for m;, # 0 and for m, = 0
are not distinguishable on the scale of the plots. Both the total unpolarized rate and the
polar rate for m, = 0 limit increase by 1.4% relative to the m; # 0 results. If we scale
this difference w.r.t. the unpolarized LO rate it is around 1%o. This shows that setting
mp = 0 is a very good approximation.

The azimuthal contributions will be calculated in the next section.

103.244 and 3.245 agree with Fi(y) of Eq. (60) and J;" (y) of Eq. (61) in [28]. Note that our variable
y? correspond to y of [28].



3.6. Azimuthal correlation at O(«) 101

3.6 Azimuthal correlation at O(«y)

Compared to the wunpolarized and polar contributions the NLO azimuthal
contribution from real gluon emission has an additional square root factor
V12 (x — 22 — y? + zy? — xz) which leads to integrals of the form

~Mm 2 _ 1— 2 1.2/2
/dxx/dz VYo — ot — gt ay? wz)ln( vzt VA ,y,z)>‘ (3.246)

)‘(1 y Z) 1—y2—|—2’— A(l,yQ,Z)

This square root factor \/y? (z — 22 — y? + xy® — xz) comes from the scalar products P-s;
and p, - s; (see 3.153) contributing to the azimuthal term. In order to obtain the energy
spectrum one has to perform a z—-integration of the functions such as those in (3.246).
But these integrations can not be done in closed form.

However, the total integration of (3.246) can be done in closed form by changing the
order of the integration, i.e. by doing the x—integration fist and then the z—integration:

m 1— VAL
; z In Y+ z+ Y%, 2) /xmk\/y
\% )\(17y2’z>n 1- y +z - )\(17y Z)

with the integration limits!!

2?2 —y? 4+ xy? — x2),

(1-y)*  wy
dz / dzx . (3.247)

The z—integration is done with the help of basic integrals defined by

w4

X, = /dx 2"\ y? (v — 2% — y2 + ay? — xe?). (3.248)

w—

The necessary basic integrals X,, are calculated and listed in Appendix D.6.
The differential rate for the O(ay) azimuthal contribution can be read off from (3.208):

dF( myy 2 c c
< - FF27TWC’F(—%)6y (MU (2)8(2) + MC(, z)> , (3.249)

where the virtual one-loop contribution is given in (3.132). The real emission contribution
ME (z, z) comes from the contraction of the IR—convergent part of the hadron tensor with
the lepton tensor as shown in (3.155).

Note that the O(ay) azimuthal part does not have an IR-divergence. The reason
is that the IR—divergence in the NLO is proportional to the leading order rate. Since
the azimuthal rate vanishes in the leading order the NLO azimuthal contribution is IR—
convergent.

=1(1+y?— 2+ /A(1,42,2)) as defined in (3.6).
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To prepare for the z—integration M (x, 2) is written as a polynomial of z (including
negative power of x):

2 2
y:(z —€?) . I T
Mcmz \/y 1—2)(x—y?) —zy’z { 2N\ ]1—1-22)\3]2—1-22)\3]3

6y% (2 — €?) . 1. x 1—y?+24+VA
+2 {7x/\7/2 Ja+ N + 77276 In - , (3.250)
where A = A\(1,%?, 2). The coefficients j; are given by

gi= (=) 24 (1-97)° (25 + 2% — ¢*) 22
—4(1 =) (1 +y2+y") 2+ 24— 82 —3y") 2* + (11 + 4y?) 2° — 2°
+ (197" = (=) (1146 +y") 2 = 4 (24104 + 5y* — o) 2°

+2 (224 24 - 3y") 2 - (25— 4) 2 - 27 (3.251)
Go=—(1—9)) (11 +2) 22 +2(1 - %)’ (13 - 2¢%) 2°

—4(3+2y° +3y") 2" —2(5—23y" + 2y") 2° + (7T +2¢7) 2°

+e(1-9?) (24 97) 2+ 4(1—17)" (6+ 1657 + 3y") 22

—2(40 — 41y* — 34y* + 19y°) 2 + 4 (19 — 22y + 8y*) 2*

— (1843y7) 2 — 420 4 € (1= )" (149

—2(1 =) (1497 (5+4¢%) 2+ 2 (6 — 375> — 36y + 3¢°) 2°

+2 (74537 + 10y") 2 — (204 31y?) 2* + 127, (3.252)

12(1—92)" 22 = 2(1 = ?)* (6 + 7y?) 2> — 4 (3 — 13> + 2¢*) 2*
+2(6+5y) 2°+ (3 (1— ) 2+ 2(1 - ¢?)" (15 + 1357 22

J3

(
— 415 - 2057 + 13y%) 2+ 2 (9 4+ Ty?) 21+ 92| + €| = (1 -4’
(

+2(1 =y (5+4%) 2+ dy? (15+ 1) 2 = 2 (134 149%) 2* +1724|, (3.258)

Ja= _(1—92)3—2/2 (1-9y%)z+32"—22°

+e(1-9?) 2+ 2 +y') - (B-y? = 3f) 2 - 3y 4+ 27, (3.254)
js=2(1—y")" +55% (1 - y2) — (1—12) (11 — 232 + 4y*) 22

+ (13 — 19y% + 14y") 2% — (3 +10y?) 2* — 2°

= (1=y?)" (84 102+ 25") + (1= 3?) (24 97) (7 - 272 + 8y") 2

+ (64 37y" — 43y" +12°) 2" — (22— 9y + 8y") 2 + 2 (5 + ) A

+ et [(1 — o) (74 302 + 21y* +2¢°) — (19 + 14y — 37y — 8y°) =



3.6. Azimuthal correlation at O(«) 103

+ (15— 172 — 12y") 22 — (1 — 8y%) 2° — 224}, (3.255)
jo=—2(1=9")" = (1-9")" (1-5y°) =

+ (=97 (12— 119" = 3y") 22 — (4+ 1597 — ") 2° = (2+4°) &*

+ 5 (1-2)" 24 9?) =7 (1= 9?)" (1-207) 2 = 15 (15— 1997 + 129" 22

+ (11+2y°) 2° + 24} + 3¢ [(1 —y) (3+6y° +y)

— (5 ay? = 3y%) 2+ (1-3y%) 224 2°). (3.256)

Performing the x—integration with the help of the basic integrals X, we obtain

7(1:[ MO(z,2) = — 15my3 [(1 + g)2 _ 22]2 . 3y [(1 B y)z B 62}
4[(1+y)° —7] 64 [(1—y)* — 2]

mely (1—y)° (1 +4y +9?)

2

w —

—@(2+2y2+62)—

16 16 (1 +y)° 22
my? [(1+ y)® — 62]2 vy Y Vg
16(1+y)° [(1+y)?—2]" 64(1+y)" [(1+y)" - 7]
ety vg

+—
16(1+y) 2
ol
+3(1—y) [(1_3/)2_62]2+ 3y vy
128 [(1 - y)2 - z}z 16 [(1 + y)2 _ 2]3

3U5 4 (3
128 [(1+y)* —2]" 256y [(1+y)" - 2]

U7
+ 2561 [(1 — y)2 ~ z] } , (3.257)

where the coefficients v; are given by

_|_

v = (1+y)” (27 + 5y — 25y%) — € (27 + 30y + 23¢?) , (3.258)

va = (14 y)° (51 — 63y + 73y* — 21y°)
—2¢% (1 +y)* (51 — 6y — 5y?) + €* (51 + 204y + 202y + 108y° + 11y*) ,  (3.259)

vy = — (1 —y?) (L+y)" + € (5+ 20y + 4y* — 4y° — 5y*) (3.260)
vi=2-y) 1+’ (1+5y) =282 (1+y) 2+ 7y — %) +€ (2+3y), (3.261)

vs = (1+y) (21 + 4y — 2y° + 20y° — 11y*)
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—2€” (21 + 15y — y* — 3y°) + €* (21 + By), (3.262)
ve = (33 — 34y + 18y® — 36y” + 53y + 30y°)

— 26 (3+y) (11 — 11y + 10y*) + €* (33 — 10y), (3.263)
vy = — (1 —y)? (33 + 32y + 49y* + 30y°)

+2€” (33 — 22y — 13y* + 10y®) — €' (33 — 10y) . (3.264)

Next we perform the z—integration. Inspecting (3.257) we define the following basic
integrals for the z—integration:

_ L VALY 2)

Uln) = /d RS (3.265)
_ L VALY 2)

Vin) = /d [<1_y)2_z}nyp. (3.266)

The necessary basic integrals are calculated and listed in Appendix D.6. After z—
integration, we combine the result with the integrated virtual one-loop contributions. The
differential virtual one-loop contribution M¢(z) is given in (3.132). The z—integration is
performed with the help of the basic integrals &,,. The result is

W4

) I
/Mc(x)dx = TBREG 22y w;;sz [(1 — )’ =27 (1-3) + y4] '

(3.267)

Finally substituting the virtual one-loop and real emission contributions into (3.249)
we have

[ = Cran (5200 [ dz [ as(ME@B0) + 170 2)
s

I'w
mw g 2 1 .o .= . VARV, 2
=I'p2n—Cp(——)6y"—< di [ng (p+) + Lis (p—) + 2Liy (y) — 2Y,,Y, + Iny“In 6]
Ty 277 12
+d2p3§7p—|—d31n(1—y)+d4ln6+d5}, (3268)
with the coefficients
3

dy = —% [4 +32 =3yt — e (5—2?) + 64} , (3.269)

3
dy = —2—” [1 416y — 16y — 16y° — 9y*
y

—262(1+8y—4y2)+64+

M} 7 (3.270)

(1+y)*—e

3 ,
d3:§[8—7y+2y5—8y4+5y5
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— € (16 — 19y + 3y%) + 2€* (4 — 3y)} , (3.271)
_ 3 g o4 a5 L
dy = 1 1+ 16y — 17y 4+ 7y" — 16y° + Yy
y
— € (3432 — 4002 + 5y*) + ¢* (3+ 16y — 11y?) — eﬁ] : (3.272)

d5:%y{B+47r2—9y+3(1+7r2)y2+9y3—3(2+7r2)y4

— (154572~ 2Ty +2 (3 7%) | + ¢ (12 + 77) } (3.273)

For m; = 0 the azimuthal contribution simplifies considerably. One has

m s\ 3 . .
rY = Tr2rCp(—22)2my*{2p(—4 - 39° + 3y") (2Lia(y) — Lia()
) 9 3 (1—9y?)° 2
—2(1 —y*)(8 = Ty + 8y* — 5y°) In(1 +y) — ——In(1 — y%)
1
3w 60— 02—y — 27+ w3 = 3] | (3214

Note that the totally integrated NLO virtual one-loop and real azimuthal contributions
are separately mass singular. When summing the two contributions the mass singularities
cancel as expected from the Lee-Nauenberg theorem [61]. Numerically the total azimuthal
rate in the m;, = 0 limit increases by 1.7% relative to the m;, # 0 case. If we scale this
difference w.r.t. the unpolarized LO rate it is around 0.04%0. Therefore my;, = 0 limit is
a very good approximation.

3.7 Summary

The total differential decay rate at O(«y) is the sum of the LO and QCD NLO differential
rates:

dr 1 | (ar? arly ar?  qr® Jr
drdcosOpdd  Ar Pcosfp + —<Psin6
drdcosfpdp  4nm [( dr + I + I + I costp + I sin 6p cos ¢

(3.275)

We have used the narrow—width approximation for the W propagator. As discussed

at the end of section 3.5 and 3.6 my = 0 is a very good approximation. Therefore we set

mp = 0 in the numerical results in this section. The differential unpolarized, polar and

azimuthal rates are shown in Fig. 3.7, Fig. 3.8 and Fig. 3.9 respectively (for m, = 0).

It is easy to see that the QCD NLO corrections decrease the differential rate. Note also

that the O(ay) unpolarized and the polar spectra look almost identical. This is because

the LO unpolarized rate equals the polarized rate and the QCD NLO corrections for the
unpolarized and polar differential rates are close to each other.
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my

Figure 3.7: The unpolarized differential rates w.r.t. the charged lepton energy (charged lepton

spectra) in system la. The solid line is the LO spectrum and the dashed line is the spectrum with
QCD NLO corrections.
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Figure 3.8: The differential polar rates w.r.t. the charged lepton energy (charged lepton spectrum).
The solid line is the LO spectrum and the dashed line is the spectrum with QCD NLO corrections
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Figure 3.9: The azimuthal differential rate w.r.t. the charged lepton energy (charged lepton spec-
trum). The contribution comes only from QCD NLO corrections since the LO rate vanishes.

The azimuthal spectrum is obtained by numerical integration. The closed form in-
tegrated azimuthal rate is obtained by performing the x—integration first and then the
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z—integration. In the numerical integration we perform the z—integration first to obtain
the charged lepton energy spectrum. Then we perform the x—integration to obtain the
integrated rate. These two different ways are non—trivial check for each other.

The total integrated rate can be written as

dar

1
P

To highlight the change of the LO result by the QCD NLO correction we write the
total rate in the form

ar Yy
dcosOpdd 4w

(1) O ()

1+ = | + |1+ =L~ ] PcosOp + - Psinfpcosg|. (3.277)

0 0 O
A A A

Taking values |Vp| = 0.999, m; = 175 GeV, and neglecting the b—quark mass we obtain

dCOjgp e Z%i) [(1 —854%) + (1 —8.71%) Pcosfp —0.24% P sin Op cos gb].
(3.278)
We can also write the rate in the following form:
%dcosdigpd(b = % [1+ Pry cosOp + Pk sinfpcos ] (3.279)
where | r, y r,
Ky = T, Ky = T, (3.280)

The coefficients x2 and k¢ are called the polar analyzing power or polar asymmetry and
azimuthal analyzing power or azimuthal asymmetry of the charged lepton, respectively.
At LO we have 2 = 1 and ¢ = 0 in system la (see 3.51), corresponding to 100%
analyzing power for the polar correlation and zero analyzing power for the azimuthal
correlation.
At NLO the analyzing powers in system la are given by

F(O) F(l)
Ky = % (3.281)
(1)
kY = % (3.282)

For the numerical result at NLO we obtain

1 T 1
— —(1499.8% P cosp — 0.26% Psin 0 ) 3.983
T 4 7 deosbpdo 47r< +99.8% P cos Op % Psin0p cos ¢ ( )
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Compared to the analyzing power at LLO the polar analyzing power has changed from
the LO value 1 to the NLO value 0.998 and the azimuthal analyzing power has changed
from the LO value zero to 0.0026, i.e. the analyzing powers are changed very little by the
radiative corrections.

The positivity of the total rate can be shown by writing

2 2
dr T rt T r
= 1+ = P 14+ B - in (0 N1
dcosOpdp 4w + FEL?) T - FEL?) + r© cos¢ | sin(0p +9)

A
(3.284)
with " 0
r r
tand = % ~Tgo< i (3.285)
I'v’ cos ¢ 2 2
The total rate takes its minimum value for cos ¢ = +1, sin(d + 0p) = —1 and P = 1:

1 1\ 2 )\ 2
RN NN A R vl
Y Y Y
= (1-854%) — \/(1 —8.71%)% + (0.24%)?,
=0.17% (3.286)

i.e., the differential rate is positive in the whole domain as it must be.

Finally we give a summary of this chapter.

We have calculated the O(ay) corrections to the unpolarized, polar and azimuthal cor-
relation observable in polarized top quark decay in the helicity system la, where the event
plane lies in the (x, z)-plane and the charged lepton momentum is along the z—axis. The
LO unpolarized and polar rates are equal to each other. The O(«ys) corrections decrease
both the unpolarized and polar rates by ~ 9%. For the unpolarized and polar O(ay) cor-
rections we found agreement with existing results in the literature. Our azimuthal results
are new. We have seen that the SM (V-A) current predicts zero azimuthal correlations at
LO. The O(ay) corrections to the zero LO result amount to ~ —0.24% relative to the LO
unpolarized rate. If top quark decays reveal a violation of the LO SM (V' — A) current
structure in the azimuthal correlation function which exceeds the 1% level, the violation
must have a non-SM origin.



Chapter 4

The angular correlations for the
decay (1) — b+ (' + v, in the helicity
system 3a

In this chapter we calculate the neutrino spectrum in system 3a (see Fig. 4.1), in which
the neutrino momentum is along the z—axis with (p;), < 0. From the experimental point
of view the identification of the momentum direction of the invisible neutrino will be
more difficult than the determination of the momentum direction of the charged lepton
in system la but can be done using four-momentum conservation.

Figure 4.1: The helicity system 3a for the rest—frame decay of as polarized top quark: (1) —
b+ T + vp. P is the polarization vector of the top quark. 8p and ¢ are the polar and azimuthal
angles respectively.

The neutrino spectrum of the up-type quark in system 3a can be seen to be identical
to the charged lepton spectrum in the down-type quark in system la shown in Fig. 3.1.
This follows from the structure of the lepton tensors in these two cases. In the up-type
quark decay the lepton tensor is

L,uzx = 817?295 Tap,uzn (41)
while, for the down—type quark decay, the lepton tensor is

L;w = Sp(;pg TUp,Lu/- (42)
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It is easy to see that they are related by a permutation of the charged lepton and the
neutrino momenta: p; < p,.

4.1 The Born approximation

The LO differential rate is given by

1 1 —2
dr® — — dRs(pe; ) M 4.3

Similar to (3.47), for the LO differential rate in the narrow—width approximation, one

obtains

ar© mw 3 7>
oW 2 Y e, HO 44
dz,dcosfpdd T Ty 16m? / Tv S s (44)

where, as defined in (3.4), x, is the scaled energy of the neutrino: x, = 27% We have

decided to use the neutrino energy as energy variable in analyzing the decay in system 3a.
We could have equally well done the analysis using again the charged lepton energy as
energy variable as in system la. Experimentally the analysis in system 3a requires the
reconstruction of the momentum direction of the neutrino which entails a knowledge of
the energy of the neutrino. In addition one can make use of our results in the charged
lepton energy spectrum in the down—type quark decay (e.g. in the decay of b — c+¢+vy)
as discussed at the beginning of this chapter.

In this chapter we will adhere to the narrow—width approximation from the beginning,

ie. we use y = ’fn—"t" instead of y = \/Vn[i:; The hadron-lepton contraction is given in
(3.20):

HO) L =128 (r - pe) (po - o) - (4.5)

At LO the explicit representation of the momenta in system 3a can be obtained from

system la by the exchange of the labels [ <+ v (except for sign changes) such that e.g.
x <> X, pr < p,. One has

pe = my(1,0,0,0), (4.6)
Py = %xuu;o,o,n,

P = %(1 —x, +1y* — ) (1;—sinb,,0,cos0,) ,

o = %(1 — 1?4+ €2)(1; —sinb,4,0,cos60,,)

s, = P(0;sinfp cos ¢, sinfpsin ¢, cosp) ,

where

z,(1 =z, +y* — €) — 2y°
z,(1 —x+y?—€?)
2 2 _ y 1 2 _ 2
cosb,, = y ooty e ) (4.7)
'Il/ >\(17y2762)

cos 0,
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The parameterizations in (4.6) gives the scalar products that appear in the LO and virtual
one-loop QCD corrections:

1 2
Pt Dy = §$th,
Pt -Pe = 9 my,
1—y?+¢é 2
Pt-Pb = 9 my,
Py P = fmt,
Po-Dv = zV_meQ
b v 9 t
1
Pepy = §y2m?,
=2y +a, (1+¢* - &)
Py St = 57 my cosOp

VY2 (o, — a2 —y? + a2 — 2,62)

+ my cos ¢sinfp
Ty
e+ 2" —x, (1+y° — )
Do S = my cosfp
2z,
2(x, — 22 — 2 + x,y% — x,€ ,
_\/y ( v Y Y )mt cos ¢psinfp,
T,
T,
Dy S = ?mtcosep. (4.8)

Note that these scalar products are also related to the corresponding scalar products in
system la (see 3.21 and 3.24) by permutations p; < p, and x < x,. The scalar products
in the lepton-hadron contraction (4.5) can be taken from (4.8). Then substituting the
lepton-hadron contraction into the differential rate in (4.4) and collecting terms according
to their angular dependence one has

dr® 1 (ar®  art® ar
drsdcosfnds ~ in =L Peosfp + = Psing 19
dr,dcosfOpdp  4r ( dzx, T dz, cosbtp + dz, sinfpcos¢ |, (4.9)
where, as usual,
dn, = 2rlr, 6" Mo(w). (4.10)

The LO unpolarized, polar and the azimuthal contributions Mg (z,, ), ME(x,) and M§ (z,,)
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read
Mgl (z,) = (-2, +y* — )z, — ), (4.11)
B _ (z, — ) _ 2 2\ o 2
My'(w,) = ———(n(l-z, +y =€) =2y, (4.12)
2z, —y?
Mg (z,) = M\/@(l—%—wﬂ—e?)—y?. (4.13)

The unpolarized and polar rate functions differ from each other in contrast to the charged
lepton spectrum where the unpolarized rate equals the polar rate. Also the LO azimuthal
contribution does not vanish as in system la. This will lead to non—vanishing IR-divergent
contributions both from the virtual one-loop and real gluon emission, thus complicating
the azimuthal calculations considerably.

Upon z, integration of (4.9) one has

DY = one T 2yps [(1 = @Y 9P (1+ ) — 2] (4.14)
w
]_—‘(39) = 27TFF7;L—Wy2{2]53 [(1 - 62)2 — y2(11 - 62) - 2'3/4} + 24y4}_/w} ) (415)
w
3
P = 2nlp 22y (1 - )1+ 3y) — 21 — ) + €'} (4.16)
w

Because of the square root factor in the azimuthal differential rate we have used the basic
integrals X, defined in Appendix D.6 :

W
Mg = / dr, MC(2,) = 2y(Xo — P X)

w—

= |19 +3y) — 20—y + €] (4.17)

The integrated unpolarized rate Ff) equals the one in system la given in 3.49 as it
should. In the limit m; = 0 one has

P = 2nlr T2 (1— )21+ 24, (4.18)
w
0 = 2l 27 (1 )0 - 1197~ 25%) — 124" Iny?) (4.19)
w
m 3
' - QWFFF—ng?y(l —y)*(1 + 3y). (4.20)
w

The change caused by the m;, = 0 for the unpolarized, polar and azimuthal rates relative
to their LO values are 0.27%, —0.16% and 0.36%, respectively. Therefore m;, = 0 is
an excellent approximation. In this approximation, for the ratios of the rates we have
(y* = m¥, /m? = 0.211):

r® . r® . —1: 0318 : 0919 (4.21)

!Note that for the present LO case z = €2 in the basic integrals &X;,.
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4.2 Virtual one—loop correction

The renormalized hadron tensor for the virtual one-loop QCD correction is given in
(3.122). For the differential rate for the virtual one-loop correction one has

v,V

3 2
AT = Tp g 2 / dx, H),L" (4.22)

where the lepton—hadron contraction is given in (3.123). Substituting the scalar products
from (4.8) and separating terms according to their angular dependence we have

4
HI(IIBWL”" = (—Z—SCF> 256% [M,f(aty) + ME(2,) PcosOp + MC(x,) Psinfp cos ng} :
s
(4.23)
where M2 (z,), MB(x,) and M (x,) correspond to the unpolarized, polar and azimuthal
contributions, respectively. Separating the IR—convergent and IR-divergent parts we write

M:l(xu) = M(;‘( V)Mv div + M'fconv( V) (4.24)
Mf(xl) = MB(x,,)Ml, div + Mfconv( V) (4.25)
M1?<xV) = MOC( )M’U div + M'z?conv( ) * (426)

The divergent contribution M, 4;, is universal and can be taken from (3.130). Unlike the
charged lepton spectrum in system la, the azimuthal contribution in system 3a has IR-
divergences since the LO azimuthal rate does not vanish in system 3a. The convergent
unpolarized, polar and azimuthal parts can be extracted from (4.23). One has

Mfconv( ) —1;1—26 [ (1 — ]ju) <y2 _ ;(;l,) + (237,, — xz — y2 T Q;VyQ) €2 — 171/64]

Y, [ 2 2 2 2
— 11—y —T, +x, + Y — 2y
=) )
— (23:3 — 3z, + 2y% — 22,y° + :v?,yQ — 3yt — :El,yA‘) €
+ (22 — 3z, + y* — 22,9°) €' + :E,,eﬁ] (4.27)
MB Ine 1 1 2 2 9,4 9 2 2 2\ 2 4
vconv( )_? ( _x_)(xu_SxVy + Yy >+( JZV—IV—?)y +xl/y )E — Ty€
¥ 4
2| = 1)@, — o% = 39" + 3wy + 22 —2y)
2y P3 v

A
+ (32, — 222 — 6y* + 4x,* — 22y + pEa — 5yt + 2,y

I/

— (3w, — 22 — 3y* + 21,y7)e* + 1€ } (4.28)
c Ine y? 9
M’U conv \/y - xz% - y2 + xyy2 - xl/62) Y [(2 - ‘rl/) (1 - _> —2e i|
() Ly
29 29 Y,
1=y (2— 2 +1° — —4—V52——224]—p.
+U )@=y = ST) (e 5yt = T @ b2
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4.3 Real gluon emissions

Analogous to (3.145) the differential rate for the O(ay) real gluon emission in the narrow—
with approximation is given by

L1 dRy(ps; k;)|M(1)]2
2mt (271‘)8 4\DPts Pb, Pes Pv, T
2 3

12873my

drtd

= FF27TF Y

Uy

m? / dz dx, dRy(P;py, k) HE) LM (4.30)

where the integration limits are

(1-z)(1—y?/x)

/ da / or / az / dz. (431)

(e+A)2 (e+A)2 w—

The hadron tensor will again be given as a sum of a IR-divergent and a IR—convergent
piece:
HY, = "o + HO (M, (4.32)

UV

where the hadron tensor f[,ﬁ‘i) is given in (3.138). The IR-divergent soft gluon factor

| M| is defined in (2.134). The remaining IR-convergent part is listed in (3.139).
Contracting the hadron tensor of the real emissions with the lepton tensor from (4.1)
one has

H{, L = Hyg L+ Hy) L | M 3
= Hy™ L' + 128 (py - pe) (P - po) [M [§cr (4.33)

Substituting p, by py, = P — k one has®:

HY) L™ = HO™ L — 128ppapus p?kﬂM\%GF/ +128 (B - ) (P-p)) IM [ - (4.34)

~
IR~convergent IR~divergent

Let us begin with the IR—convergent piece. The two-body phase space integration
dRs(P; py, k) is done in a similar way as in the charged lepton spectrum case in section 3.4.
The result of the two—body phase space integration is a linear combination of the scalar

2The term prapys PekB| M |%G r is IR—convergent because of the gluon momentum k
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products for the real emissions. These scalar products are given by

1 2
Pt Pv = §$llmt7
l—z,+y*—2z
Pt-Pe = 5 my,
1—y*+2
p- P = yim?,
2
l1—z,—2
Pop = 2
2
Ty —Y
P'pV = 2 m??
1
Pv-Pe = §y2m?
— 22 (1 2 _
P-s = y a1ty Z)mt cosfp

2z,

\/y2 (xu — 22—+ ayP — :B,,Z)

Ty

+

my cos ¢sinfp

wp 42y —x, (1+y° — 2)
De St = By my cos Op

2(xy, — a2 —y2 +x,9% — 1,2 )
_\/y ( Z. Y )mt cos ¢sinfp ,
Ty

Py S = % my cos Op . (4.35)

Note that, for z = €2 in the above relations, one recovers the leading order scalar products
(4.8). Also note that (4.35) are related to the corresponding scalar products in system la
(see 3.153) by permutations py <> p, and « < x,. These scalar products are substituted
into the result of the two—body phase space integration dRs(P; py, k). We do not present
any intermediate steps of the calculation because they are quite similar to those in sec-
tion 3.4. We thus proceed directly to the results. Collecting terms according to their
angular dependence we write

m? / dz dRy(P;py, k) (H™ L* — 128ppapus Pk | M 3arp)

Z=€

4 2
= (—4ra,CF) 128%{ [MA (z,,2) +MPE_ (x,,2) P cos GP}

T,coNv T,0Nv
2=2m

+ /dz M, (2, 2) Psin0p cos gb}, (4.36)

where? z,, = (1 —x,)(1 — g—2) For the unpolarized and polar parts we obtain

M2 (x,,2) = R(=2,0) pa(—2,0) + R(—1,0) pa(—1,0) +R(0,0) pa(0,0)

r,c0Nv

3The integration limits in (4.36) are substituted as M5, (z,, z)|§§i instead of usual [ZZ7%". It is
done so for the ease of comparison with [25] and [26].



116 4. Angular correlations for ¢(1) — b+ ¢ + 14 in system 3a

FR(0,1) pa(0, 1) +R(0,2) pa(0,2) + R(1, 1) pul1,1) + R(1,2) pa(1,2)
+S(0,0) 74(0,0) +8(0,1) 0,(0,1) + S(0,2) 74(0,2) + S(1,0) 04(1,0)
+S(1,1) 04(1,1) + S(1,2) 0a(1,2), (4.37)

Mchonv(xl/vZ) = R(_270) Pb( 2a0) <_ )pb(_170) +R(070) pb(0,0)

+R(07 1) pb(07 1) + R(O 2) pb( 72) + R(Ov 3) pb(07 3) + R(17 1) pb(17 1)
FR(1,2) py(1,2) + R(1,3) pu(1,3) + S(0,0) 0(0,0) + S(0,1) (0, 1)
+8(0,2) 05(0,2) + 8(0,3) 05(0,3) + S(1,0) 03(1,0) + S(1, 1) 0(1, 1)
+8(1,2) 05(1,2) + 8(1,3) 03(1, 3), (4.38)

where the coefficient functions p,(m,n) and o,(m,n) for the unpolarized contribution
M oni(y, 2), and py(m, n) and oy (m, n) for the polar contribution M7, (z,, z) are listed
in Appendix D.5.
The azimuthal contribution has to be treated separately in section 4.5, because of the
complicated structure of the involved integrals.
For the unpolarized part substituting the basic integrals we obtain
M 7) = 1 L8 TN (R IGY, | (84182)Y,

r,conv 2 8p§ 8]9% 4p3
1
hg psY, + Zh‘fo Inz+ |Lig(wy) + Lig(w_)| Ay, (4.39)

where the coefficients h{ are given by

h§ = —6x, + 5y°, (4.40)
1
hy =z, — % —y* + 20,7 —yt + 0 (1—a) (z, —y?) €, (4.41)
-y
hg = (1-2)" (522 + 5y* — 23,9?) (4.42)
—4 (:)33 +y? = b,y + 2x3y2 + 2yt — xyy4) €
2
+ (—x2 — y? + 6x,y° — 322y® — 3yt + 2xl,y4) et
1 — yg v v
h$ = —52% — 5y* — 18z,y* — 322y* — 3y* + 22,y (4.43)

+4(1’,2,—|—y2—x,,y2)62+ -

1
5 (xi + 2 — 2xl,y2) el
Y

he = (1—y?)" (=522 = 5y° = 82,0 + o2y’ + v (4.44)
+ 2 (1 -y ) (Q:EV + 2y% — 6x,y° + xiy2 + y4) €
+ (20 +y* — 4z y” + iy’ +yt) €

h¢ = 522 + 5y + 28z,y° + 122%y* 4+ 12y* + 4o, y* — 22y* — o/ (4.45)
-2 (2:1: + 2y% + 2z,y% — :cyy y4) € — (.:E,Qj + yQ) et

he = —5 + 10z, + 5y* + 24x,* + 8x2y* + 5y* — 18z,y* + 3y° (4.46)
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+ (2= 5w, — 22 —4y” + 9z,y” — 2*) € + (1 — 4w, +17) €,

hg =5+ 10z, — 4z + 14y + 10z,y° — 3y* — 2 (24 3z, — 2y°) € — €*, (4.47)
hy =42z, —y°) , (4.48)
hio = =5+ 20z, — 1227, — 16y” + 1o, y* — y*' +2 (2 — 22, — y*) € + €, (4.49)
hy, = —x, — 22% + 3y + 21, — y* — (x,, — y2) €. (4.50)
For the polar part we obtain
1 € S+ hnbz  hb+ hbz
MB 2 =R 1 R 4 3208 4 5 6
T,conv('r 7Z) 1% + ~ 21‘]} 2 + Yy 8]7% Sxypg
Y, he +hlz RS+ Kl z
+ g | ;xypgf d 4p§10 + 204, + 22 b,
b Loy . . his
+ iy peYy + =iy Inz + |Lig(ws) + LIZ(w,)} Qs (4.51)
where the coefficients h® are given by
y?
ht = 6(—z, + ?) : (4.52)
1- v v 2 v 2 2 v )€
(1—9?)
hy = —(1 — y?)? (322 + 223 4+ y? + 62,y% + 322y* + y*) (4.54)

+2(1 - y2)2(3x3 + y2)62 + (—3x3 + 2:1:3 —y? + 6z,y° — 3x3y2 — y4)e4 ,

RS = 322 4 a3 + y® 4 12z,0% + 1822y% + 42y + 6y* + 122,y + 322y + 45 (4.55)
—2(322 + 223 4+ y* + 6x,y% + 322y + vt + (322 + yP)et,

h = —6a7 + 325 — 2y + 3,y” + 38x7y” + 1823y” + 10y* (4.56)
+ 70z,y* + 5022y* + 3x2y* + 229 + 2,9° — 102%y°® — 64/
— 4(=322 4 22% — o + Ta,y? + 1002y + 223y + 2y + 1lz,y* — 4a?y* — 2¢%)é
4
+ (1672)2(—6%2/ + 528 — 2y* + 27x,y% — 622y* — 223y — 2y* — 30m,y* — 622y*
-y
+ 53yt — 2% 4+ 272,94 — 62%y° — 20°) ,

hy = 622 + 23 + 2y + 232,97 + 3022y + 23y + 10y* + 392, + 1022y* + 6y° (4.57)
— 4(32% + 5y + 5a,y” + 42y 4 2yt e+
4
(1—€—y?)2(6x?’ — :L'i + 2y — 3x,y° — 6:631/2 - xin — 2yt — 3zt + 6x3y4 + 2y6) ,
hl; =(1- y2)2(3:1:12, + 322 +y? + 92,7 + 92297 + 2y + 3yt + 3x,,y4) (4.58)

v
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—2(1 — )’ (322 + 2% + y® + 3z,0%)€?
+ (3a) —x) + = 3wy = 3aly’ + apy? — yt + 3ayt)el

hy = —3x2 — 523 — y* — 153,y* — 3022y — 1023y — 10y* — 30z,y* — 1522y*  (4.59)
— 3yt — 5y — 3w,0° + 2(1 4+ ,) (322 + y? + Sz, y” + 22y? + 3yt
— (3a; + ) +y* + 3m,y°)et,

hy = 622 — a3 4 2y% + 112,y — 3422y* — 3323y* — 10y* — 113z,y* — 1302%y*  (4.60)
— 1523 y* — 46y° — 592,9° + 14229 + 239° + 6¢° + 172,9° — 2(622 — 227 + 2¢°
—2x,y° — 361’,2/3;2 — 11$3y2 —10y* — 47z, y* — 6xl2,y4 + 95,3/y4 —4yS + 133@,,3;6)62
+ (622 — 323 + 2y — 15z,y% — 182%y* + 23y — 6y* + 9z, yt)e?,

hYy = —622 — 323 — 2y* — 352,9° — 6422y® — 82y — 20y* — 96z,y* — 4622y*  (4.61)
— 3yt —22¢% — 172,08 + 2(622 + 223 + 2% + 222,97 + 222%y?
+ 23y® 4+ 8y* + 13x,yM)e? — (622 + 23 + 2% + 92,97

hY, = =2+ 3w, + 1022 — 823 + 10y* — 63z,9? — 4022y> + 8231 — 14y* — 32,y" (4.62)
—1022y* — 10y° + T2,y° — 2(—2 + 2z, — 922 + 22% — 2y* — 101,y
— 722 — 4yt + 4oyt — (2 — o, + 422 4+ 207 — 2,7t

hby =2 — 3z, — 2222 — 42 — 12y% — 302,9° + 222y% + 2yt — T,y (4.63)
—2(2 -2z, + 22 — 4z, 7)) + (2 — 1,)et,

hby =42z, — y?), (4.64)

hY, = —2 4 3z, + 3222 — 1222 4+ 1292 — 48z,% + 622> + 14y* — 52,9 (4.65)

+2(2 =2z, + 2,yH) e — (2 —x,)€et,
hYy = =322 — 223 — Tw,y® + 222y% + 20" — 2,y* — 2, (2, — y?) 2. (4.66)
Next we turn to the IR-divergent part of the real emission (see 4.34):

128 (Pt - pe) (P D) |M|?S‘GF' (4.67)

Substituting the scalar products from (4.35) and collecting terms according to their an-
gular dependence we write

128 (¢ - pe) (P - p) IM |3k

4 N .
= 128% MMz, 2) + ME(x,, 2) P cosOp + M (2, 2) P sin 0p cos gzﬁ] |M|%op, (4.68)

where
MMy, 2) = (1=, + 32 — 2)(w, — 7)., (4.69)
17B _(%_92) . 2 N o2
My (x,,2) = — (x,(1 =z, +y” —2) —2y7), (4.70)
— 2 — 2
ME (x,,2) = M\/xy(l -z, +y?—z)—y>. (4.71)

Ty
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We concentrate on the unpolarized and the polar part here. The calculation of the az-
imuthal part is done separately in the section 4.5. Using the “plus” prescription the
IR~divergent phase space integration is reduced to (A, z,,) given in (2.201). The re-
maining [R—convergent terms are denoted by ]\;fmom(:v,,, z). The details of the calculation
are similar to the ones in system la. One obtains

mf/dz dRy(P; py, k) H;(L(;)LMV|M|§GF

4
= 128%%(—47?0[801:) {MOA(L,) S(A) + Mfcom(xl,, z)

Z:€2

2=2Zm

2
) Pcosfp

zZ=€

Z=2m

+ (MOB("L‘V) E(A) + Mfaonv(a’jll’ 2)
+ /dz Mfdw(xy,z) Psinfp cos qb} (4.72)

where the IR—-divergent integral 3(A) the is obtained from the IR-divergent integral
Y(A, z,) calculated in (2.201):

Y(A) = 32(A, zp)

zm=(1—zy)(1-y?/v)

= —4 (1 - @Y;?) In [(1 — y)(l — y2/xu) — 62} -2

Pp3 eA

2% 1—x, 1—2/z, 1—x,
—{—@[Lig(l— _$>+L12<1—7_’y/x>—mz(1— _‘C>
P3 P+ P+ -
1—2/z, 5 o
—L12<1—_L/:”>—L12(1—’f—+)—Yp(Yp+1)1. (4.73)
P

p—

For the azimuthal part which will be treated in section 4.5 we have
Mfdw(wl,,z) = mf/dRQ(P;pb,k)MOC(x,,,z)ASGF (4.74)

The remaining IR—convergent pieces are given by

MA  (2,,2) = 6(z, —y*)z — 22, — ) (2 — 2, — €2) In(2)

2w, = y3)(1+ 2 — 5 + &) [Lin(w_) + Lig(wy)
—8(z, — y*)psYy (4.75)

2
Mfconv(xy, z) = 6(z, — )z —2(z, —y*) (2 -z, — 2 — 2y—) In(z)

2
2z — y?) (1L + 2 + 25— 24 e [L12<w_) + Li2(w+)]

v

—8(z, — y2)p3Yp . (4.76)
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Finally we sum up the IR-divergent and the IR—convergent pieces and write the total real
emission contributions as

artd my o 1
S N o P AR T
dz,d cos Opdd 2y ~Cr(=5 )8y o X
X [M:‘(:BV) + MP(2,) PcosOp + MC(x,) Psinfpcos |, (4.77)
where
M;q<x'/) = |:M;?conv<xl/7 Z) + Mfcom;(xm Z)] - + Méq(xy)Z(A), (478)
2=¢2

MrB(xV) = [Mfconv(xm Z) + Mfeonv(‘ww Z):| N + MOB('IV)Z(A)’ (479)
MEw,) = [ e (MGl 2) + M1, 2). (4:80)

The terms M64(xV)’ M(?(ZL',,), MA (ZL',/,Z), Mfconv<mV’z)7 Mfconv(l‘mzx Mfconv(xmz)

T,0Nv

and X(A) are given in (4.11), (4.12), (4.39), (4.51), (4.75), (4.76) and (4.73), respectively.
The azimuthal contribution M (x,) will be discussed in section 4.5.

4.4 Total O(ay) results for system 3a

The general form of the O(«ay) correction is

dr® 1 [(ar®  qrw art
- = — A B Pcosfp + C
dx, dcosOpdep  4m

dr. + dr. iz Psm€pcosqb> . (4.81)

Summing up the virtual one-loop and real emission contributions from (4.22) and
(4.77) gives the total O(ay) result:

dre dars) art!
-~ + (4.82)
dx,d cos Opdep dx,dcosOpdp  dx,dcosOpdp
1
= FFQW@CF(—%)6?J2— [MA(L,) + M"(x,) PcosOp + MC(x,) Psinfpcos |,
T'w 2 4
where

M () = My () + Mg (2,)5(A)

2

+ [Mfconv($l/7 Z) + M??conv(sz Z)} o ) (483)
MP(z,) = M}z,) + M (2,)E(A)
z=€2
+ [Mfcom)(‘rw Z) + Mfcom}(mw Z>i| 9 (484)

MC(x,) = M()C(I'V)Mv,dw + M ()

v,c0Nv

+ / dz (Mfmm(xl,,z) +M§(xV,Z)ASGF) . (4.85)
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4.4. Total O(«a;) results for system 3a

Comparing (4.81) and (4.82) we have

A0 [ on™ (= 956921 Mri(a,) (4.86)
= —Cp(—==)6y"— M'(x,), :

men T e

i

dl'l, FW
where i = A, B, C represent the unpolarized, polar and azimuthal contributions, respec-

tively.
Let us begin with the unpolarized part. We first sum up the virtual one-loop contri-
(2,) + Mg (2,) My aiv + MH(z,)2(A) (4.87)

bution and the divergent part of the real emission:
A
- Mv,conv

M () + Mg (2,)2(A)
Substituting M, 4, and X(A) from (3.130) and (4.73) one has
Mygiw +3(A) = ®o+2—2In[(1—2,)(1—y*/z,)] (4.88)
1 22\ Y,
+—= (1 —=29% =€) In(e) — (4 ——3> -z
2 ( Y ) © bo y? p3
11— v
° ) (4.89)

where @, is the sum of the double-log and dilogs:
1—19y%/x,
1-v/n ) ~ Liy (1— _
D

2p 11— v .
@0:@[[412(1— _$)+L12<1—
D3 D+ D+
1— 42/, _
ﬂ) + Lig(@_) — Lip(w) + 4%, In e}

—Lis (1 — =
- pgffp) In [(1 = 2,)(1 — y?/2,) — €]

+4 ( —
p
The IR—-divergences cancel in the sum as expected. Substituting ®y into (4.87) one has

for the unpolarized part,

MA(z,) + Mg (2,)2(A)
Mg'®o + 2 (z, — y°) (L — 2, + > — €°) (1 —In[(1—a,)(1- y2/x,,)D

—Z—g [ (1 — y2) (4% — 522 — 4y* + 10z,9* — 5y4)
— (1= 20, + 522 + 5y = 162, + 11y*) € + (2 6z, + Ty?) ¢ — ¢°]
€ (4.90)

—[xy 222 — y? + 4z, — 24" — (1+xu —y2) 62+e4} In(e) .
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Similarly, for the polar part, one has

M () + My (2,)5(A)

2 2
= My®o+2(z, —y®) (1 S L A 8) (1 —In[(1—-=z,)(1- yQ/:cy)D
Y, 10
___p[(l—yz) (63:,, 522 — 16y* + 10x,y* — 5y* + y>
b3 Ty
22 12y
— <1 + 522 + 9y* — Jo_ 16z,y* + 11y* — el ) €
14 xl/
2 2
+<2—6xy+7y2—i> 64—66]
T,
2 2 2 : Ay
—[3%—2:0,,—7;; gyt — 2yt =
o 20%\ o 4
(142, -2 . +e]ln(e). (4.91)
Ty

Finally we substitute the above results into (4.83) and (4.84) and write the total O(c)
corrections to the differential rate as

R, o, Wl O A Y Sl
dz,d cos Opdd r2mp Ol 27r)6y %

x| M*(z,) + MB(x,) PcosOp + M%(z,) Psinfp cos ¢} , (4.92)

where the unpolarized part is given by*

M (z,) = Mo+
2
+ (2, +y* = 22,0° + ' + 2,6 — yPed) [LiQ(u_)Jr) + Lig(w_) — Lig(x,) — Lig(i—)}

=

5— 2z, + 3y? — €2) p2 + 2262
2| (5 20, + 39" — ) 7 + 27¢

P

1

5[(5 2xl,+3y)(1— )—6( V—2y2)62+64]1116

1 2y 2\ 2 4

55 5z, + 3y* + dx,y° —5y———(4+5x,,—11y)e —e|In(l—x,)
1 24 2
500, — s = 1P 4+ 62— 29"+ 2 47 (a4 )in (1- L)

1 29t 1 1>

2 (92 Wt — 3yt — - 2__J )2 4.
+2(y—|—3xy 3y zy)+2<3y T € (4.93)

44.93 and 4.94 agree with F| (x,y) of Eq.(9) and J; (z,y) of Eq.(10) in [28]. Note that our variable
y? correspond to y of [28].
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The polar part is given by

MP(x,) = My o+
+ (z — ) <1 — 1z, +y - W 62) [Li2(w+> F Lio(@-) = Lia(2,) = Li2(y_2)]

Ty Ty
Y, 2 10y° 2¢?
+_—p[(3——+10:v,,+y2+—y+62+i)p§
2 Ty T, T,
y y4 2
+ (3:,,—2y2—|— —|—x,,y2—|——) e — (:U,,+—> 64:|
v Ty Ty,
1 2 10y?
+5 (1—y2)(3—x—+10x,,+y2+ y)

2 1242
— B m, — TP — 120,07 — Yt

v xl/ ‘rV

2 22 2
—2(1———5xu+4y2+i)62— (1+—>e4} Ine
T, T, Z,

1

v

10 4 2
+ (—93:,, —4a® —y? + 6x,y° — 2yt + vy _ 7 (QEV — yQ) 62) In (1 — z—)

1
2
4 2\ 2 2\ 4
+( —x—y—9xu+7y>e +(—1+—)e}1n(1—$,,)
1
2

1 2y° 2y*
+—(2—2x3+2y2—i—5x,,y2+7y4—i)

2 v Ty
1 y2 2y2

— (4492 21— — 24t 4.94
2( Iy 11—z, T, €t ( )

The spectrum functions have divergences at the endpoints (the integration limits for
x,). But with similar steps discussed after 3.219 we learn that these divergences cancel
after x,—integration. Therefore one can thus safely take the m; — 0 limit which results
in considerable simplifications. One has

= - T2 — VGt —
dx,d cos Opdo Fen 'y Cr( )6y 8

x | MA(x,) + MPB(z,) Pcosp + MC(z,) Psinfp cos ¢] , (4.95)

where the unpolarized part is given by®

MA(z,) = limOMA(:c,,)
mp—
= (=)= =) [+ W)+ 2ia(n) + 2 ()]
2 2o [T : (2 Y
oo+ = 22,7 4y [T - Lin(w) + Lia(v?) - Lin(L)]

53.223 and 3.224 agrees with F| (z,y) of Eq. (44) and J; (z,y) of Eq. (46) in [28]. Note that our
variable y? correspond to y of [28].
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1
—5(5 — 2z, +3y%) (1 — y*) In(1 — ¢*)

1 2 2 4 294
+§ 5—bx,+3y " +4x,y"— by — In(l —z,)

1 2 4 2
+3 (9%—4:{;3— 1192 + 62, 42 — 29" + —y> n(1 - L)
14 xl/
2 2

+%(2 43z, — 32— 22, (4.96)

The polar part is given by
MP(z,) = hm0 M5 (x,)

14 xV

942 2 T, — 12 ' Y
= (2, —3?) (1 — a1 — x—zi) [E I’ (7 Zg> + 2L (2 + 2L12(i—y)]
2 4 2 2
( L5y — 2z, 4yt — —y) [%—Lig(x,,)+Lig(y2)—Lig(i—)}
1 1042
5(3——4—103:,,—1—3/ + =Y > (1-9*)In(1—y?
1 12 8yt
5( 3+ —+J:l,—7y2— v + 122, 9> —y* + y)ln(l—x,,)
L1
)

10 2
9z, — 422 — P+ 62,y — 29" + Y )ln(l—y—)

21 294
(2—2x + 297 — —y—5xyy2+7y4——y>. (4.97)

14 'CEV

2

Returning to the m; # 0 case, we integrate the differential rate (4.92) over the energy
spectrum (w_ < x, < w,) and obtain

dare 1
S PSS, ——62—[MA MPB P cosbp+ M Psin6 . (4.98
Joos 0rdd P 7TFW 7 ( 27r) Uy + cosfp + sinfp cos|. (4.98)

where

w4
M* = / dx, M*(z,) . (4.99)

The result for (4.99) is identical to that of system la given in (3.226) as it should, be-
cause the unpolarized integrated rates are frame independent. This provides for necessary
mutual check on the unpolarized results derived in system la and system 3a.
The polar part is given by®
W4
MB = /dx,, MA(z,) = k§Q0 + K0Qy + K5V, + KSY, + Kbps In€e + k2ps + kY., Y,

w—

RS, Ine + 48y 4 (kL + kg?) , (4.100)
3

64.100 agrees with 7, (y) of Eq.(33) in [28]. Note that our variable y? correspond to y of [28].
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with the variables

2D D_ _ D_ _ _

Qo = o {4L (l—p—) —4Y,In (1—p—)+Yzolny2—2lene + 81n (2p3) — 2Iny?,
D3 D+ D+

Oy = 4Lig(w_) — 4Liy(wy) . (4.101)

The coefficients for M? are given by

kY =5— 42y + 45y* + 4y° — 2 (44 8y” + 3y*) € + €' + 2¢°, (4.102)
ky=8[-1+8y*+10y" + (3—9y* —4y") € — (3 —y°) " + 7], (4.103)
Ky =—6(1—-1v") (3—23y" —4y") +2 (1 +24y° + 5y*) €

+2(7—2y%) €'+ 2¢°, (4.104)
Ky =—12[3—-23y" —4y" — (6 — y°) € + 3¢"] | (4.105)
ko =2[15—37y* +2y* — (12+ 7y%) € — 3€'] | (4.106)

2.2 (1 2 2
kg:24(y€( +Y €>—2(1—53,2—62)pg,>, (4.107)
Y25
kp=—24[(1-5y") (1—9°) —2(1—¢*) € +¢'], (4.108)
kb = ALip(2=2=) — 4Lip(25) — Lig(@_) + Lis(@.) + 81n(@,)Y,
P+wy P+ B
— [Lix(w_) + Liz(wy) — 2In(y*) — 41In(wy) + 81n(2p3)] Y,y (4.109)
_ 2p
kb = 2v, (LiQ(w+) — Lip(w_) — ALiy(222) — 41n(@. )Y, + 41n ( )y —|—21n(p+)Y)
P+ D+
. D-w— . D
+4(L1 ——) — Li(= Li + Li 1)
3(p+w+) 3(p+) 3(w+) 3(1)
+4 (L12(p_ ) Lig(?—_)) Y,. (4.110)
P+w P+

For m; = 0 the total integrated rates simplify to

dar® s
= FFQ’/Tm—WCF(—&—

1
I — 2 A B P CP . '
d cosOpdg Ty (M + M7 Pcosfp + M Psinf cos ¢)

277)6y 4dm
(4.111)
The total unpolarized rate M is identical to the one in system la given in (3.244). For
the total polar rate one obtains’
2

Tﬁ (1+6y>+9y" —4y°)

+4y? [4— (19+7°) y* = 2y"] In(y?)

MP = lim MP = (1-¢?) (15-37y*+2y") —

mp—0

74.112 agrees with 7, (y) of Eq.(62) in [28]. Note that our variable y? correspond to y of [28].
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-2 (1-9%) (1+199° +4y") In(1 —¢*)

+8 (1 —3%) (2—-13y* —y*) In(y®) In(1 — y?)

+4 [5—42¢y* + 45y* + 4y° + 18y* In(y*)] Lis(y?)

+240y* [Lis(1) — Lis(y)] - (4.112)

Numerically the total unpolarized rate in m; = 0 limit increases by 1.4% relative to the
my # 0 case while the polar total rate for m, = 0 decreases by 2.7% relative to the
corresponding my, # 0 result. If we scale these changes w.r.t. the unpolarized LO rate
they are around 1%o and 0.2%0 respectively. Therefore m; = 0 limit is a very good
approximation.

The azimuthal contribution will be calculated in the next section.

4.5 Azimuthal correlation at O(«y)
The differential rate for the O(a;) azimuthal contribution can be read off from (4.86):

aS
2T

art?
L T2 O

drydz Ty )6y” (MUC (2,)3(2) + MY (20, z)) , (4.113)

where the virtual one-loop contribution MY (z) is given in (4.26), and the real emission
contribution will be given in (4.115). As explained in section 3.6 the phase space inte-
gration for the real emission contribution to the azimuthal correlation has a complicated
structure that can not be integrated in closed form. Therefore we can not obtain a closed
form expression for the neutrino spectrum in system 3a. Of course, a numerical integra-
tion is possible and we obtain the plot for the azimuthal neutrino spectrum as shown in
Fig. 4.2.

% -0. 005
@)
-0.01

OIS
~
-]

dx,,

-0. 015
-0.02

-0.025

0.2 0.4 0.6 0.8 1

2E,

€T, =
v me

Figure 4.2: The QCD NLO corrections to the azimuthal differential rate w.r.t. the neutrino energy
(neutrino spectrum).

However the closed form integrated azimuthal rate can be obtained by changing the
order of integration in the phase space integration of the real emission, i.e. performing
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the z—integration first and then the z-integration according to®

(1-y)*  wy
dz / dx, . (4.114)
(e+A)2 w—

The real emission contribution for the azimuthal rate is IR-divergent. The real emis-
sion hadron tensor is split into a IR—convergent and a IR-divergent piece in (4.32). This
leads to the total azimuthal contribution involving integrations of the form

/dz/dm,, M€ (x,,2) = /dz/dxy (Mfcom(:py,z)+Mgdw(xy,z)>, (4.115)

as can be seen from (4.80).

Let us begin with the IR—convergent piece. We obtain Mfcom(xl,, z) from the two-
body phase space integration Rs(P;py, k) of the IR—convergent part of the lepton—hadron
contraction in (4.36). To prepare for the x,~integration MC,  (zr,,z) is written as a

r,conv
polynomial of x,:

2
yo 1. )
Mfcom(%’wZ) ==V (1—2,) (z, — y?) — z9%2 {22)\3 —nt 2372 + S2)\373
2 2
y° 1 I Ty, L—y*+2z+ VA
+2 WEQ4+W]5+WJG}IH<1—3/Q+Z—\/X (4.116)

where A = \(1, %2, z). The coefficients j; are given by

g1 = —2(1 — 6% + 15y — 20y° + 15¢y° — 6y'° + y'? — 352 + 124922 — 146y 2 (4.117)
+ 44952 + 29982 — 16y'%2 + 9222 — 80?22 — 58y* 2% — 12y52% + 58y82% — 11623
— 96y%2% — 80y*2® — 92y°2° + 952% 4+ 110y%2* + T3yt 2" — 412° — 28y%2° + 42°)
+ (1 — 6y? + 15y* — 209° + 159° — 69" + y'? — 102 + 32y%2 — 28y* 2 — 8y52
+ 2282 — 8y'%2 — 2322 4 32y 22 4 22y1 22 — 48y°2% + 17y82% + 522° — 244223
+ 44yt — 823 — 52t — 2972 — 13yt — 102° + 16y°2° — 520)é
— (1 — 4y +6y* — 49° +9° — 112 + 16¢°2 — 4952 — y®2 — 827 4 58y52?
— 11623 — 40y%2% — 80y?2% — 58y*2? — 12y°22 — 209" 2% + 4y52% + 4423
+ 4822 — 6yt2® — 2521 + 49?2t — 20)e?,

Jo = 2(1 — 69 + 15y* — 209 + 15¢® — 69" + y'? — 262 + 67y*z — 8y*~ (4.118)
— 118y%2 + 12292 — 37y'%% 4 8422 — 90y>2% + 469 2> — 158y°2% + 118y82% — 11423
— 82223 — T0y" 23 — 1509523 + 832" 4 148y%2" + 97y 2" — 362° — 37y%2° + 82°)
— (1 — 6y* + 15y* — 20y° + 15y° — 6y™° + ¢'? — 92 + 249*2 — 6y*z — 36y°2
+ 3982 — 12y1°2 — 62% — 5692 2% + 128y" 2% — 64y°2% — 29%2% + 5823
—129%2% — 14923 + 64952 — 632* + 30y22* — Thy*2* + 152° 4 20y°2° + 425)¢?

8wy = 2(1+y? — 2+ \/A(1,4%,2)) as defined in (3.6).
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+ (1 —3y* + 2y + 2% — 39 + 9" — 102 + 2522 + 18y*z — 2%
— 8y 4+ 1227 — Tdy?2% — 729122 + 6522 + 142° + 1063223
+ 20y 2% — 292* — 31y%2" + 1225t

g = 22%(6 — 24y® + 36y — 2495 + 6y° — 62 + 5y’z + 8ytz — Tylz (4.119)
— 627 +26y° 2% — 4yt 2% 4+ 62° + 5y?27) — 2(3 — 12y% + 18y* — 12¢° + 3¢° + 302
— 34y?z — 22y 2 + 2652 — 602% + 80y?2* — 52yt + 182° + 14y%2% + 921)é?
— (1 — 49 + 6y* — 495 + 9% — 102 + 12y%2 + 6y*2 — 852
— 60y%2% — 4y*e? +262° + 28y22% — 1724t

ju = —6 + 28y% — 50y* + 40y° — 10y® — 4y 4+ 2¢y'% + 72 + %2 — 34y*z (4.120)
+26%2 + 1182 — 11902 + 322 — 18y%2% — 10y* 2 4 25y°2% — 102° — 20y°2°
— 26y12% — 30y°23 4+ 142 + 28y%2% + 209121 — 925 — Ty?25 + 28
(13 — 29y% + 10y* + 149° — 79® — 4" — 92 + 1092 — 24y 2 + 18y°2 + 5y82
— 1622 + 2y%2% — 12y 2% — 109922 + 82% — 222% + 10y* 2 + 321 — 5y?2* + 25)62
—6(2—y4—y6—3z+y2z+3y4z—3y222+z3) et
g5 = 4 — 14y + 10y* 4 205 — 40y® + 26y*° — 6y'2 — Tz + 15y%2 — 31y*z (4.121)
+ 73y%2 — T8y°2 + 28y 2 — 522 + 20y%2% — 15y* 2 + 54yS2% — 54y 4 1923
+ Ty?2% + 30y 2% + 561523 — 1724 — 409221 — 34yt + 825 4+ 124225 — 22°
—3(3 —y* — 13y* + 15y° — 2% — 29" — 62 + 13y%2 — 12¢*2 — 3952 + 82
— 9y 2% 4+ 9yt — 1290927 + 62° — %27 + 8yt — 32 — 2%2t)é?
+ (74 23y% — 9y* — 1995 — 2% — 192 — 149%2 + 37y 2 + 8y°2
+ 1527 — 179227 — 12y%2% — 2% + 8y?2% — 22%) €,
jo = —2 + 10y* — 20y* + 20y° — 10¢® + 2¢y'° — 42 + 17y%2 — 27y 2 + 19y°2 (4.122)
— 5y 4+ 1227 — 239227 + 8yt 2% 4 39027 — 42 — 159223 + ¢t — 221 — %2t
+ (10 — 25y% 4 15y* + 5y° — 59® — 72 + 28y*z — 35y
+ 14982 — 1522 + 199222 — 129%2% + 1123 + 29%2° + 24)é?
—3(3+43y° =5y — ¥ — b+ 4y’ +3ytz + 27 — 3y + %) €.
The z,—integration is done with the help of the basic integrals X,, given in Appendix D.6.
Thus we obtain

w4 (2)

d'rl’ ng’conv(xw Z) -

B 15my? [(1 +y)° — 62]2 31y [(1 —y) - 62}2

A 4[(14y)? —2]° 64 [(1—y)* — 2]
=+ 7{—2 (20 — 127 — 62) — Yz
N 2 [(1+y)° — & w Y Vg

16 (1+y)* [(1+9)* - 2]° Ty [
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mye (1 —y)? TY v
ye” ( 23/) s + Y Uy .
16 (1 +y)” 22 16(1+y) 2
1502 (1+y) [(1+y)? — &)
8[(14y)" — 2]
2
3(1—y) [(1—y)* — €] 3y vs
+ S Tyt 3
128 [(1 —y)” — 2] 16 [(1+y)" — 2]
+ = + v7
198 [(1+9)° —2]° 256y [(1+y)° - 2]
Ug
" , 4.123
256y [(1 — y)* — z] } ( )
with the coefficients v; given by
v = 27 4 60y + 110y* + 148y® + 71y* — (27 + 30y + 23y°) €7, (4.124)
vy = (1+y)* (51 — 12y — 438y> + 180y° — 85y*)
—2(1+y)* (51 + 96y — 30y — 16y® — 37y*) ¢
+ (51 + 204y + 202y + 108y° + 11y") €, (4.125)
vs=2(1—y) (1+y)?(1+3y) — (1 +4y +?) €, (4.126)
vy =—21-9)*1+y)" 1 +3y) — (1 —y) (1 +y)° (T+2ly +° + 11y°) €
+ (5 + 20y + 4y® — 4y° — 5y*) €*, (4.127)
vs=(1+y)° (2+y+11y%) —2(L+y) (2+ 3y + Ty*) € + (2 + 3y) €, (4.128)
ve = (1 +y) (63 — 36y — 358y + 172y — 65¢*)
—2(63+ 21y + 5y° — 25¢°) € + 3 (21 + 5y) €', (4.129)
v = 33 — 26y — 374y — 60y — 419y* + 144/°
—2(33 — 18y +23y* + 2y°) € + (33 — 10y) €*, (4.130)
vs = —(1—y)? (33 + 40y + 57y + 149°)
+2(33— 18y — 9y” +2¢°) € — (33 — 10y) €. (4.131)
Performing the z—integration similar to that of (3.257) we have
Mfcmw = —%{cl <Lig (py) + Lis (p) + 2Lis (y) — QYw}_fp +Iny?ln e)
_ 1—
+C2]§3§/p + c3 In c Y +C4} ; (4132)
with the coeflicients
L= y<2 — 11y% 4+ 16> — 3y* — (3 — 2y2) e + e4> , (4.133)
16 (2 — 3y) (1 2
o =2 (8—3y—8y2—y3— (8 — 5y) e — 18 y)Q( )y ) , (4.134)

(1+y)” —e
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c3 =—(1—1y) (84 3y — 45y” + 49y® — Ty*)
+(1—y) (16 —y—y*) e —2(4=3y)e, (4.135)
1

cy = §y< — 18 — 272 4+ 15y + 69y* + 117%y* — 111y° — 1672%y3
+45y* 4 37%y* + (45 + 37° — 33y — 18y” — 2m°y?) €2 — (27 + 7°) e4> . (4.136)

Let us now turn to the IR-divergent part. We know from (4.74) that the IR-divergent
azimuthal contribution is:

/dz/da:,, Mgdiv(x,,,z) :mf/dz/d:cl, dRs(P;py, k) ]T/[/Oc(x,,,z)ASGF, (4.137)

where
2

]/\Z?(xu,z) =2y (1— i_) Vi, (I —z, + 92— 2) — 2. (4.138)

The z,~integration is done with the help of the basic integrals &,, given in D.6. Since
(z — )| M|%5p is IR—convergent, we write the result as a polynomial of (z — €?):

w4 (2) wi(2) )
/ dx, ME(z,,2) = / dz, 2y (1—%) Va, (1 -z, +y% —2) — ¢
w_(z) w—(2) ’
2y (Xo - QQX—l)
= MS +a1(z—€) +as(z — )?, (4.139)

where M{ is the LO azimuthal part given in (4.17), and

1 1
a; = —éﬂy(l —y? =), az = TY. (4.140)
Substituting back into (4.137)
(1-y)? w(z)
m? / dzdRy(P; py, k) Ascr / dzx, ]\%C(xy, z)
(e+)2 w’(2)

(1-y)?
=t [ dedRa(Pip B[V + (e = )+ anle - ] A
(e+A)?
(1-y)?
= Mg m; / dzdRy(P; py, k) Ascr
(e+A)2
(1-y)?
+m / dzdRy(P;py, k) |a1(z — €) + as(z — €2)* | Asar - (4.141)

€
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The integration in the last line is IR—convergent. For the IR-divergent integral, similar
0 (2.176)°, we obtain

mf/dz dRy(P; py, k) Asar = 27 [R(—1,0) — 25(0,0)]

+7S(A),  (4.142)

where 3(A) is given in (2.202) with y = my /m,. The IR-convergent integrals are

(1-y)?

)

mf/dz(z — ) dRy(P; py, k) Asar = 47 [R(0,0) — (1 — y*) S(0,0) — S(1,0)]

€2

mf/dz (z — )?dRy(P; py, k) Aggr = —4T [62 R(0,0) — R(1,0) — (1 — y*) €25(0,0)

(1-y)?

+(1—y =€) 8(1,0) + 82, 0)] . (4.143)
Substituting all these integrals into (4.137) we have
/ o / A, MGy (2, 2) = M S(A) + NC, ., (4.144)

where

Mrccom = ko [Liz(@) + Lig(w_) — QLiQ(?J)} + k1 In(1 — y) + ko p3Y, + k3 In(e) + ka,

(4.145)
with the coefficients

k():%ﬂ'y (1-8y*+3y*—e'—2¢° (1+6)), (4.146)
ki = %Wy (14+16y° —y' =62 +2¢* —2y* (8—3¢%)) , (4.147)
ky=my (1+5y°+3€%), (4.148)
ky = —%ﬂy (1416y° —y* =6 +2¢ =2y (8 —3¢€)) , (4.149)

kg = —%Wy [11 £ 7647 — 33yt — 282 4 17
—297 (21-8¢) 12y (1269 |. (4.150)

Inserting (4.132) and (4.144) into (4.115) gives the total NLO real emission contribution:
/dZ / de mV’ MrCcmw + Mrcconv + M(? ZA](A) ? (4151)

where M§, M MC,_  and $(A) are given in (4.17), (4.132), (4.145) and (2.202).

T,C0Nv? ,conv

9The basic integrals R(m,n) and S(m,n) here are defined in (3.154). They are different from those
of (2.176), where the basic integrals defined in (2.160) are used.
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The virtual one-loop azimuthal contribution to the differential rate is given in (4.26).
Performing the x,—integration with the help of the basic integrals X,, we obtain

MUC = /dxl,MvC(:C,,)

= Mv,div/dxuM()C(xy) "‘/deMEconv(‘rV) (4152)
= MU,diUMUC + Mgconv ’
where
1—y)P?—¢
Mvccom; - /deMchonv(‘rV> - _ﬂ-ux
’ ’ 32y

X {2(3 +6y — 12" +2y° +y* —2 (34 3y + 2¢°) € + 3€4> In(e)
+ [(1 — y)2 (3 + 12y + 6y — 4y® — y4)

Y,
— (9+ 12y — 2y° + 20y° + 9y*) € + (94 6y + 13y°) ' — 366] —p} . (4.153)
D3
The terms M, 4, and M§ are given in (3.130) and (4.17).
The total O(as) corrections are the sum of the virtual and real emission corrections.

Collecting the virtual one-loop and the real emission contributions and substituting them
into (4.113) we obtain

M = Te2re, (<20 / iz / oy { MC(2,)8(2) + ME (3, 2) } (4.154)
FW 2
= FF QW?W CF <_§{_8> 6y2{MOCM'Uudi'U + Mchom) + Mrcconv + Mccmw + MOCE<A)} :
W ﬂ- b K

As before we first sum up and simplify the IR-divergent part of the virtual and real
emission terms M§ M, 4, and M (A). Similar to (4.88) we write

. . 1 252\ V.
ME My + MES(A) = M@0 + ME 24 = (1= 2% = ) In(e) - <4p0 - %) =
) Y p3
(4.155)
where
= 2po . 11—y ) 1—y ) _ . _ o
$y = — |2Lip(1 — —=F) + 2Liy(1 — —) + Lis(1 —w_) — Lis(1 — wy) — 41IneY,
p3 P+ P+
poY,
+4ln ((1-y)2— &) (1—])0_ ”) — 4In(1 - y). (4.156)
p3

Inserting (4.155) back into (4.154) and also substituting the IR-convergent terms we
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obtain
F FFQTI' CF< &8>6y2{MOCCi)0+
2
+ do [2 In(y) In(€) + 2Lia(y) + Lia(p) + Lia(p-) — 27, Vo |
+d, [Li2(w+) + Lig(w_) — 2 LiQ(y)] +dy In(1 — y)
Y,
+ds In(e) +dy =2 + d5} , (4.157)
Y25
where the coefficients d; are given by
1
dy = —gwy(Q — 11y* — 3y* + 16y® — 3¢* + 3% + %), (4.158)
1
dy = STy (1—8y*+3y" — ' —2y° (1+¢€%)), (4.159)
1
dy = 5 [8 A8y + T2yt + Ty — 18y — 21y°
— (16 + 23y — 395%) 2 + (8 + 10y) 64} , (4.160)
1 5
dy = ﬁwﬁ —9y? — 9yt + 1745 — 16y + 964° — 80y
y
— (3 48y% + 4by" — 32y + 32%) & + (3 — 2Ty? — 16y) €' — 66] , (4.161)
dy = o5 (1 —y)* =€) [(1 +y)? (1 - 8y* — 17y" — 16y + 80y°)
y
— (3= 54y — 33y* — 28y) 2 + (3— 15y° — 14y) €' — eﬂ , (4.162)
1
ds = 2—47@/[ 3(1—6y> —5y) (1 —y)* + 7 (2 — 11y° — 3y* + 16y°)
+ (15 — 372 — 6y + 272%% — 39y) € — (12 — 72) 64]. (4.163)
Finally for the integrated azimuthal rate in the m;, = 0 limit we have
PO = rpordw e ( a5> §7Ty[7r—2y2 (10 — 43y + 16y — 3y*)
¢ Ty 21/ 8 713
—2(1 = y)*y* (1 - 5y — 6°)
+ (1 — 16y — 9y* + 96y° — 9y* — 80y” + 17y°) In(1 + y)
+ (1 + 5y — 45y" + 64y° — 25y°) In(1 — y)
—4y® (24 5y* — 48y® + 21y") Lix(y)
+22 (6 — 1952 — 16y° + 9y*) Lig(y2)} . (4.164)
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We checked numerically that the total azimuthal rate for my, increases by 1.6% relative to
the my, # 0 case. If we scale this change w.r.t. the unpolarized LO rate it is around 1%o.
Therefore taking m;, = 0 is a very good approximation.

4.6 Summary

The differential decay rate at O(a;) is the sum of the LO and QCD NLO contributions:

dr B
dx, dcosfp do n
1| (ar® ar ar®?  qri) ar®? qarl
= P ¢ ¢ | Psi .
i [( dr, + dr, + dr. + . cosfp + . + i, sin fp cos ¢

(4.165)

Since setting my = 0 is a good approximation we give the numerical results in this limit.
The differential unpolarized, polar and azimuthal rates (for m;, = 0) are shown in Fig. 4.3,
Fig. 4.4 and Fig. 4.5 respectively.

0. 25¢
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dz,
o
H
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v me

Figure 4.3: The unpolarized differential rate w.r.t. the neutrino energy (neutrino spectrum) in
system 3a. The solid line is the LO spectrum and the dashed line is the spectrum with QCD NLO
corrections.

The total integrated rate can be written as

dr 1 0 L 0 1 0 1 )
Tondodd 1 [( (A) —|-FE4)) + (F%) +F55)) Pcosfp + <F(C) —i—F(C)) PSII]QPCOSgb] .
(4.166)

As in the case of system 1la, to highlight the change of the LO result by the QCD NLO
correction, we write the total rate in the following form

F(l) 1‘\(0) F(l) F(O) F(l)
1+ (%) + g]) + g) Pcosfp+ % + % Psinfpcoso]| .

(4.167)

a1y
dcosOpdp  4m




4.6. Summary 135
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Figure 4.4: The polarized differential rate w.r.t. the neutrino energy (neutrino spectrum) in system
3a. QCD NLO corrections can not be discerned at the scale of this plot.
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Figure 4.5: The azimuthal differential rate w.r.t. the neutrino energy (neutrino spectrum) in system
3a. The solid line is the LO spectrum and the dashed line is the spectrum with QCD NLO corrections.

Taking numerical values |Vi| = 0.999, m; = 175 GeV, and neglecting the b—quark mass
we obtain

dar 0 1
— -1V
dcosfp do 4

x [(1 —8.54%) + (—0.318 + 1.03%) P cos fp + (0.919 — 8.65%) P sin fp cos ¢>] .

X

(4.168)

The NLO correction for the unpolarized rate equals to the one in system la (see 3.278) as it
should since the unpolarized rate is the same for the different helicity frames. Calculation
of the unpolarized rates in two different frames provides for a non—trivial check of each
other. It is interesting to note that the NLO polar correction only increases by around
1%. This is much smaller than the change in the unpolarized and polar rates by the NLO
corrections.
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In terms of the analyzing powers (asymmetry parameters) defined in (3.279) we write
the total rate as

1 T 1
— — |1 -33.63% P cosOp + 91.03% Psin ]
'Y 4 1) deosfp do 47?[ % P cosOp + % Psinfp cos ¢

(4.169)

The LO and O(as) analyzing powers are shown in Table 4.169. The change in the
analyzing powers by the NLO corrections are very small.

polar analyzing power | azimuthal analyzing power
LO -0.3180 0.9189
NLO -0.3363 0.9103

Table 4.1: The LO and QCD NLO analyzing powers in system 3a.

The positivity of the total rate can be shown by writing the total rate as
dTr F(O) F(l)
— A 1 + —A
dcosOpdp  4m Fg))

1 2 >
+ WP\/@}?) + FQ) + cos? ¢ <F(C9> + P8)> sin (0p + 5)] . (4.170)
A

with " 0
tand = Ly +15 —
(Fg)) + F(Cl)) cos ¢

The total rate takes minimum value for cos ¢ = £1, sin(d + 0p) = —1 and P = 1:

FS) 1 0) , p@) 2 @ %
1+W _W 1—‘B + B + C +FC

r r

A A

= (1-854%) — \/(—0.318 +1.03%)% + (0.919 — 8.65%)?
=2.7%. (4.172)

<0<

(4.171)

ol
o

This shows that the total rate is positive definite over the whole angular domain.

Finally, we give a summary of this chapter.

We have calculated the O(as) corrections to the angular correlations in polarized top
quark decay in the helicity system 3a, where the neutrino momentum is along the z—
axis and the event plane lies in the (z,z)-plane. At LO the azimuthal correlation does
not vanish in system 3a, unlike the case in system la, where the LO unpolarized and
polar rates are equal to each other and the azimuthal rate vanishes. We present closed
form expressions for differential (w.r.t. neutrino energy) and integrated rates for the
unpolarized and polar correlations. They agree with existing results. Our results for
the azimuthal rates are new. The O(qy) corrections to the differential azimuthal rate are
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obtained numerically. The O(«q;) corrections to the integrated azimuthal rate are obtained
in closed form. The O(q;) corrections reduce both the total unpolarized and azimuthal
rates by around 9% relative to the LO rates while the polar rate increase by 1%. With
QCD NLO corrections the magnitude of the polar analyzing power increases by around
6% relative to the LO value whereas the azimuthal analyzing power decreases by roughly

1%.
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Chapter 5

Helicity Analysis of Semileptonic
Hyperon Decays Including Lepton
Mass Effects

5.1 Introduction

In this chapter we present the results for the full angular decay distribution in the semilep-
tonic decay of a polarized hyperon: Z%(7) — ¥ (— p7a°®) + ¢~ + 1. Contrary to the top
decays discussed in the previous chapters this hyperon decay is analyzed in cascade fash-
ion, i.e. we analyze the decay in three different rest frames in the cascade decay process:

(i) 2% = 3T + W . in the E%-rest frame,

(i) X7 — p+ 7% in the X" -rest frame,

(ill) Wog_uen — ¢~ + ¢ in the W -Test frame.

Semileptonic hyperon decays have traditionally been analyzed in the rest frame of the
decaying parent hyperon using fully covariant methods based on either four-component
Dirac spinor methods [62-65] or on two-component Pauli spinor methods [66-68]. In
this chapter we employ helicity methods to analyze semileptonic hyperon decays. In the
muonic mode it is quite important to incorporate lepton mass effects in the analysis since
e.g. in the decay Z° — X T + ¢~ + 7, the mass difference between the parent and daughter
hyperon Mzo— My+ = (1314.83—1189.37) MeV = 125.46 MeV is comparable to the muon
mass m,, = 105.658 MeV.

Cascade—type analysis have been quite popular some time ago in the strong interaction
sector when analyzing the decay chains of the strong interaction baryonic and mesonic
resonances (see e.g. [69-72]). In the weak interaction sector cascade-type analysis were
applied before to nonleptonic decays [73-80], to semileptonic decays of heavy mesons and
baryons [74, 76, 77, 81-88], and to rare decays of heavy mesons [88, 89] and heavy baryons
[90]. A new feature appears in semileptonic decays compared to nonleptonic decays when
one includes lepton mass effects. In this case one has new interference contributions
coming from the time-components of the vector and axial vector currents interfering with
the usual three-vector components of the currents (see e.g. [76, 82]).

Although we frequently refer to the specific semileptonic cascade decay = — LT (—
p+ 7))+ Wi qa(— ¢ + 1) the spin—kinematical analysis presented in this thesis is
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quite general and can be equally well applied to the semileptonic decays of heavy charm
and bottom baryons, and for that matter, also to the semileptonic decay of the top quark.
In order to facilitate such further applications we have always included the necessary
sign changes when going from the (¢, ;) case to the (£T,1,) case as occurs e.g. in the
semileptonic hyperon decay " — A + e® + 1., in semileptonic ¢ — s charm baryon
decays or in semileptonic top quark decays [92-95]. When sign changes are indicated
the upper sign will always refer to the (¢~,7;) case, which is the main concern of this
thesis, whereas the lower sign will refer to the (£*,1;) case. We also mention that we
have always assumed that the amplitudes are relatively real and have therefore dropped
azimuthal correlation contributions coming from the imaginary parts. Put in a different
language this means that we have not considered T—odd contributions in our angular
analysis which could result from final state interaction effects or from truly C'P-violating
effects. By keeping the imaginary parts in the azimuthal correlation terms one can easily
write down the relevant T—odd contributions if needed by using the formulas of this thesis.
This is discussed for a specific example in Appendix E.1.

This chapter is structured as follows. In section 5.2 we introduce the helicity ampli-
tudes and relate them to a standard set of invariant form factors. In order to estimate
the size of the helicity amplitudes for the Z° — YT current-induced trasition we pro-
vide some simple estimates for the invariant form factors and their ¢>-dependence which
we shall refer to as the minimal form factor model. We also recount how the two-body
decay of a polarized particle is treated in the helicity formalism. This two-body decay
enters as a basic building block in our quasi-factorized master formulae in the main text
which describe the various cascade—type angular decay distributions presented in this
paper. In section 5.3 we derive the unpolarized decay rate written in terms of bilinear
forms of the helicity amplitudes. Section 5.4 is devoted to the discussion of the rate ratio
I'(e)/T'(1) in semileptonic hyperon decays. In section 5.5 we discuss single spin polariza-
tion effects including spin—-momentum correlation effects between the polarization of the
parent baryon and the momenta of the decay products. Section 5.6 treats momentum-
momentum correlations between the momenta of the decay products in the cascade decay
EY = Y (= p+7°) + Wi qu(— ¢ + ) for an unpolarized =°. Section 5.7 contains
our summary and our conclusions.

We collected some technical notes in Appendix E. In Appendix E.1 we go through a
specific example and identify a specific T—odd term for the joint angular decay distribution
written down in section 5.6. The example is easily generalized to other cases. In Appendix
E.2 we list the full five-fold angular decay distribution for the cascade decay =° — X7 (—
p+7")+Ws q(— 7 +1) for a polarized parent hyperon Z°. The full five-fold angular
decay distribution reduces to the other decay distributions presented in this chapter after
integration or after setting the relevant parameters to zero.

5.2 The helicity amplitudes

The momenta and masses in the semileptonic hyperon decays are denoted by By (py, M7) —
Bs(p2, Ms) + £(pe, me) + ve(py, 0). For the hadronic transitions described by the helicity
amplitudes it is not necessary to distinguish between the cases (¢~, ) and (¢*, ;). The
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matrix elements of the vector and axial vector currents J/Y A between the spin 1/2 states
are written as

FV 2 FV 2
MY =< Bl 1B = walpn) [P (@t T Do+ g i) . 6

M,y M,y
FA 2 FA 2
M =< Bal 1By o= (o) [+ o+ g o) 52

where ¢ = p; — py is the four-momentum transfer. As in [65] we take

1 01
Oy = 5(7#71/ - 71/7#)7 V5 = — ( 10 ) . (53)

The other v matrices are defined as in Bjorken-Drell (see Appendix A.1).

Next we express the vector and axial vector helicity amplitudes H;/Z";‘W (Ao = £1/2,
Aw = t,£1,0; A\; = \a—Aw) in terms of the invariant form factors, where the Ay = ¢, +1,0
are the helicity components of the Wg_gnen. Since we take into account lepton mass effects
the time—component ”t” of the four-currents JX 4 needs to be retained. Concerning the
transformation properties of the four components of the currents one notes that, in the
rest frame of the Wyg_gnen (¢ = 0), the three space—components A\ = +1,0 transform
as J = 1 whereas the time-component transforms as J = 0. We employ a short—hand
notation such that we always write Ay = ¢, £1,0 for A\yy = 0(J = 0),+£1(J = 1),0(J = 1).
Whenever we write Ay = ¢ this has to be understood as Ay = 0(J = 0).

One then needs to calculate the expressions

H;/;fw = M2 (N)e" (Aw) - (5.4)

We do not explicitly annote the helicity of the parent hyperon A; in the helicity amplitudes
since \; is fixed by the relation A\; = Ay — A\yy. It is very important to detail the phase
conventions when evaluating the expression (5.4). This is because the angular decay
distributions to be discussed later on contain interference contributions between different
helicity amplitudes which depend on the relative signs of the helicity amplitudes. We shall
work in the rest frame of the parent baryon B; with the daughter baryon B, moving in
the positive z—direction. The baryon spinors are then given by [96]

_ F|p:
Uz(i%>p2) = Ey + My (Xit, ﬁ)&t) ) (5.5)
Ul(i%7p1) = 2M, ( Xoi ) )

where y, = ( (1) > and y_ = ( (1) ) are the usual Pauli two-spinors. For the four

polarization four-vectors of the currents we have [96]

e't) = \/1?(610;0,0,—19), (5.6)
(1) = %(O;il,—i,o),
#(0) = —— (50,0, —q0)

<
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where the bar over the polarization four-vectors reminds one that the m quantum numbers
of the currents are quantized along the negativ z—direction. They are obtained from the
polarization four-vectors quantized along the positive z—axis by a 180° rotation around
the y—axis. Using the spinors (5.5) and the polarization vectors (5.6) one obtains (A; =
Ay — A\w)

_ V@ ((M1 — My)FY + q2/M1F3V) , (5.7)

q

=
99

=
=<
Il

20 ( — FYV — (M + M2)/M1F2V) ,

Hy, = \/%((M1+M2)F¥+q2/M1F2V),
H?t = \/g ( — (M + My)F{* + QQ/MlFéq) ; (5.8)

Ay
i
Il

2Q+(a%—mL—A@vMﬂ?),

5

o = (%M—%WwWM@)

ol
o
§
[\

We use the abbreviation
Qi = (Ml :i: M2)2 — q2 (59)

From parity or from an explicit calculation one has

14 _ 14
kazﬁ - H>\27

Aw

A _ A
H—)\zr - _H>\27

Aw

(5.10)

In order to get a feeling about the size of the helicity amplitudes we make a simple
minimal ansatz for the invariant amplitudes at zero momentum transfer using SU(3)
symmetry. The analysis is greatly simplified by the fact that the C.G. coefficients for the
(n — p)-transition are the same as those for the (2° — X*)-transition. One thus has
FV(0) = 1 and F{4(0) = 1.267. For the magnetic form factor F) (0) we take F) (0) =
Mzo(pp + pin)/(2M,) = 2.6 as in [65]. The second class current contributions are set
to zero, i.e. we take FY (0) = F3*(0) = 0. Note that a first class quark current can in
principle populate the second class form factors Fy and Fj'. For example, in the covariant
spectator quark model calculation of [99, 100] one finds £} (0) = (M; — Ms)/(6M>) and
F4(0) = 0. However, since these contributions would have to be proportional to the mass
difference M; — M, we set them to zero for consistency reasons. For Fj'(0) we use the
Goldberger-Treiman relation F3'(0) = Mzo(Mzo + Ms+)F(0)/(mg-)? = 17.1 (see e.g.
[97]).

For the ¢?>~dependence of the invariant form factors we take a Veneziano-type ansatz
which has given a good description of the ¢?>~dependence of the electromagnetic form
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Figure 5.1: ¢*>~dependence of the six mdependent helicity amplitudes S(V,A) =
VEHYA T(V,A) = \/q HVA and L(V, A) \/_H 4 multiplied by /2 for the e-mode

1t7

(full range) and for the u—mode (to the right of the vertlcal line ¢% = mi)

factors of the neutron and proton [101]. We write

ng

1 S 1
FiV,A(qQ) _ FiV,A(O) H - ~ E-V’A(O) (1 +¢° Z W) . (5.11)
n=0 ’

— - 2 7—1
n=0 mV’A+na

For FY(¢*) and F} (¢?) we use my = mg«(s92) = 0.892GeV which is the lowest lying
strange vector meson with J¥ = 1~ quantum numbers. Correspondingly we use m, =
Mice(1.270) = 1.273GeV (J¥ = 17) for F{*(¢?) and my = my = 0.494GeV (JX = 07) for
F{(¢%), respectively. The slope of the Regge trajectory is taken as o’ = 0.9 GeV~2 The
number of poles in (5.11) is determined by the large ¢*> power counting laws. One thus
has ng; = 1 and ng = 2. For the slopes of the form factors we thus have 1.781, 0.983 and
5.241 GeV~2 for FIV 5, F{* and F{, respectively. The ¢?>-dependence of the form factors
introduces only small effects since the range of ¢? is so small for the Z° — X+ transitions.
For the largest ¢>value at zero recoil, the form factors have only increased by 2.8% (Flv 5),
1.5% (F{) and 8.2% (Fy{') from their ¢*> = 0 values.

Based on these estimates for the invariant form factors we show in Fig.5.1 a plot of the
¢*>~dependence of the six helicity amplitudes. For easier comparability we have plotted
the quantities \/qﬁH;/Q’fW. Close to the lower boundary ¢*> = m? the longitudinal and
scalar helicity amplitudes dominate, with H V ~ H V and H A ~ H A . Close to the upper

boundary at the zero recoil point ¢? (M1 M2) Wthh is relevant for the p—mode, the
orbital S—wave contributions H V and H —\/_ H ) are the dominant amplitudes.

We emphasize that our ansatz for the form factors is only meant to implement the
gross features of the dynamics of the semileptonic hyperon decays Z° — Xt + /= + i
which will eventually be superseded by the results of a careful analysis of the decay data.
We shall nevertheless use the above minimal model for the Z° — ¥+ form factors to
calculate the rate ratio I'(e) /T'(u) (Sec. 5.4), the longitudinal and transverse polarization
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of the lepton (Sec. 5.5) and a mean azimuthal correlation parameter (Sec. 5.6) for this
decay.

The angular decay distributions in the subsequent sections will be written in terms of
the sum of the vector and axial vector helicity amplitudes

Hyonw = Hyn, + Hiba - (5.12)

From an inspection of Fig. 5.1 one can see that for the lower ¢>values the combinations
H_ 19 and the helicity flip H_ 1 are the prominent helicity amplitudes. For the higher

fvalues the helicity amphtudes H 1 R ~—H_ 1 become competitive.

Using the helicity formalism we now derive the two— —body decay of a polarized spin
J particle. Consider the two particle decay a — b + ¢ of a spin J, particle where the
polarization of particle a in the frame (zo,yo, 20) is given by pga y - Consider a second
frame (x,y, z) obtained from (zg,yo,20) by the rotation R(6, ¢, 0)a and whose z—axis is
defined by particle b. The polarization density matrix p in the frame (x,y, z) is obtained
by a “rotation” of the density matrix p° from the frame (x¢, o, 29) to the frame (z,y, 2).
The rate for a — b+ ¢ is then given by the the sum of the decay probabilities |H), ., |?
(with A\, = Ay — A.) weighted by the diagonal terms of the density matrix p of particle a
in the frame (x,y, z). Thus we find

Lapse(8,0) o Z D/\ e ¢)P,\ N, D)« PR N S (5.13)
Xas Ny A A
where '
D) (0,0) =e"d) . (6) . (5.14)
In the conventions of Rose [112], for the Wigner d’/—functions, one has
1 1/2 ~ ( cosB/2 —sinf/2
/= 2" e (0) = < sinf/2  cosf/2 )’ (5.15)
(14 cosb) —% sinf (1 — cosb)

J=1: d}nm,(e) = %sme cos —% sin 6 . (5.16)

(1—cosf) 5sind 5(1+ cosd)

N [—
N[ =

The rows and columns are labeled in the order (1/2,—1/2) and (1,0, —1), respectively.
All the master formulas written down in the subsequent sections can be obtained by a
repeated application of the basic two-body formula Eq.(5.13).

5.3 Unpolarized decay rate
The differential decay rate is given by (see e.g. [82])

ar @
dg?dE, ~ (2m)

IVUSIQSMQL H (5.17)



5.3. Unpolarized decay rate 145

where L, is the usual lepton tensor (gg125 = +1)

2 2

v 14 14 q m 4 - ro
LM = pipl + pypt — Teg“ + it ﬁpl@p,j’g ) (5.18)

The hadron tensor H,, is given by the tensor product of the vector and axial vector matrix
elements defined in Eqs.(5.1) and (5.2), cf.

Hy = (MY + MY, (MY + M (5.19)

Eq.(5.17) shows that L,, H" determines the dynamical weight function in the (¢*, Ey)
Dalitz plot (see e.g. the discussion in [56]). In a Monte Carlo generator one would thus
have to generate events according to the weight L,, H* in the (¢*, E;) Dalitz plot.
The differential ¢°>~distribution can be obtained from (5.17) by F,~integration, where
the limits are given by (see e.g. [82]) E, < E, < E; with
1
Ey = o (qO(cf +mj) £ p(q” - m?))- (5.20)
qo is the energy of the off-shell W—boson in the rest system of the parent baryon B; given
by
qo = (M — M3 +q*)/(2M) (5.21)

and p is the the magnitude of three-momentum of the daughter baryon By (or the off-shell
W-boson) in the same system given by

- V@1+Q- ANME, M3, ¢?)
p— f— f— '22
P =Pl 2M, 2M, ’ (5:22)

where the Kéllan function A(a,b,c) is defined in (2.3). Finally, in order to get the total
rate one has to integrate over ¢ in the integration limits m? < ¢* < (M; — My)%.

On reversing the order of integrations, the differential lepton energy distribution can
be obtained from (5.17) by ¢*-integration. The relevant integration limits can be obtained
from the inverse of (5.20). One obtains (see e.g. [82]) ¢® < ¢* < ¢2 with

1
= 5(6 + Vb2 —ac) , (5.23)

where
= M} +m]—2ME,,
b = ME(M?— M2+ m}—2M,E,) +m2M2
¢ = mi((M = M)+ mM} — (M7 — M})2MEy)
Using

M} — MZ +m?
2M,
Ey(min) := Eyi, = my (5.24)

Ey(max) := FEyax =
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one can simplify (5.23) to write

2M? m2M?
2 = ! Fuax — Eo)| Eo+ 1/ E? — E2. L2 ) 2
qi 2M1 (Emax . E[) + M22 <( Z) ¢ l min + 2M12 (5 5)

Finally, in order to get the total rate, one has to integrate over the lepton energy in the
limits my < Ep < (M? — M3 +m32)/2M,.

As it turns out the two—dimensional integration becomes much simpler if one considers
the two—fold differential rate w.r.t. the variables ¢* and cos @ instead, where 6 is the polar
angle of the lepton in the (¢,1) c.m. system relative to the momentum direction of the
Wog—shen- E¢ and cos 0 are related by (see e.g. [82])

2¢°Ey — qo(¢* + m3)

cosf = 5.26
p(q* — m7) (5:26)
Differentiating Eq.(5.26) one has
dcost 2q°

= 5.27
dE,  p(¢* —mf) (527)

which leads to the differential decay distribution

dr’ G? (¢> —m{)p

= Vis | L HY 5.28
dq?d cos 0 (27r)3| | 16M2q2 " (5:28)

It is clear from comparing Eqgs.(5.17) and (5.28) that, when writing a Monte Carlo pro-
gram, one should not generate events in the (¢?, cos @) Dalitz plot according to the weight
L, H".

The cos @ dependence of L, H* can be easily worked out by following the methods
described in [82] which is based on the completeness relation for the polarization four—
vectors

> @ m)E (m) g = 9" (5.29)

m,m/=t,+,0

The tensor g,,» = diag(+, —, —, —) is the spherical representation of the metric tensor
where the components are ordered in the sequence m, m’ = t, +1,0. One can then rewrite
the contraction of the lepton and hadron tensors L,, H*" as

L H"™ = LY guugu, ' =Y L e (m)en(m') g€ (0)&, (n') g H

m,m’ n,n’

.S (Lu/u/€“,<m)€;/(n)> (Huugz(m’)aj(n/)) G Gt (5.30)

m,m’ n,n’

We shall refer to the second line of (5.30) as the semi-covariant representation of the
angular decay distribution.

One has to remember that Eq.(5.30) refers to the differential rate of the decay of an
unpolarized parent hyperon into a daughter baryon whose spin is not observed. This
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means that one has to take into account the additional conditions \; = \] and Ay = A} in
Eq.(5.30). Angular momentum conservation then implies that not all index pairs m = m/
and n = n' in Eq.(5.30) can be realized. Taking angular momentum conservation into
account one has diagonal contributions m = m/ =n =n’ = ¢, £1,0 as well as nondiagonal
contributions with m = m’ =t and n = n’ = 0 and vice versa.

The point of writing L, H" in the factorized form of Eq.(5.30) is that each of the
two factors in the second line of Eq.(5.30) is Lorentz invariant and can thus be evaluated
in different Lorentz frames. The leptonic part will be evaluated in the (¢,v,) CM frame
(or Wog—snen—rest frame) bringing in the decay angle 6, whereas the hadronic part will be
evaluated in the Z~ rest frame bringing in the helicity amplitudes defined in section 5.2.

Turning to the (¢, v,) CM system the lepton momenta in the (x,y, z)-system read (see
Fig. 5.4)

Py = (Ee;pesind, 0, —pgcost), (5.31)
P = pi(1,—sinb,0,cos0).

The angle 6 is always measured w.r.t. the direction of the lepton ¢, regardless of whether
we are dealing with the (¢, ;) or the (¢*,1y) case. Since the orientation in the (x,y)-
plane need not be specified in the present problem we have chosen the lepton momenta to
lie in the (z, z)—plane. E, and p, are the energy and the magnitude of the three-momentum
of the charged lepton in the (¢, ;) CM system, resp., given by E, = (¢* + m%)/Q\/E2 and
pe = (¢* —m3)/2y/q* The longitudinal and time-component polarization four-vectors
take the form é(0) = (0;0,0,—1) and €“(t) = (1;0,0,0) whereas the transverse parts are
unchanged from (5.6). Using the explicit form of the lepton tensor Eq.(5.18) it is then
not difficult to evaluate (5.30) in terms of the helicity amplitudes Hy,y,, of section 5.2.
One obtains

2 3 3
L, H"™ = §(q2 —mj) §(1 F cos 9)2‘H%1‘2 + g(l + cos 0)2]H7%71]2 (5.32)

3
+ Zsin? 0|y P + [H_yo?)

m% 3 2 2 3 2 2\ . 92
+ 50 L (Hl” +H_ )+ (P [ Hy ) sin® 6

3
+ 5(3052 0(‘H%0|2 + |H_%0|2) — 3COSH(H%tH%O + H—%tH—%O)} ] ,

where the H),), are the sums of the corresponding vector and axial vector helicity am-
plitudes defined in Eq.(5.12). We mention that the helicity flip factor my,/2¢* does not
give rise to a singularity since ¢? > m2.

By explicit verification, or by hindsight, one can show that Eq.(5.30) can be written
very compactly in terms of Wigner’s d’/—functions. One has what we shall refer to as our
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first master formula

, 1 ,
L, HY = S Z (—1)J+J|hlmyzi%\2 (5.33)

Ao Aw ALy, Ae

J J’ *
5)\27)\W7)\27/\§/V d/\Wv)‘l:F% (9)d)\/vv7)\é$% (Q)HA2)\W HA2>‘§/V :

Except for the phase factor (—1)7*" the master formula can in fact be derived by repeated

application of the basic two-body decay formula in (5.13). The Kronecker §-function
O AwAa—N,, I (5.33) expresses the fact that we are dealing with the decay of an unpo-
larized parent hyperon. One has to remember that Ay, = 0 and Ay = ¢ both refer to
the helicity projection 0 (see section 5.2). Therefore there are nondiagonal interference
contributions between J = 1, \yy = 0 and J = 0, \yy = t because they are allowed by the
angular momentum conservation condition Ay — Ay = Ao — A}y, implying Ay = Aj;,. The
interference contributions carry an extra minus sign as can be seen from the phase factor
(=1)7*7" in (5.33). The phase factor (—1)7*”" comes in because of the pseudo-Euclidean
nature of the spherical metric tensor g, defined after (5.29).

The sign change in the first line of Eq.(5.32) going from the (¢7,7;) to the (¢1,1)
case can now be seen to result from the products of the relevant elements of the Wigner’s
d'-functions. For example, for Ay = 1/2, Ay = 1 the nonflip contributions (A, = =\, =
T1/2) are proportional to (dj +;)* = (5(1 F cos))?. There are no corresponding sign
changes in the other lines of Eq.(5.32).

The hy,, are the helicity amplitudes of the final lepton pair in the (¢,7) c.m. system.
For example, for the (¢~,7) case with pj,- along the positive z-axis, they can be worked
out by using Eq.(5.5), the negative energy spinor of the massless antineutrino with helicity
Ay = % given by

wh)=VE( X ), (5.34)
X+
and the SM form of the lepton current (A = Ap- — A\p)

_1)

hy iy 1 =G (FAVM(1 oy d el . 5.35
/\27—:1:%)\;,_% Uy (:FQ),Y ( +’75)U (2) {Eﬂ(t),ﬁu(()) ( )
We shall refer to the upper case \;- = —% as the nonflip transition and to the lower
case \p- = % as the flip transition. Note the unconventional form of the SM lepton

current which is due to the =5 definition in section 5.2. The polarization four—vectors are
given by e*(t) = (1;0,0,0), €*(0) = (0;0,0,1) and e*(£1) = (0; F1, —4,0)/+/2. The flip
contribution is identical for Ay = ¢ and Ay = 0. A similar expression can be written
down for the case (¢, 14) which we shall not work out in explicit form. For the moduli
squared of the helicity amplitudes one finally obtains

nonflip (Aw = +1) : ’h,\zzxé,\yziéﬁ = 8(¢° —mj) (5.36)
2
. m

flip (Aw =t,0) : hy,—gin,—s1l = 2—;;((12 —mj) . (5.37)

In Eq.(5.33) the sum over J,J" runs over 0 and 1 and the index Ay, A}, runs over
the four components ¢, £1,0. As remarked on before one has to remember to include the
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interference contribution from (J = 0; Ay = t) and (J = 1; Ay = 0) giving an extra minus
sign. The matrix d}, ., finally, is Wigner’s d'~function (d2, , = 1 for m,m’ = t) shown in
(5.15).

The form Eq.(5.33) affords a ready physics interpretation. Hj,»,, Hy, e determines
the density matrix of the Wog_gnen (Which happens to be block-diagonal in the present
application). The density matrix is then “rotated” into the direction of the lepton in
the (¢,1) c.m. system with the help of the d'-functions whence the squared helicity
amplitudes |hy,»,|* determine the helicity dependent rates into the lepton pair.

Performing the sum in (5.33) (A, = +1/2; A\ = ¢, £1,0; J =0,1; J = 0,1; Ay = +1/2)
one recalculates Eq.(5.32). Note that the flip contribution proportional to m2/2¢* and
nonflip contributions are clearly separated in Eq.(5.32). This separation facilitates the
determination of the longitudinal polarization of the lepton to be discussed in section 5.5.

The differential rate dI"/dg? is obtained from Eqgs.(5.28) and (5.32) by cos f—integration
which, in a sense, is trivial. One obtains

ar 1 G?

dr (¢* —m})*p
dg? 3 (2m)3

VUSQ
Vil 8M?q?

[|H%1|2+|H—%—1|2+ |H%0|2+ |H—%0|2 (5.38)

2

m
n 2_qg {3<|H%t|2+ |H_%t|2> + [Hyy P+ [ Hoy P+ [Ho* + IH_%OIQ}] :

We conclude this section with a comment on the relative merits of the two equivalent
decay formulas (5.30) and (5.33). In the semi-covariant representation Eq.(5.30) the
origin of the phase factor (—1)7*”" is clearly identified. Also, (5.30) does not depend
on the phase conventions chosen for the polarisation four-vectors since they always enter
in squared form. This is different in the master formula (5.33) and the master formulas
written down in the following sections. They depend on the correct choice of phases for the
polarisation four-vectors and for the matrix elements of Wigner’s d’—functions. Judging
from the fact that there exist different conventions for these phases in the literature the
reader can appreciate what a hazardous enterprise it can be to get all the signs correct
in the angular decay distributions if one has to rely solely on master formulas without
explication of phase conventions. Whereas the signs of the polar correlations can usually
be checked by angular momentum considerations there is no easy way to check on the signs
of the azimuthal correlations to be discussed in the subsequent sections. In fact, we have
repeatedly used the semi-covariant representation Eq.(5.30) to check on the correctness
of the phase conventions for the polarisation four-vectors and Wigner’s d”—functions used
in the different master formulas in this chapter.

5.4 The rate ratio I'(e)/I"(u)

We begin our discussion of the rate ratio I'(e)/I'(u) in a very simplified setting which,
however, gets very close to the correct result. Namely, we use SM—-type couplings and set
FV(¢*) = FA(¢?) = 1 and F{gfl(q2) = 0 in the helicity amplitude relations Eqs.(5.7,5.8).
This corresponds to free quark decays in the SM. We then use Eq.(5.38) to derive expres-
sions for the SM differential rate dI"™ /dq? and the SM integrated rate ™. This affords
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us the opportunity to check that our rate results agree with known expressions for SM
quark decays that are available in the literature.
In order to cast our expressions into compact forms we define following scaled variables:

p=p/My, @=¢/M;, p=M;/M;, n*=mj/M; (5.39)

where p = % A(1, 4%, p?) is the scaled magnitude of the daughter baryon’s three momen-
tum in the rest frame of the parent baryon. Also, for compactness we introduce the Born
term rate
G?|Vys |2 M7
19273
which represents the Standard Model decay of a massive parent fermion into three massles
fermions, i.e. M; # 0 and My, my, m, = 0.
Using Eq.(5.38) and the SM-type couplings described above one obtains

Ty = (5.40)

2

drsm G —n " n A s
o) 4p{—2q4+q2(1+p2)+(1—p2)2+2@2 —2q4—2q2(1+02)+4(1—02)2}}

dg? q*
(5.41)
which agrees with the SM result given e.g. in [98].
Integrating over ¢* (% < ¢* < (1 — p)?) one obtains
1
M - 1, (R (5 —7p* = Tp* + p° + 602p* — Tn'p ) (5.42)
1+p*—n*—R
—24p"(1 = 7")In ( : 2/)77 ) +(pe 77)) :

where R = (1 + p* +n* — 2p? — 20> — 2p*1?)Y/2. The symmetrization p < 7 in (5.42)
must be done for both the logarithmic and nonlogarithmic terms. The symmetry of the
rate expression (5.42) under the exchange (p < n) reflects the simple Fierz property of
the SM (V' — A) coupling.

It is tempting to try and estimate lepton mass effects in semileptonic hyperon decays
by using the SM-type rate expression Eq.(5.42) in order to obtain a first estimate of the
rate ratio I'(e)/T'(u). For the two cases A — p+ ¢~ + iy and 2% — ¥ + (= 4+ 1y one
obtains

A—>p<€) o
Fiﬂﬁp(u) = 6.19 (5.30 £ 1.18[3]) (5.43)
HO*W(e) 422.2
Fgé\ﬂy(ﬂ) 118.9 (55.67757 [103]) (5.44)

We have added the corresponding experimental ratios and their errors in brackets. For
the A — p case the SM-type rate ratio is within the error bar of the experimental value
whereas for the Z° — X1 case the SM-type rate ratio is off by more than two standard
deviations !

!The NA48 Collaboration cites a preliminary value of 114.1 + 19.4 [104] for the rate ratio (5.44).
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The spin flip contribution to the rate proportional to the charged lepton mass is shown
in (5.38). Irrespective to the lepton mass dependence of the matrix element squared (which
is expected to be small) the overwhelming effect in the rate reduction when going from
the electron to the muon is due to the reduction in the phase space as shown in Fig. 5.2.
As a result the rate decreases with increasing charged lepton mass.

0. 015

0.0125

muon -

0.01 i
mode :

0. 0075

Eg [GQV}

0. 005 electron mode

0. 0025

0 0.02 0.04 0.06 0.08 0.1 0.12
q? [GeV?]

Figure 5.2: The phase spaces for the electron mode and the muon mode in the decay = —
St 4407+ iy

Even though the SM rate expression Eq.(5.42) incorporates the correct treatment of
three-particle phase space one might doubt its validity for a realistic estimate of lepton
mass effects in semileptonic hyperon decays since the form factors £ (¢%) and F{*(¢?) in
semileptonic hyperon decays are not always close to the SM values on which the estimates
(5.43, 5.44) are based on. Also, one has neglected a possible ¢* dependence of the form
factors F; 1V’A as well as the contributions of the form factors F;éA. As concerns the omission

of the form factors F2V ;" one notes from Eqs.(5.7) and (5.8) that these contribute only in
higher orders of the mass difference (M;—M,). The same holds true for the omission of the
¢* dependence since the kinematical range of ¢? is of the order (M; — M>)?. Altogether, if
one neglects the contributions of the form factors F2V ;* and assumes that the form factors

F/* are flat one can show that, up to a very good approximation, the rate ratio I'(e) /T'(x)
is independent of the actual values of F\ and F}*. Under these assumptions one obtains

[59]

16 1+P V2 [P 2
/Ty = = —(1 = p)’(—2)?|F/)| <1+3(|F1V|) >r(1‘)+0(5), (5.45)

where 0 = (1 — p)/(1 + p). The function r(x) is given by

1 14+ v1—2?
21— 22(2 —9y2 — ot
r(z) = 5 1—a2(2—92" —8z2%) + 4 In i (5.46)
where © = n/(1 — p). Eq.(5.45) shows that the rate ratio of the e~ and p—modes is
independent of the actual values of FY(0) and F?(0) to an approximation of O(§? ~
0.0025) when the above assumptions are used. Using Egs.(5.45) and Eqgs.(5.46) one obtains
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['(e)/T(u) = 6.16 for A — p+¢~+v, and I'(e)/T'(u) = 118.7 for Z° — ST +¢~ + 1y which is
rather close to the SM—type values in (5.43). Finally, using the minimal model for the form
factors written down in section 5.2, one finds I'(e)/T'(u) = 118.07 for Z° — X + (= + 1
which again is quite close to the SM value. All in all one finds that the rate ratio I'(e) /T"(u)
is not very sensitive to the details of the underlying dynamics. It will be interesting to find
out how much the theoretical values of the rate ratios are affected by radiative corrections.

5.5 Single spin polarization effects

5.5.1 Polarization of the daughter baryon

The lepton-hadron contraction L,, H"" given in Eqs.(5.32) and (5.33) can be separated
into contributions of positive and negative helicities of the daughter baryon denoted by
L, H.. They are given by

Y 2 3 3 .
L,HY (0) = g(qZ—mf) §(13F0089)2’H%1’2—|— 181n20|H%0|2 (5.47)
2
my )3 2, 3 2 2
~ a5 _Hl _Hl 0
+2q2 {2’ §t| +4| §1| Sin

3
+ §c0820|H%0|2 — SCOSQHétHéo} ]

, 2
Ly H™ (0) = Z(¢" —my)

3 3 .
3 §(1i0089>2‘H7%71|2+ 181n29]H7%0\2 (5.48)

m? |3 3 .
+2—q€ {§’H§t‘2 + 1‘H7%71‘281H29

3
+5 C0829’H7%0‘2 — 3cos HH%tH;O} ]

This allows one to compute the component P, of the polarization vector along the
direction of ps in the rest system of B;. One obtains

P (0) _ LHVHiZ—/&- — L/WHﬁV—

Ly HEZY + Ly HEZ

(5.49)

In a similar vein the polarization of the daughter baryon in the z—direction can be
obtained from Eq.(5.33) by leaving the helicity label Ay unsummed. The product of
helicity amplitudes now reads Hj,»,, H;Q X, and the o—function turns into oy, x - Ny
because, again, the parent baryon is taken to be unpolarized. As before, Ay = ¢ and
Aw = 0 have zero helicity but transform as J = 1 and J = 0, respectively. One obtains

2L, H

P.(0) = - —, 5.50
(9) L, HY + L, H" (5.50)
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where

y 2
2 HE6) = (¢ —m) (5.51)

3 . 3 .
[ﬁ sinf(£1 — cos Q)H%J—L%O + Wi sin (£1 + cos (9)11[%0H7%71

2

+%{% Sin9C089<H%1H7%0 — H%OHféfl) — % Sine(H%IHiét — H%tHél)}] .
Of course, if one does not define a transverse reference direction the specification of P,
does not make physical sense per se. Such a transverse reference direction is e.g. provided
by the transverse momemtum of the lepton in the semileptonic decay. In fact, we shall
see in section 5.6 how the density matrix of the daughter baryon enters the joint angular
decay distribution of the cascade decay =Z° — X% (— p+7T)+£~ + 1, where the transverse
reference direction is defined by the decay £ — p+n*. The polarization component P, is
zero because we assume that the invariant amplitudes and thereby the helicity amplitudes
are relatively real.

5.5.2 Polarization of the lepton

The lepton-side flip— and nonflip—contributions to L,, H*” are clearly identifiable as can
be seen by an inspection of Egs.(5.33) and (5.38). One can thus directly write down the
longitudinal polarization of the lepton for the decay of an unpolarized parent hyperon at
no extra cost. One has

pO _ Ly, H" (flip) — L, H* (nonflip)
’ L, Hr (flip) + L, H#* (nonflip)

For the decay = — X% + ¢~ 4 7, the longitudinal polarization of the electron is
~ —100% over most of the range of ¢? because m, ~ 0. This changes only for ¢>values
very close to the threshold ¢> = m?. For the p~—mode the longitudinal polarization is
quite small and negative and remains below ~ —30% over the whole ¢?> range as Fig.5.3
shows. On average one has (P _)> — —0.16. Judging from the fact that P is small the
helicity flip and nonflip contributions are of almost equal importance for the y~—mode.

It is important to realize that the longitudinality of the polarization PY is defined
w.r.t. the momentum direction of the lepton in the (¢,r,) c.m. system and not w.r.t.
the momentum direction of the lepton in the rest system of the parent baryon Z°. If one
needs to avail of the longitudinal polarization in the latter frame this can also be done
using the helicity method as has been shown in [85].

As before, the transverse polarization of the lepton can also be obtained from Eq.(5.33)
by leaving the helicity lable A, in (5.33) unsummed. One then obtains the density matrix of
the lepton which we write as (L, H*),, s+ This allows one to extract also the transverse

(5.52)

polarization of the lepton P{”. One obtains (98]

(L, H™),
0 _ 1% +
Px (0) (LuuHﬂy)++ + (L;LVH/’“/),, . (553)
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Figure 5.3: Longitudinal and transverse polarization of the ;1™ in the (1, 7,) c.m. system.

In order to evaluate (5.53) for the (¢7,7) case one needs the relation hin =

Vm?2/2¢? h_%%. In Fig.(5.3) we show the ¢*-dependence of the transverse polarization

of the x~ in the decay Z° — X+ + ¢~ + 7. The transverse polarization starts off at
rather high positive values close to ¢%;, = mi and drops to zero at the zero recoil point
.. = (M — M,)?. For the e~ the transverse polarization is practically zero over the
whole ¢>range. Because of the lack of structure in the e~—case we do not show a plot of
the polarization of the electron.

5.5.3 Decay of a polarized parent baryon

In this subsection we consider the decay of a polarized parent baryon and in turn determine
the angular decay distributions of the leptonic side and the hadronic side relative to the
polarization of the parent baryon. The polarization of the parent baryon is described by
the density matrix

1 ( 14 Pcostp P sin 6p ) (5.54)

Pax = 5 P sin 0p 1 —Pcosfp

where we have assumed that the polarization vector of the parent baryon lies in the (x, z)—
plane with positive x—component as shown in Figs. 5.4 and 5.5. The rows and columns
in the matrix (5.54) are labeled in the order (1/2,—1/2).

Lepton side as polarization analyzer

The angular decay distribution is a straightforward generalization of Eq.(5.32) where one
now has to include the density matrix of the decaying parent baryon B;. Also, the rotation
of the density matrix of the Wyg_gnen into the direction of the lepton now involves also
the azimuthal angle y. This brings in the phase factor /AW =2w)(m=X)  The appropiate
angle entering the phase factor is (7 — x) since the azimuthal angle has to be specified in



5.5. Single spin polarization effects 155

W)E—shcll

Figure 5.4: Definition of the polar angles § and 0p, and the azimuthal angle x describing the decay
of a polarized Z° using the lepton side as polarization analyzer. P denotes the polarization vector
of the ZY. The coordinate system (zy, %y, 2¢) is obtained from the coordinate system (z,y,2) by a
180° rotation around the y—axis.

the leptonic (xy, y¢)—plane (see Fig. 5.4). Using (5.13) one obtains the master formula

W(0,x.08) o ) Pra-dw oy (08) (F1) TR 5, iy o PO )T
AW Ny sy I A2
diw,)\gf)\y (e)diev,)\g—)\u (Q)H)\2)\WH;2>\§/V (555)

where A\, = +1/2 (A, = 1/2 for ({~,) and A\, = —1/2 for ({7, 14)).
Doing the helicity sums and putting in the correct normalization one obtains

2 —mp)’p

dl 16° (q
8M32q?

= [Vis|”
dq*d cos Odxd cos 0p 6 (2m)*

(5.56)

E(l T cos 9)2]H%1|2(1 — Pcosfp)

+§(1 + cos 9)2|H_%_1|2(1 + Pcosfp)

—1—2 sin29<|H%0|2(1 + Pcosfp) + ‘H7%o|2<1 — Pcos 0P>)
ﬂ:%PSin@COSXSiHQP<(1 $cos€)H%1H%0

+(1 icos@)Hfé,lH,%())

2 3 3
+—{§]H%t|2(1 + Pcosfp) + §|H7%t\2(1 — PcosOp)

—3cosO(HyHio(1+ PcosOp) + H_1,H_14(1 — Pcostp))
3
+5 cos? 9(|H%0|2(1 + Pcosfp) + |H_%0|2(1 — Pcosfp))

3
—1-1 sin? 9(|H%1\2(1 — Pcosfp) + \Hféfl\z(l + Pcosfp))
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Figure 5.5: Definition of the polar angles fp and 6 and the azimuthal angle ¢ in the cascade
decay of a polarized Z° using the hadron side as polarization analyzer

3 . :
_EP sin @ cos x sin HP(H%IH%t — H—%—lH—%t)

3
+ﬁpsinQCOSQCOSXSiDQP(HélH%O - H_%_lH_%O)}}

A similar result was published in [91]. However, the signs of the azimuthal correlation
terms in [91] do not agree with the corresponding signs in Eq.(5.56).
Hadron side as polarization analyzer

Following the familiar procedure of building up the cascade decay in a quasi-factorized
form one obtains the master formula

W(bp, dp,0p) o > (=17 sy riy (O) Haprw Hyyy - (5.57)
)xg,)\w,)\bv,J,J’,)\g,Aé,)\g

2T 1
/d¢e/dC039 |hl,\g,\yzi1/2|2€i(/\w_/\/w)¢zdiw,,\ﬁ,\y(e)di/lw,,\e—,\y(6)
0 -1

1 1
i(A2—A, 3 2 B |2
ez( 2 2)¢Bd>2\2>\3 (93)(i>2\,2>\3 (63) ‘h}\soy 5
where the hio are the helicity amplitudes of the decay By — Bs + 7. Latter decay is as
usual characterized by the asymmetry parameter
BE P~ (2,

3B |2 B |2 °
‘h%0| +|h,%0|

ap (5.58)

The asymmetry parameter for the nonleptonic decay ¥+ — p 4+ 7° relevant in this calcu-
lation is given by ap = —0.98‘:8:812 [3]. Note that the phase factor in Eq.(5.57) now is
expli(Ag2 — A,)¢p| which is appropiate for the azimuthal angle ¢z measured relative to the

(x, z)-plane (see Fig. 5.5).
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Doing the helicity sum and the integration in Eq.(5.57), and putting in the correct
normalization one obtains

e 1 2 (¢ — m2)%p
— B(By— By +1)— Vs 57— (5.59
dq2dcos Opdpdeos Op (B = By + 7)1 (27r)4| g (559)
2
(1+ %)(1 +apcosfp)(l — Pcostp)| Hyy |
q
m3 2
+(1+ 2—q2>(1 —apgcostp)(l+ Pcos 9P>|H_%—1|
+(1+ %ﬂl + ap cosO)(1+ P cosfp)|Hyy [
m2
+(1 + 2—‘;)(1 —apcosfp)(1— PcosOp)|H_1,|?
q 2

+2Pagsin g cos ¢ sin QPH%OH_%O

2

—l—%{(l +apcosfp)(l1+ Pcosfp)3 ]H%t\Q
q

+(1 — agcosfp)(l — Pcosfp)3 |H_%t|2

2

+2Papgsinfg cos ¢p sin 9P(H%0H,%o + 3H%tH 1t)}] ,

where B(By — Bz + 7) is the branching fraction of the nonleptonic decay By — B3 + .

5.6 Joint angular decay distribution

Following the familiar procedure the joint angular decay distribution for the semileptonic
cascade decay By — By(— Bz + ) + £ + v, of an unpolarized parent baryon B; can be
derived from the master formula

W(0.x.0p) > (=) R 5, —s OV (5.60)
Ao Aw Ay, D A2, A3

5/\zw\w,/\gf>\/wdiw,,\ﬁ,\y (e)di/w,xe—,\y(Q)HM/\WH:\Z/\'W
1 1
d)Q\Q)\g(eB)di/Q)\:;(eB)’hfgo‘2 .
The J—function in Eq.(5.60) expresses the fact that we are dealing with the decay of an
unpolarized parent hyperon which implies Ao — Ay = X — A}y

When writing down the corresponding normalized decay distribution we shall as before
assume that the helicity amplitudes are relatively real. One obtains
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Figure 5.6: Definition of the polar angles 6 and g, and the azimuthal angle x in the joint angular
decay distribution of an unpolarized Z° in the cascade decay Z° — X F(— p+ 7°) + ¢~ + 1. The
coordinate system (x4, yp, z¢) is obtained from the coordinate system (x,y,z) by a 180° rotation
around the y—axis.

dl’ 1 G? 2—m2)%p

— B(By— Byt 1) vl
dq?d cosOdxd cos O (B = By + 7r)6 (277)4’ | 8Miq?

(5.61)
3 2 2
é(l F cos0)°[Hy |*(1 + ap cos Up)

—1—2(1 + cos 9)2|H7%71|2(1 — apcosfp)

3
+Z sin? 9(|H%0|2(1 + apcoslp) + |H_%0|2(1 —apcosfp))

3 . .
:|:2\—6043 sin 6 cos x sin Op((1 F cos H)Hf%oH;
+(1 £ cost)HigH_1_y)

m; 3 2 3 2
+2—q2 §|H%t| (1+ochos03)+§|H_%t| (1 — agcosfp)
—3cosO(Hy Hiy(1+apcosfp) + H_ 1, H_14(1 — apcostp))

3
+35 cos” 9(|H%0]2(1 + apcosfp) + \H%O]Q(l — apcoslp))

3
+4_1 sin? 9(|H%1|2(1 + agcosbp) + |H_%_1|2(1 — apgcosfp))

3
———ag sin € cos y sin HB<H7%1€H%1 — H%tH%A)

V2

3 ) .
+\ﬁa3 sm@cochosxsmeB(H_%oHél — H;OH_;_l)H )

We have performed several checks on the correctness of the signs of the azimuthal
correlation terms by using the semi—covariant representation Eq.(5.30) and by doing a
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full-fledged covariant calculation. The overall sign of the nonflip azimuthal correlation
terms (fifth and sixth line in (5.61)) corrects the sign mistake in [86]. Note the reciprocity
of the angular decay distributions Eq.(5.56) and Eq.(5.61). One obtains (5.61) from (5.56)
by the substitutions (1 + sign{As — Aw } P cos0p — (1 + sign{ s} ap cosfp) for the polar
correlation terms and PsinfpHy,y,, Hy, Ny, — QB sin g Hy,ny H-», N, in the azimuthal
correlation terms.

Eq.(5.61) can be cast into a form where the dependence on the polarization vector of
the daughter baryon becomes explicit. One has

dr 1 G? (¢> —m?)p
= B(B, — B - Vis|? £
dq?d cos Odxd cos O (B = By +m) 4 (2m)* [Vas| 8MEq?

(1+ P.apcosfp + Pyapcos(m — x)sinfp) ,

L,H"™  (5.62)

where L, H", P, and P, are given in Eqgs.(5.32, 5.50) and (5.49), respectively. When
integrating Eq.(5.62) over cos#, cos 5 and ¢* one can define a mean azimuthal correlation
parameter () through the relation I' ~ 1+ (7) cos x. Using again the minimal model of
section 5.2 one finds the numerical values (7) = —0.14 and (y) = —0.12 in the e~ and
p—modes, resp., for the mean azimuthal correlation parameter.

At zero recoil on finds a rather simple expression for the above azimuthal correlation
parameter. It reads

14 A

apn? 1 =2V2eHY [HY,
8 1+e(1+2\HY2/IH %)’

2 2

v = (5.63)
where €, = m2/2q¢*. Eq.(5.63) shows that, in the e-mode and at zero recoil, the azimuthal
correlation parameter is a constant independent of the form factors as stated before in

[86]. In the p—mode, however, the azimuthal correlation parameter at zero recoil does
depend on the form factors through the ratio HY,/H1'. Since HY,/H{ ~ F\/(V2F{)
2 2 2 2

this would afford the opportunity to determine the ratio F}/F{ through a zero recoil
measurement of the azimuthal correlation parameter in the p—mode.

5.7 Summary and conclusions

We have worked out the angular decay distributions that govern the semileptonic cascade
decay =0 — I (— p+ 7°) + Wi _gqun(— ¢ + %) using a cascade-type analysis. The
cascade-type analysis has certain advantages, the main advantage being that one obtains
the decay distributions in a compact quasi-factorized form. This leads to rather compact
forms for the decay distributions. In our analysis we have included lepton mass effects
as well as polarization effects of the decaying parent hyperon. We have always indicated
the necessary sign changes when going from the (¢7,7;) case to the (¢*,1,) case. Our
angular decay formulae are thus applicable also to the semileptonic hyperon decay Xt —
A+et+,, or to semileptonic charm baryon decays induced by the transition ¢ — s+£1+v,
and also to the decays t — b+{¢*+wv, . It should be clear that our angular decay formula are
also applicable to the corresponding nonleptonic baryon decays involving vector mesons
(Aw = &£, 0) or pseudoscalar mesons (Ay = t). In this case one has to omit the interference
contributions between the time-component and the space-components of the currents.
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Of interest are also the corresponding semileptonic antihyperon decays. The angular
decay distributions of semileptonic antihyperon decays can be obtained from the corre-
sponding angular decay distributions of the semileptonic hyperon decays by the replace-
ments Hy,,, (B) — Hy,, (B), ap — ag and changing from the (=, ) to the (£*, ;)
case (or vice versa). Neglecting again C'P-violating effects one has from C P-invariance
Hy, 2w (B) = H_, 5, (B) and ag = —ap. One can verify that the decay distributions
(5.56), (5.59) and (5.61) are form invariant under Hy,»,, — H_x,—)y, @ — —ap and
P — —P as follows from C' P-invariance.

We have summed over the helicity states of the final particles assuming that their
polarization go unobserved. This corresponds to taking the trace of the density matrix of
the final particles. It is clear that one can equally well calculate the density matrix of the
final state particles by leaving the relevant helicity index unsummed. This was illustrated
for the density matrix of the final lepton in the semileptonic decay process.

Doing the helicity sums in the master formulas listed in this thesis by hand can become
quite cumbersome. However, this task can be automated using Mathematica [116]. To
ensure the correctness of our results we checked them by doing full-fledged covariant
calculations. We mention also that the helicity frame analysis used in this paper can
be easily transcribed to a transversity frame analysis (see e.g. [82]) where the z—axis is
perpendicular to the hadron plane . In fact, any choice of z—axis in the analysis will
provide the same total amount of information on the dynamics of the process enscribed
in the invariant amplitudes. It is then a question of experimental exigiency of whether to
analyze angular decay distributions in the helicity frame or the transversity frame, or, for
that matter, in any other frame.

For the sake of conciseness we have written our results in terms of bilinear products of
the helicity amplitudes Hy,»,, = H /{/2 w TH j\‘; Ay instead of bilinear products of the vector
and axial vector helicity amplitudes H/‘\/2 e and H /‘\42 A\ WVriting the decay distributions in
terms of Hy , ~and H " Ay €an be quite illuminating if one wishes to identify the overall
parity nature of the observables that multiply the angular terms in the angular decay
distributions.

The radiative QED corrections to this decay process are much more complicated than
the radiative QCD corrections to the decays t — Ht + b and t — b+ £ + vy. calculated
in the first part of this thesis. This is so since in semileptonic hyperon decays the virtual
photon can couple to both the parent and the daughter hyperon as well as to the charged
lepton. The couplings to the parent and the daughter hyperon bring in unknown form
factor behaviors. For a discussions of the radiative QED corrections to semileptonic
hyperon decays see [65].



Appendix A

Notations

A.1 Dirac matrices

Dirac matrices satisfy the following anticommutation relations':
{"", 7"} =2¢"1. (A.1)

It is possible to construct following 16 linearly independent 4 x4 matrices

one scalar : 'Y = 1,
four vectors: TV = 7,
one pseudo scalar : TP = V5 = %Gwpg’Y“VWPVU = i7"y'y%?,
four axial vectors : 'Y = V5V ‘
six tensors : [ = o, = ! 7, 7] (A.2)

2

Note that ~5 is defined to commute with any of the v matrices. These 16 linearly indepen-
dent matrices form the basis for the Clifford space for 4 x4 matrices. Any 4 x 4 matrix can
be written in terms of the I'. We can determine the Lorentz transformation properties
of the bilinear forms I (3 is a Dirac spinor) constructed from the 16 I'.

The adjoint spinor is defined by

P =1t (A.3)
The Dirac conjugation of a matrix is defined as follows:
[ = A0(07) 14, (A1)
Some frequently used Dirac conjugate matrices are

’7M = ’y'ua /75 = —75, 5-uu =Opv - (A5)

'We follow the conventions of Bjorken, Drell [115].
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The scalar product with v matrices is
A=~ A=y A =g VA =7"A, = ¢"v,A, =7"A° —v - A, (A.6)

The Dirac representation of the y—matrices is written as (y* = (7%,7))

0 __ 1 0 i 0 O'i

where the Pauli matrices o are three hermitian , unitary, traceless 2 x 2-matrices

T o T A TS

The Pauli matrices satisfy
0i0j = ;51 + i€ij,0%, (A.9)

where 1 is the 2 X 2 unit matrix, d;; is the Kronecker symbol, €;;;, is the totally antisym-
metric third order Levi-Civita tensor.

The trace of a product of odd number of y—matrices is zero. Some useful trace results
are (in four dimensions):

Tr (v"9") = 49", (A.10)

Tr (V""9"77) = 4 (99" — 99" + 9"79"") , (A.11)
Tr (v°7#4") =0, (A.12)

Tr (V9" yPA7) = 4ie” (A.13)

The totally antisymmetric fourth order Levi-Civita tensor

NP = a3 =1 (A.14)
gives following contractions
eaﬁ“”eaguy = —24,
eo‘ﬂ“l’eagup = —66",
P €500 = —2 (6" 16"y — 6”507 ,) . (A.15)
For the contractions of the -matrices in D—dimensions (u = {0,1,2,...,D — 1}) one has

Yy, = Dlpxp,
VY Y =— (D —2)7",
Yy Py, = 49" — (4 — D) "7,
VYA Y = 29797 + (4 = D)7 (A.16)
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A.2 Dirac equation

The Dirac equation
() — map(x) = 0 (A.17)

is the equation of motion for the relativistic fermion with a mass m and spin 1/2. Dirac
spinors u(p, s) and v(p, s) describe the solution of the Dirac equation with positive and
negative energy respectively:

#—m)ulp,s) =0,  (p+m)v(ps) =0,
u(p,s) (p—m) =0,  o(p,s)(p+m)=0. (A.18)

The orthonormality of the spinors gives

u(p, s)u(p, s’) = 2mdsy, o(p, s)v(p, ') = —2md,y
u(p, s)v(p,s’) =0, o(p, s)u(p,s’) =0, (A.19)

and the completeness gives

Sl st ) = 3 () (F5E)] = e,
S =3 [-m ()| =pom, o

S S

In the rest frame of the Dirac particle, the four component spin vector is s* = (0, 5)
with
st = —1, pust =0, §2=1. (A.21)

Su

The spin vector for a Dirac particle with momentum p can be obtained by a boost and

reads Lo . .
sﬂz(s'p g4 S P)P ) (A.22)

Y

m m (E +m)

A.3 Gell-Mann matrices

It is believed that the strong interaction of quarks follow a local gauge principle with the
gauge group SU(3), i.e. the gauge group of QCD is SU(3). The SU(3) symmetry together
with the requirement of renormalizability and Lorentz invariance fixes the structure of the
QCD action uniquely. The symmetry group SU(3) has 32 — 1 = 8 independent genera-
tors. In the fundamental representation these will be traceless 3 x 3 Hermitian matrices,
and since this is rank—2 Lie algebra two of the eight generators may be simultaneously
diagonalized. The canonical representation of the group SU(3) is

U = ¢’ (a=1,2,3,....8), (A.23)
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where the group generators are % The standard choice for these generators are the eight
Gell-Mann matrices:

010 0 —i 0 1 0 0
M= [100], x=[io00], x=[0-10],
00 0 0 0 0 0 0 0
00 1 00 —i 000
M=]l0o00], x=[00o01], x=l001],
100 i 0 0 010
00 0 L (100
M= (00 =i |, =—=|01 0 |, (A.24)
0 i 0 V3\o o0 -2

with A3 and Ag are chosen as the diagonal generators. The A, satisfy the Lie algebra

Aa b i

S a8l T3 ac/\c~ A.25
EEIREL (A.25)
The structure constants fu;. in this representation are completely symmetric under ex-
change of indices a, b and c¢. The non—vanishing structure constants in this representation
are

1
fis = 1, f147:f246:f257:f345:§7

1 V3
fise = faer = 5 Jass = fors = D (A.26)
The generators ’\7‘1 are traceless and normalized such that
Aa \b 1
Tr{ —— | = =0uw- A2
r < 9 9 ) o Oab (A.27)

In QCD calculations color is treated similar to the spin degree of freedom: one averages
over initial colors and sums over final colors. Then, as we have seen in (2.39) and (2.133),
the Feynman rules will always lead to paired color indices for the squared matrix element.
One finds that, for every squared QCD matrix element, the color structure of the particles
is reduced to a number which multiplies a colorless squared matrix element. This number
is called the color factor. We have the following identity for the color sum over the paired
color indices of the Gell-Mann matrices:

AN Ok _ 1 (g 1o
2 =— 8,0 — — & A2
5 5 5 9; 0y, No 57 0y, |, (A.28)
where a is the color index (a = 1,2,3,...,8). N¢ is the number of colors. The color
factor is defined as
N2 —1
Cp=-"Y—. (A.29)

2 N¢
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For the multiplication of two Gell-Mann matrices one has

; l
(A7 (Aa);  NZ -1
2 2 2 Ng Cr (A.30)

The color factor takes the value Cp = % for No = 3.

A.4 The CKM matrix

The quark weak eigenstates and the their mass eigenstates are related by a 3x3 unitary
matrix called Cabbibo—Kobayashi-Maskawa (CKM) matrix.

d/ Vud ‘/us Vub d
S/ = V;d ‘/c S ‘/cb S . (A 31 )
v Via Vis Vi b

This matrix characterizes the strength of flavour-changing weak decays. One possible
parameterization of this matrix is realized by using three angles 61, 65, 3 and a phase d:

C1 51C3 5183
V = —S1Cy €l CyCy — Sg53€90 1 ¢y S5+ 5o c3€ , (A.32)
— 518y €1S2C3+ CaS3€”0 ¢ S985— cycge®

with ¢; = cosf; and s; = sinf;. A precise determination of these matrix elements is one
of the most important fields in the theoretical and experimental physics [3].

A.5 Feynman rules

In this section the Feynman rules used in this thesis are listed for the sake of completeness.

A.5.1 Outer lines

u(p, k) u(p, k)

incoming fermion : — ., outgoing fermion : — >
v(p, k) v(p, k)

incoming antifermion : e——me—+—, outgoing antifermion : e—m7 e——;
ek, \) 5,’3(1@, A)

incoming boson : VAVAVACAVAVAY % outgoing boson : \VAVAVAVY AVAVAVES.

ek, \)CO en(k, A)(C)

incoming gluon : 00060000 outgoing gluon : 0066000 ;
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incoming scalar : o ; outgoing scalar : ————— :

A.5.2 Propagators in the Feynman gauge

The e prescription for the propagators are implicit.

fermion propagator — > ,
p—m
i(—g" +q"q"/M?)
NNNNNN
boson propagator 2 ,
—igh”
gluon propagator €00006000600» —7
A.5.3 Vertices
QED vertices
W+
. Guw 1- V5
W-boson and lepton vertex: — =yt —
p \/5’7 9
14 l+
W+ 1—
. Juw V5
W-boson and quark vertex: —1 \ﬁfy“ 5 Vags -
il a2
QCD vertices
S
g9 , A?
quark—gluon vertex: = —zggy“; :
=)
WQ
MSSM vertices _
FHT
Charged Higgs and quark vertex: | a+bvys,
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where the constants a and b take the following values in the two models discussed in
the main text:

Guw
model 1: a= Vip(my — my,) cot 3, A.33
5 fmw w(my —my) cot 3 (A.33)

Vip(my + my) cot B, (A.34)

2\/7mw
a= Vip(my cot B + my, tan 3), (A.35)
2me

b= 2\/_mWth(mtcotﬁ my tan 3). (A.36)




Appendix B

Calculation of the loop integrals

A general one-loop integral is defined as[50]

’u4fD . 1
d“k B.1
Z'7'('2 / DOD1-~-Dn—1 ’ ( )
with the denominators
Dy = k* — mj + ie, D; = (p;i + k) — mj + ie, i=1,...,n—1. (B.2)

The outline of our loop calculation is the following:

1
DoD3..Dn1 (B2

° dek:

jM)n with Feynman parameterization,

— [ dPk 1~ with Wick rotation,

(k2= M)" k2+M

e Finally [dPkztrr

G M is calculated using Euler’s beta function.

B.1 Feynman parameterization

Generally the Feynman parameterization is given by

1 F(a1+a2+--~+an)/
a1 pa = dxdxdxn5x+:c + itz —1)x
ATAG Ay T(a)T(ag). . Ta,) J 71 (2142 )
zyt” 1$;2 1...1‘%”_1 (B3)

X
(IlAl + x9A5 .. .ITLATL)al-‘r(lz...an

with the integration limits

<1=>m, ..., 0<;<l-2, 0<n <L (B.4)
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For the two point and three point one-loop integrals we need Feynman parameterizations
of the form

1

1 _ dx ‘
AB O/[Ax—i-B(l:U)r’ o)

1 1-x
2 0 [Ax—l—By—i—C’(l—x—y)

B.2 Scalar loop integrals

As we discussed the Feynman parameterization changes the loop integrals to

1
I, = [ d° . B.
" /d s Y (B.7)

Let us first calculate this integral to make notations and the techniques clear. We take
the space-time dimension D, constant M and parameter ¢ as real numbers and k as D—
dimensional vector: k, = (ko; k1, k2...kp_1). In Minkowski space k* = k3 — k2. The ko
integration can be performed with the help of Cauchy’s residue theorem. The analytic
continuation of the kg—integration can be written as

/dkO -, ! )
SR - R = M e

along a contour C' in the complex ky plane. The integrand has two poles at twy =

k2 4+ M — ie. As shown in Fig B.1 we have chosen the contour C' such that it does
not enclose any of the poles. Cauchy’s residue theorem gives

Im(ko)

C

® &

Re(ko)

£ ®

Ce

Figure B.1: The contour of the kg—integration
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1
/dko _ ~0.
J U B2 = M ey

For the contour integral fc = fj;o + fcl + f;f;o + fcg' We shall eventually let the radii
of C'1 and ()5 go to infinity and the contour integrals along C'; and C5 vanish in the limit.
Then we have

o) 100

1 1
/ dko . - / dko . .
(k2 — K2 — M + ie)r (k2 — B2 — M + ie)n

Now we perform a change of variables for the integral along the imaginary ky axis
= kY =ik’ K=k =K,

where K° and X! are components of a Euclidean four vector. This change of variables is
called a Wick rotation. Then we have

r 1 I 1
/ dky——— —i / S .
K (kg — k2 = M +ie)m . (—Ko* — K2 — M + ie)"

The Wick rotation changes the D—dimensional Minkowski vector k£ into a D—dimensional
Euclidean vector K with K? = Co? + K2. This gives

; 1 ; 1
dk - :@—1”/dlc .
/ Y(k2 — K2 — M +ie)n - (K2 + M)

The parameter € can now be dropped since K? and M are positive. Inserting this result
into (B.7) we obtain

1
_ D
I = /d 02 M rior
1
i )/d My
1
— (=1 9] D—-1 - -
i )/d D KPR

Note that the integrand has rotational symmetry so the angular integration can be done.
Making use of following identity,

+oo D

(V@) = /dxe_wQ :/deeXp (—iﬁ)

—00

7 2 1 T D_ 2
:/dQD/d:U D-lg=a2® — (/dQD> §/dac2 (:U2) 2 1 pa
0 0

8
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one has D)2
2

(%)

Only the radial integral is left. Changing the integration variable K to K? by

1 D
KPR = S (k) (k)
we have .
2rP/2 1 D 1
T, =i(—1)"=—rn | (K2 'K} —— . B.10
i1 Fmy [ 500 A (B.10)

0

This integral is done with the help of Euler’s beta function in the form

_ _ )
B(m,n) = /dx(1 o T Tmtn) (B.11)

One obtains
Mz, (B.12)

Next we turn to the scalar loop integrals.

Scalar one—point one—loop integral Ay(m?)

The result of the scalar one-loop integral can be read off directly from Z, with M = m?

and n = 1:
4-D D
W d”k 1
A —
o(m) im? / (2m)P=4 k2 — m?

4—D

W 1 N _D D D-2

= - (— 21 — —
i mpat T < 2)7n

— M (5 1) (4”“2))6 _ (B.13)

m2

In the last step the space time dimension D is replaced by D = 4 — 2§. Making use of the
expansions

1
rog-1) = —5+7E—1+O(5),
Arrp g 12
(m2) = 1+5ln(47r)+51n(m + 0(6?),

where vg is the Euler—-Mascheroni constant, we finally obtain

Ag(m) = m? {%—7E+1H(4W)+1+ln (51—1)} = m? [A+1+1n (;‘1—1)} , (B.14)
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with

1
A= 5 +1In (47) . (B.15)

Note that Ay(m,) = 0 in the m, — 0 limit.

Scalar two—point one—loop integral By(q, m;, my)

Scalar two—point one-loop integral is defined in (2.52).

=P dPk 1
B =
samem) =" [

l Feynman parameterization
B =P / APk 1
- ar? ) (2m)P

dx 5
[((g = k)" = mP)x + (k2 —mZ)(1 — )]

o — _

1
M47D dPk 1
= 5 | dz 5 5 5 212
e J P T = aa gkt et — ) — (1 - a)]
1

,U4_D de 1
=3 D—4 dx 2
in? ) @mPTS (k= q@)? = 22 + (¢ = mf)w — (1 — z)mj]

l k—qx —k

(A0 dPk 1
= in2 (27)P—4 dr 2
0 [k2 - <q2x2 +x(mi —mj —¢*) + miﬂ

1 Euler’s beta function

= (27:’1:7241) /1dx = (2 — g) [q2x2 +x(m? —mi —¢*) + mg} ¥
|l D=4-2)

= <27;—/;)25 /1 dx 77T (§) [q2x2 +z(m? —m3 — ¢*) + mﬂ -

0

1
2,2 2 2 9 2796
:/dxl“(é)[qx + z(mj — mj q)—i—mb]
0

A7 12
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| A=A —1_§5In A+ O

1

2.2 2 2 2 2
:/dajF((S)[l—éln (q‘” ”(th;b q>+mb>+0(52)]

1

1 2 2 .2 9 2
= ——p+ldr— [doin |[L (24T T L TR o)
2 q q

)
I O(9) is dropped; A:5—7E~|—1n47r; m° — m® —ic
: 2 2 2 _ 2 2 _
:A—/dxln[q—Q(xz—i—xmt_ﬂ;b_q +mb§7’5)}. (B.16)
) H q q

We have written the ie prescription explicitly in the last step. This prescription is neces-
sary when the argument of the logarithm is negative. But we have 0 < ¢* < (m; — my)?
in the present calculation, which leads to a positive argument of the logarithm. Therefore
we can drop the 7 prescription.
To perform the z—integration we write the argument of the logarithm as a product.
2 2 2 2
<x2+$mtq#+%) =(x+vy)(r+v), (B.17)

with solutions

vy = o with X = X\(m},m;, %) . (B.18)
One has
1 2 1 1
/d:clnﬁ(:zﬂ—wr)(x—i—v —i—/d:z:lnx—l—m —|—/dxln:c+v
0 0 0
1
+ /dm | =z +vy), (z+ v_)> : (B.19)
0

where the n—function comes from the decomposition rule for a logarithm of a product. If
the logarithm branch cut is taken along the negative real axis, the decomposition rule is

In(z1 20) = Inz; + In 25 + n(21, 22) (B.20)
with

(21, 22) = 2mi [0(—Imz1)0(—Imz)0 (Im(2122)) — O(Imz1)0(Imzp)0( — Im(z122))]
(B.21)

1See for example [46]
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where 6(x) is the Heaviside Step Function. Note that vy are positive in the present case.
Therefore all the n’s from the decompositions vanish and we have no imaginary part in
the present calculation. Thus we have

1

/dx ln[%(m +o)(zr+v)] = ln(%) —24+In[(1+v)(1+v)]

- —2H) " ((1 + ;f)z}u v)) += ; o <z+8 12;)

0

2 2 _ 2 2 2 N 2 2 _ 2 N
4mp 2q my 2q m?+m2 —q*— VA
(B.22)
Substituting the above back into (B.16) we obtain
2 2 _ 2
BO(qamtvmb):A+2+ln( a )+mt meln<@)
memy q my
—l-\/Xl m2 +mi — ¢+
——1In
2¢* m?+m? —q*— VA
2 2 _ 2
:A+2+ln( K ) 4 zmb 1n(@)
mymyp q my
A 2 2 2 \
+\/_;1n mi iy — @+ VA : (B.23)
2q m? +m2 —q— VA
In the loop calculations we also need By(q, m?,0), Bo(m,m,0) and a%Bo(pQ, m, 0).
| 2.2 (m? — p?)
1 pert +x(m* —p
BO(QJm70) - g —YE — /dI‘ In ( 477',&2 )
0
2 2 _ .2 2 _ 2
_ A+2+1n(“—2)+m 2p1n<m 2p), (B.24)
m P m
12
m

Now we turn to the derivative of By. The derivative of By in p? affects the powers of the
loop integration momentum £ and thus the IR and UV behavior of the loop integral. In
fact we will see that differentiating w.r.t. p? turns the IR—convergent but UV-divergent
integral By(p*, m?,0) into a IR-divergent but UV—convergent one. Therefore it should be
performed before truncating the series expansion in the regularization parameter, e.g ¢ in
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our case. We chose to perform the series expansion before the k—integration is done.

1
P N4_D/ dPk o 1
— Bo(p, m,my) = — dr o=
8p2 0( g) im2 (27T)D740 8p2 [kg N p2$2 + (p2 _ mz)aj _ (1 — x)mgP
yD Pk z(1—x)
= 2 | (or)P—4 dr 2 _ 22 2 2 213
s (ﬂ') J Z[k — p°x +(p _m)x—(1—$)m9}
1
4-D - Db =
= %/dl‘ﬂ'g F(I?:(g)Q) dte) 3-2
- -5
0 [p%? +ax(m? —mj —p?) + mﬁ]
l safe to set D=4

/ z(l—x)

0/ p*a? 4+ x(m? — mf] —p?)+ mg

Using the on-shell condition p? = m?, performing the z—integration and expanding the
result in terms of m? around m, = 0 we obtain

%Bo(p’m’mg) e % [ —1- %ln <:—§> + (’)(mz)]
= —$ [1 +In <%> ] . (B.26)

Scalar three—point one-loop integral Cy(q, my, my, myp, my)

The scalar three—point one—loop integral is defined in (2.48). Power counting shows that
Cp is UV-—convergent, therefore we take D = 4. The calculation proceeds in analogy to
the evaluation of By.

1 1
Co= .—/d4]{: .
0= ir2 [(pb - k’)z - mg] [(pt - k)z — mg] (k:2 — mg)
im2 (k2 —2p; - k) (k2 — 2py - k) (kQ_mg)

| Feynman parameterization

1 11—z
1 I'(3)
= d%/dx/dy 3
0 0 [I(kQ—2pt'k5)+?/(k2—QPb‘k)+(1_$—y)(kz_m2)]

g
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1 11—z
1 d*k 1
=—[|d d
im2 $/ y/ (2m)4 2 2 9 3
00 (k—xpi—yp) — (xpe+ypy) —m2(1 -z —y)

1
4
Z7T2 dl‘/dy/d 3

xm+ym)—ﬂﬁﬂ—w—yﬂ

| Euler’s beta function

1
—/d:ﬁ/dy 5 . (B.27)
S T apetyp)” +mi(1—a —y)

We perform a change of integration variables

r = uv, y=u(l—v), (B.28)
with its Jacobi determinant
o O v U
ou  Ov| __ _
% @"1_2} I (B.29)
ou Ov

We obtain

1 1
u
— | d d
o/vo/u 2lope+ (1 —v)pp]2 +m2 (1 — u)

1 for simplicity we define z = vp; + (1 — v)py

1

u
dv/duu222 +m2 (1 —u)

/
/

2 2 u=1
B my 2z%u —my
— dv( 422_m§arctan<mg T 2)—1—22111( (1—u)+zu)> -
(B.30)
We expand the first term up to O(my),
2 2
my < 2z°u —my ) My

———————arctan = +O(my,) . B.31

22 [152 _mg Mg/ /422 _mg o 422V22 (my) ( )

Therefore the first term in (B.30) vanishes in m, = 0 limit. The second term gives

1

— [ ! L (e (L= o)p)? .
Co = o/d Q[Upt+(1—v)pb]21 < m2 )+O< o)

g
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To perform the v—integration we write the argument of the integrand in product form

[wpe+ (1 —v)p)? = (pr — o) (v 4+ v3) (v +0-) = v+ vy) (v +0-)

with
m? —m} —¢*+ v\
2q> ’
Similar to the case of By, after the decomposition, the arguments of the logarithms are
positive in the present calculation. Therefore no n—functions will appear and there is no
imaginary part.
Then one has (terms of O(m,) are dropped)

— q=pi— Py, A= )\(mf,mg, q2) ) (B.32)

1

Coz—l/dvq( ! [0 0+

2 2(v4 vy )(v+vo) m?

1
2
=—— [ dv {ln<q2>+ln(v+v+)+ln(v+v)]
My
0
1 In v+(1—|—v mymy,
O 2¢2v, — v v_(14vy) m?
1 _ —v_
e [ Y (RO gy, () o, (Y
1 v_ (1+U ) 1+U+ V4
1 mt+mb—q + VA mymy,
= — In 5 5 5 In 5
A(mi, mg, m?2) mi +mi —¢* — VA My

+ In (ngrm% —q2+\/X> In <<m? —mi+ VA)? - (q2)2>

2m; (mj — m} = V) = (¢%)?

, 2v/\ , 2V
—2L12 2 2 5 +2L12 2 2 5 .
m? —mi +q>+ VA m? —mi —q>+ VA

In terms of the scaled kinetic variables we write

1 _ _
Colg, me, my, my, my) = _E{ (lne—i—Y) (2Y +4Yw) +2 (Ine—2InA) Y,
3

. w_ . [
— 2Liy(1 — —) 4 2Liy(1 — . B.
i ( w+) + 2 Lig( o w+)} (B.33)




Appendix C

Polylogarithm

The polylogarithm is defined by

©
) x
Li,(z) =) = (Jz] < 1). (C.1)
k=1
An alternative definition is .
Li,(x) = /Llnfl(t)dt, (C.2)
0
with
Liy(z) = —In(1 — ). (C.3)

The calculations in this thesis involve dilogarithms (dilogs) Liz(x) and trilogarithms
(trilogs) Liz(x):

[ 1 — > QJk
Liy(z) = —/Mdt => R (Jz] < 1). (C.4)
Lis(z) = / LiZt(t) dt (C.5)

In the following we list some frequently used dilog identities. A more detailed discus-
sion about polylogarithm can be found in [58].
Dilog identities with one variable:

7T2

Lis(z) + Lis(1 —2z) = s In(z) In(1 — ) (C.6)

— X

Liy(x) + Liy (—11‘ ) = —%1112(1—:5), <1 (C.7)

Liy(1 — z) — Li, (é) - % In(z) In [ﬁ] - %2 . ox>1 (C.8)
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I+ x?
) 1 w2
Lis(—z) + Liy (— E) = —3 In?(z) — 5 %> 0
. (1 x—1
Lig(—z) — Liy(1 —2) = —=Li (;) +In(z) In ( .
Lig(z) 4+ Lis(—z) = = Liy(z)
1 1 2
Lis(z) 4 Lis (5) = -5 In*(z) + LB In(x) ,
. 2 w2 .
Lig(x) + Liy <E) = ——In (x—1)+?+l7rln(

Dilog identities with two variables:

The Abel identity:

. T Yy . X .
L 2 ) = Lip(—)+L
12(1—971—?1) 12(1—y)+ 12(1

The Hill identity:

Lig(zy) = Lig(z)+ Lis(y) — Lis [

The Schaeffer identity:

Li, M = Lis(x) — Liy
[ | () — Lialy

z(1-y)
1
+ In(z) In N
Some special values for the dilogs:

z(1—y)

1_
)+Lb<g>+Lb< $)
x 11—y
2

r>1

(C.9)

(C.10)

), z>1 (C.11)

(C.12)

(C.13)

1) , x>1(C.14)

(C.15)

(C.16)

(C.17)

(C.18)

(C.19)

(C.20)

(C.21)



180 C. Polylogarithm




Appendix D

Basic integrals for the phase space
integrations

D.1 Two—-body phase space integration Ry(P;p, k) in
the real gluon emissions

For the real gluon emissions in both the decay ¢ — H™ + b (see subsection 2.3.2) and
t — b+ ¢ + vy (see subsection 3.4.2) we need to perform a two-body phase space
integration Ry(P;py, k) for the hadronic part. It is convenient to calculate Ro(P;py, k)
in the P-rest frame. The parameterization in the rest frame of the top quark with the
— P-momentum’ defining the z—axis is

bt = (mt;07070)7 P = (p0;0707_p3)' (D]-)
Boosting to the P-rest frame one has

Py = (mt%;0,0,—%), P = (my/20,0,0). (D.2)

A convenient way of parameterization of the gluon momentum in P-rest frame is
k= (E;;p,sindcos ¢, pysinfsin @, p, cos0). (D.3)

The angles 6 and ¢ are the polar and azimuthal angles of the gluon momentum in the
P-rest frame. The energy and the momentum modulus of the gluon in the P-rest frame
are given by
o €2+ A2 . Az, €2, A?)
g 2 \/E i, by = 2 \/z

where we have introduced a gluon mass m, (A = m,/m;) for regularization purposes.

As discussed in subsection 2.3.2, the two-body phase space integration dRs(P;py, k)
boils down to an angular integral dcosf. The only 6 dependent scalar product is p;-k.
Using the parameterization in the P-rest frame (D.3) and (D.4) gives

my, (D.4)

po ¥ + p3p’ cos
pt'k = g \/E g my.

IThe vector P here should not be confused with the polarization vector of the top quark P

(D.5)
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The basic integrals for the two—body phase space integration dRs(P; py, k) are defined
by

L= [ dRa(Pi ) (k) (D.6)
i [ dRaPip ) (o) (D7)
i [ dRPi ) (k)b (D3)
= / AR (P;po, k) (pe- k) KAV . (D.9)

For our purpose we need basic integrals with —2 < n < 1. I is given in (2.148). The
remaining basic integrals are calculated in a similar way. These integrals are different for
the IR-divergent and IR—convergent cases. For the IR—divergent integration ? we have

- 1 ©p’
Iy, = ——2 D.10
0 my \/E ) ( )
R 1 E*+ *
I, = _QL n <w) : (D.11)
mi 2ps  \po Ej — p3pj
. 1 T\ 2 P
P, Lo TVER (D.12)

3.2 %2 2 2
my py Eg* — p3 by

For the IR—convergent integration we have

Io= mi%(kLp) (D.13)
I, = m%]%); (D.14)
Iy = mi?”(kf) : (D.15)
I = mi;(pt'}?;k?)z. (D.16)

The tensor integrals I¥, I* and Ik are IR convergent because of the gluon momentum
in the numerator. They can be decomposed in terms of the scalar integrals I,,. For I* the
Lorentz invariance allows one to write

I* = ay (n)p) + as(n) P*. (D.17)

n

Contracting both sides with p;, and P, and solving the linear equations one has

an) =~ [ L — (0 P)(k-P) L]
ax(n) = m;pg 20 P) Ly — (pe P) 1| (D.18)

2The hat is used to denote the IR-divergent basic integrals.
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Similarly we write

IF = bi(n) pi'py + ba(n) P*P” + bs(n) (pf P 4 p} P") + bs(n)g"". (D.19)

n

Contracting again both sides with P, and p;, and solving the linear equations gives

bi(n) = m{mfz (pe-P) ar(n + 1) + m*=* ag(n + 1)

— (k-P)|mitz + 2p P)?| an(m) }, (D.20)
by(n) = m{mg(mm ar(n +1)

+ [3miz — 2p P aa(n + 1) = 3mi (k- P)as ()}, (D.21)
bs(n) — Qmﬁ 4o P)ar(n+1) — mizas(n+ 1) + 3k Pya(n)],  (D22)
bi(n) = ~ar(n +1) — 5 (7;?_';) ax(n+1) + %al(n) . (D.23)

In a similar way we write

LM = ci(n)pi'pyp! + co(n)P*PYPY + c3(n) (pi'py P? + pi' P'p] + P*p{p])
+ ca(n) (p}' PYPY + py' PYPY + P*P"p]) + cs(n) (pi' 9" + p) 9"~ + pi g"")
+ cg(n) (P*g"" + P"g"y + P g"). (D.24)

with coefficients given by

er(n) = — :mfz bi(n+1) — (pp-P)(k-P) by (n) — 2m§zc5<n)} , (D.25)

ea(n) = — :mf(k-P) ba(n) — (py-P) ba(n + 1) — 2m? c6(n)], (D.26)

() = = [k P)ba(n) = (e P) bi(n + 1) + 20 Pes(m)], (D.27)

es(n) = —— 5 [mbo(n +1) = (e P) (k- PYbo(n) + 20 P) ()], (D.28)

cs(n) = — :mfzb4(n +1) = (pu-P)(k-P) b4(n)], (D.29)

co(n) = ——— :mf(hP) bi(n) — (ps- P) b4<n+1)] (D.30)

D.2 Basic z—integrals for (1) — H" +b

The basic z-integrations for the decay (1) — H™ + b are defined by (see 3.154):

(1-y)?

1
n) = dz )
i / EES N R

€
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(1-y)*
S(n) = dz ! 1n<1_y Tty )

(Z - 62) >\(17y27z>n 1- y +z- A(l’y ) )

(1-y)?
S(m,n) : /dz z 1(1_3’/ et VALY Z) (D.31)

€2

The important point in the calculation of these integrals is the change of the integration
variable (z — ) with

y(L+ ) TSRV )

z:1+y2—T, where 1< u< %

Some of the basic integrals are divergent when substituting the integration limits. The
reason is that the IR—convergent integrals are split into IR—-divergent integrals by partial
fractioning. This divergence is artificial. We use a small cut—off in the integration limits
by writing

(1—y)? (1-y)? =62
/ dz = lim / dz, (D.33)
01,62—0
€2 €2+651

and the divergences in the form of Ind; and Ind, will cancel in the sum.
Now we list all the basic integrals needed for the decay ¢(1) — H* + .

R(—1) = —2ps + 2ps 1n(2Z}2J;]:3) -+ )Y, (D.34)
R(0) = %m [%} + m%), (D.35)
R(0,0) = (1 —y)* — €2, (D.36)
R(0,-1) = p3 (1 — € + y°) — 24°Y,,, (D.37)
R(=1,0) = 2In(> =Y, (D.38)
R(—1,-1) = —2p3+ 2 (1 — 4*) Y, — 24°Y,,, (D.39)
R(1,~1) = —% (1) | (L= @407 b — 27Va (D.40)
R(=2,0)=€e2—(1—y)°, (D.41)
R(~2,—1) = 267;3 - _1y2 (1497 T+ 7Y (D.42)
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-yt e

L0 =5 9 (D.43)

S(0) = Liy(@, ) — Lig(w_) — 2Liy(1 — %)

+
+ 21n(2w+p3)3—/p —2Y? +21In(e)Y,, (D.44)

y2e P
1 1 Yy : yﬁ— 2}33 — —o
b= paletzg,) — kel In(-=)Y, =Y, D.4

S( ) p3{ 12( ID+) 12( ﬁ+w+)+ n(y@) P P}’ ( 5)

50, 1) =3 [1-9* =) [@ -~ B-9) 1 +1)] —4 (1) m(*—Y)

+ 812 [ZLig(y) ~ Lig(w_) — LiQ(m)} +8(1—e+y%)psY,,  (D.46)

5(0,0) =2 (ps — €Y, — y*Ys,) , (D.47)
5(0,1) = Lig(w_) + Liy(w,) — 2Lis(y) (D.48)
S(1,0) = % (14 +5y°) — 'Y, — 4?2+ ¢%) Yoy, (D.49)

S(l,l)—62—(1—y)2+2(1—y2)1n(1zy)

+(1+9?) [LiQ(w_) + Lig(wy) — 2L12(y)] —4pY, (D.50)

1
S(2,0) = 9 A1, 92,€2) (1+ € + €' + 19y” + 4€’y® + 10y*)

+ =

P+wy

i
(1+3y* —3y* +4°) ln(j)

(14 9y + 9y* + v°) In(
_.I_

[66 — (1 + y2) (1 + 8y* + y4) } ln(M)
wi —wy

(D.51)

Wl Wl W=

S(2,1) = 3[62 — (1=’ d+E+ 10—y +8°] +3(1—y") 1n(1;y)
— (1442 + ) [2Li2(y) — Lig(w_) — Lig(m)}
—2p3 (3+ € +3y°) Y. (D.52)

The two integrals used in the calculation of the soft gluon factor are the following:

- v 1 Zm — €
R(0) := / dzZ 2= ln( S > (D.53)

(e+A)?
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7 1 (L= 2 VALY 2)
(1,92 2)

3(0) = / 0
(z — )/ A 1—y?2 42— /A1,9% 2)
(e+A)?

- QL{LiQ(l - p—(Zm)) + Lip(1 — p+(zm)) — Liy(1 — p_(Zm))

Y25 p- b— P+
] ) o
T Lin(1 - 2oy —Lip(n = Plmdy Py oy (Z’SGAE ) J} (D5Y)

P+ b+ U

D.3 Basic z—integrals for ¢(]) — b+ (1 + 1y

The basic z—integrations for the decay () — b+ ¢+ 4 v, are defined by the indefinite
integrals (see 3.154):

Zm

'R(m, TL) = / dZ W,

S(m,n) = /dz)\( 227 1n<1—y2+z+ )\(l,y2,z)>' (D.55)

1,y27z)n+% 1—y2+Z— /\<1,y2,2)

The necessary indefinite integrals R(m,n) and S(m,n) are the following:

1
R(-2,0)= -, (b-56)
R(~1,0) = In(2), (D.57)
R(0.0) = = (D.58)
1 Wo + Yy
RO.1) = L1n 7 D.59
(0.1) = pin(20 0 (D-59)
1 wo + Y Wo
R(0,2) = ——1 D.60
(0,2) 3293 n(wo -y’ 16y*p3’ ( )
3 Wy + Y Wo 4 2 2
_ | _ [ 3(1—2)* — 2% (T+32) |, D.61
R(0,3) SO n(wo_y ORIy 3yt +3(1—2)" —2y* (T4 32) (D.61)
In(4p3) (1+9%), wo+y
L 1) — | D.62
R(1,1) = =555 4 = (), (D-62)
(1+9%) ., wy+vy 2Wo
R(L ) = _ 1 D.63
(1,2) 3243 n(wg—y 16y2p3 (Do
3(1+vy*), ,wo+vy 1 2)2 2 4
R(1,3) = 1 — [ 1-— 3—2 3
(1,3) 512y wo—y 2048y (@ =v)"( Vi)
— (1) (9-202 +9y") 2+ 9(1+ 1222~ 3 (1 +4?) 23] : (D.64)

5(0,0) = _% [Lin(w_) + Lis(w,)] (D.65)
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Wo + Y ] +w0Yp2

S O,]. — ’
( ) Wy —Y 43%ps3

S (9 o) = o)+ ying

2
5(0,2) = -(1+y*)" O+ -4y’ +yY) In(2)
’ 192 (1 — y2) vtz 48(1 — 12) %yt
a2 — 14 2 4
@ y)3ln(4p§>_(3 y+§y)lnwo+y
48(1 — y?) 192(1 — 2%y wo—y
(1 —¢* = 2) wy? (2y* — 4p3) MOYE
192y*2p3 96yp3 ’

(D.66)

+

(D.67)

5(0,3) = —(1+42)° e y2)? (25 — 98y2 + 251/%) (D.68)
5120 (1 — y?) 022 15360(1 — y2)*y82
(L+y?) (- Oy + 165" 65" +4%) )
240(1 — y2)°y0 240(1 — 32)
(45 — 260y> + 814y* — 26015 + 45y°) I (wo + y)
15360(1 — 32)%y5 wy — Y
(1—y*—2)we®> (3 —3y* — 252 + 25y%2 + 222%) wy?
2560y 2p3 1536046 22p2
1
3840y5p3
—5(1—2y2—2y6+y8)z+10(1+y6)22

—10(1+y2+y4)z3+5(1+y2)z4—z5]Yp2,

10 — 5y + ¢*
: 2 in(agd)

_|_

+ 1= 5y 10y 4 105° = 5y +

S(1,0) = —% + @ In(z) — @ [Liz(w_) + Liz(w+)] +2psY2, (D.69)

1—y? 1 1 + 1—y?)’ = (1442
S(1,1) = 8y§/ 1n(z)+§1n(4p§)+@1n(‘w”g_z ! y>8y2p(3 y)z

1— 2 (3+9?) wo+y, (1+y")In(z)
_ In _
192y*  192(1 —y?)y®> “wo—y 48 (1 — y?) y*

In(4p3)  1-y*—= 1 [ 2\2 "
- (1 - 1
A48(1—y?) = 192y%p3  192y*p3 (=) 1+

—3 (1) (1+y") 2 +3(1+9)"% = (14+47) 2] 12, (D.72)

Y2, (D.70)

p

S(1,2) =

(D.71)

| ) 2 2 6 + 8 2 _ 2
J Y 3 v) In(z) + (_y)g In(4p3) (D.73)
240(1 — y2)7yS 240(1 — y?)

(45 — 95y% — 4ly* + 275 wo+y, 1—y*—=z
3 In + o
15360(—1 + y2) y5 wo—y'  2560y°ps
138y + 27yt — 132 + 5y*z
15360 (1 — 42) 477

s1,3) = ¢
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N2 592 o 6 8
+73840y6p§[(1 )’ (1= 202 — 20 + o)
—5(1—y2—2y4—2y6—y8+y10)z+10(1+y2)2(1—y2+y4)z2
—10(1+2y2+2y4+y6)23+5(1+y2)2z4—(1+y2)z5]Y;.

D.4 Coefficient functions for the decay t — b+ /¢ + v
in system 1la

The coefficient functions for the unpolarized part of the real emissions in the decay ¢t —
b+ { + v, in system la are the following:

pa(—2,0) = —z(1 — 2)€* — ————(1 — 2)(z — y?)e*, (D.74)
pa(—1,0) = %35(1 — )

1
— oy (3T + 22% + 4y — 6xy® + 42y + 24" — 3wyt)é?

2(1 —y?)
1
+ —2(1 — ) (—2x + 2?4 2% + 2% — oyt — 2wyt + y6)64 7 (D.75)
y2
pa(0,0) = —do + -, (D.76)

1
pa(0,1) = 5(—10x + 1722 + 18y* + 1day® + 152%y* — y* — 4oy — %)

1
- 722(—4x + 52% + 10y* — 122y* — 6y" + T2°y" + 8y® — 8xy®)€?

(1-9?)
1
— m(—ZI + 31‘2 + 6y2 — 12I’y2 + 2x2y2 — 3y4
+ 6xy? + 32yt + 4y° — 8xy® + y8)64 , (D.77)

pa(0,2) = 3y*(1 — y*)* (=102 + 2 + y?)
+ 632 (4o — 52 — 5y* + Swy? — 2%y — yh)é?
3y

T (2 — 32 — 3y* + 6y — 2%y* — y*)et, (D.78)

+

1
pa(l,1) = 5(10x — 72 + 2y° + 22y* + )

S(—4x + 2% 4 2y + 22y® + 22%y° + yt — day*)e?

L1
(1—-192)
1

- —= (22— 22— 2 — 2%y? + oyt + 2yt — y6)e4] , (D.79)
2(1 —y?)
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pa(1,2) = 3y*(10z 4 92° + 9y* + 69> — 2%y* — o)
2

— 6y* (4w — 2° — y?)e® — 7 Y (2 — 2% — yP)e’, (D.80)

-y
04(0,0) = 22(—1 + 2z — 29°) + 2z¢€*, (D.81)
04(0,1) = 2(5x — 62% — 4y* — 28xy* — 82%y* — 8y* — xy* + 22%y*) (D.82)

— 2(4x — 32% — 6y* — Tay? + 32%y* + 4y* — 2yt)é?
+2(—x + 2% 4 2% — ay?)e’
7(0,2) = 120%(=1 + v*)° (53 + 22° + 2y> — y?) (D.83)

—12(—4x + 32* + 3y* — 229°) (—y* + y*)é?
+ 1207 (—2 + 2% + y* — myP)et,

0a(1,0) = 4, (D.84)
0q(1,1) = =2(5x — 2 + 6y + bay® + 2%y%) + 2(4w + 2° + 2y* — 2y?)e + 2z
(D.85)
04(1,2) = —12¢%(5x + T2* + Ty* + 122y* + 2%y* + y* — 2y?)
+ 127 (4o + 2* + y? — 229°)€® + 12zy°€ (D.86)

The coefficient functions for the polarized part of the real emissions in the decay
t — b+ ¢+ vy in system la are the following:
4

1 —
pn(=2,0) = a(z — 1) + —— o (z — 3y +ay® —y* + 25 )¢t (D.87)
(1—-9?) x
1
pp(—1,0) = xz(x — 1) + m(?ﬂ: — 22 — 4y* 4 6ay® — 4ay® — 2y* + 3zyt)é?
—y
+ m(—zlx + 322 + 14y — 18zy® + 82%y* + 15y* — 1229
—y
y' Ly
+ 2y + 615 — 229° +4° — 10; — 2;)64, (D.88)
po(0,0) = —8x + ¢, (D.89)
1
p(0,1) = ————[(1 — y?)" (—122 + 72® — 502y® — 6222 + 112°y* — 14"

z(l —y?)
— 1lay* — 42%y* — 2y%) +22(1 — y2)2(14x — 3% + 18y* — 8uy? — 4a*y?
— 50y* + 10zy* + 52%y* — 20y° — 8xy®)e® + (—162% 4 T2* + 30zy?
— 182%y% 4 212%y? — 22y* + 592y* — 962%y* + 1723y* — 16y° + 332y/°
— 222y5 4 3235 — 69° + 21ay® — 1222y — 4y'® + a:ylo)eﬂ , (D.90)
1
pp(0,2) = (1—2)2 [2(1 — y2)2(6x3 + 362y + 62%y* — 6723y? + 6y — 243xy*
a(l—y
— 3722%y" — 64a’y* — 132y° — 16229° + 62%y° 4 52%y® + 6° + 9xy®)
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— 4(1 — ) (627 + 362y> — 602%y® — 312%y? — 18y* — 153zy* — 4227y
+ 5Pyt — 498 + 212y%) e + 2(62° 4 36xy* — 12627y + 172%y?
— 42y* + 33zy* + 1202%y" + 1223y* 4 40y° 4 18y°
— 1142%y® + 52%y® — 38y® + 332y°)€'] (D.91)
1
pp(0,3) = - [120y7(1 — y?) (2% + 3zy® + 62%9% + 2%y% + 2" + 3ay?) (D.92)
— 2402(1 — 1?)*% (2 + 3°) €2
+ 120y° (2”4 3zy® — 62y + 2y — 2y + 3ay*)e']
1
p(1,1) = ———— [ = (1= )" (72® + 6y — 20%% — 2" — xy*)
z(l—y?)
+2x(1 — y2)2(—2x + 2 + 207 — 20y® + 2027 + oyt — 2wyt €
— (—4x? + 32% + 14xy® — 182%% + 82y — 10y* + 1527*
— 122%y* + 2y* + 62y® — 2270 — 20° + 2y®)e] (D.93)
p(1,2) = TR [—2(1- y?)?(62° + 362y? + 11422y + 2323y® + 42y
T\l =Yy
+ 1772yt 4 8422y + 5oyt + 165 + 92y%) + 4(1 — y?)*(62° + 362y°
+ 482%y* + 5a’y? + 18y* + 21wyt )e? — 2(62° 4 362y — 182%y?
— 23y — 6yt — 392yt — 1222 + Byt — 498 + 33a:y6)e4] , (D.94)
1
o(1,3) = — [ — 1209 (2 + 3xy® + 122792 + 62°y* + 4y* + 18zy* + 122%y*
x
+ 23y + 498 4 329°) + 24007 (2 + 3zy® + 6279 + 23y? 4 2yt + 3ayt)e?
— 120zy*(2* + 3y*)e'] (D.95)
03(0,0) = 42(1 + 2z — 2y?) + dxe® (D.96)
1
0(0,1) = =[4(32® + 32zy> + 662°y* + 102°y* + 24y* + 64ay® + 152°y* + 22°y*)
x
— 4(82% + 52 + 502y® + 332%y* + 3%y + 129" + 4oyt — 2*yt)é?
+ 4x(bx + 2° + 10y° — zy®)e'] (D.97)
1
05(0,2) = o [ — 24(:1)3 + 6xy? + 1022y? — 1123y* + 4y* — 32zy* — 1062%y*
— 31a%y" — 38y° — 104ay°® — 282°y° + 2°y® — 6° + 102y° + 4a*y®)
— 24(—22% — 122y + 22%y* + 192°y* + Thay* + 682" + 323y*
+22¢° — 32y — 102%y°® — 2¢%)€? + 24(—2° — 6xy* + 1227y
+ day? + 4y* + 15zy* — 62%y* — 2y6)e4} : (D.98)
1
(0,3) = —[ — 240(1 — y?) 22 (2 + 3zy® + 92%y® + 32%y® + 3yt + 9ayt + 327yt + )
x

+480(1 — 1?) 2 (2® + 3ay? + 3%y + yt)é?
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+240(2® 4 3zy® — 32%y* — y*)(—y* + y)e'], (D.99)
op(1,0) = 8z, (D.100)
op(1,1) = 4(3z + 32° + 14y° + 9xy* — 2°y?) (D.101)

+ 4(—dx + 2 — 6y* — 2y®)€® + daet

1
op(1,2) = - [24(x3 + 6xy? + 2822y + 1123y% + 10y* + 65zy* + Sda’y* + 62°3y?
4 232y5 + 42%y%) — 24(22° + 1229° + 342%y* + T23y* + 124

+ 37xy* + 102%y* 4 2y°)e® + 24(2® + 62y* + 627y + 2y4)e4} , (D.102)

1
op(1,3) = - [240y*(2® + 3zy® + 152°y* + 102%y* + 5y*
+ 30xy* + 302%y* 4 52yt + 10y° + 15295 + 32%y° + ¢®)
— 480y (2 + 3wy® + 92%y? + 32%y* + 3yt + 9yt + 327yt + ) (D.103)
+ 240y° (2* 4 3zy® + 32%y* + y*)e'] . (D.104)

D.5 Coefficient functions for the real emissions in the
decay t — b+ { + v, in system 3a

The coefficient functions for unpolarized part of the real emissions in the decay t — b+/{+v;
in system 3a are the following;:

(=) (2, —y?)

pa(_2> 0) = (_xu + x?/ + y2 - 2331/92 + y4) 62 - 1 2 ) (D105>
—y
1 3
l,0) =~ (1) (o o 0 =20 4 47)
+ (1 —y?) (=32, + 222 + 3y* — 2z,9° + dajy® — Ta,y' + 3y°) €
+ (=22, + 2L + 2" + a2y’ — vt — 2zt +40) €], (D.106)
pa(0,0) = =8 (z, — ) , (D.107)
1
pa(0,1) = e [(1 = 4?)°(—102, + 1722 + 18y + 22,4 + 1522y

+27y* — 24z,y* 4 3y°) + 2 (-1 + ¢*) (—4z, + Bzl + 10y

— 102, — 12y* + da,y* + 7oy + 129° — 142,95 + 2¢%)

— (=2, + 322 + 6y* — 122,9* + 22%y* — 3y* + 6,y

+ 32%y* + 498 — 8x,9° + ys)eﬂ : (D.108)

[Gyz(l — y2)3 (—101’,, + 3612, + y2)

a0a2:
pa(0,2) [

— 127 (1 — yQ) (—4xu + 5:103 + 5y% — 8z,y° + xzyQ + y4) €
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— 6y” (—2z, + 3z + 3y° — 6z,y° + 2y” + y*) €], (D.109)
pa(1,1) = ;3 [(1 — y2)3 (10% — 722 + 2% + 142,9° — 3y4)
(1—-9?)
-2 (1 — y2) (4m,, — 2% — 2% — 4w, — 2027 + yt 4 6oyt — 2y6) €
— (23;1, — 2% =2 — 22y 4yt 2yt — yﬁ) 64] , (D.110)
pa(1,2) = — . —1y2 [6y° (1 —y?) (—10z, — 927 — 9y° — 6z, y° + 2iy” + y4)

+ 129/ (1 — yQ) (43:,, — 2 — yQ) € — 6y? (—2351, + 22+ y2) 64} , (D.111)
04,(0,0) =4 (—xl, + 222 — 2% — 4z, + 2y4) +4 (:L‘,, — y2) €, (D.112)
04(0,1) = 4(5x, — 622 — 4y* — 222,95 — 8x%y* — 16y* — 5x,y* + 22%y* + 8°

—22,y°%) — 4 (4z, — 32 — 6y — 9z,y* + 3wy” + 8y* — 3m,yt) €

+4 (—:1:,, + 22 4+ 2% — a:,,yQ) et (D.113)
74(0,2) = 24y2(—1 + y2)2 (5% + 222 + 2% — J:,,yQ)

— 24 (—4x,, + 322 + 3y* — Qxyyz) (—y2 + y4) €

+ 2492 (—asy + 22 49 — 93,,y2) et (D.114)
04(1,0) =4 (22, — y*) , (D.115)
0.(1,1) = —4 (5x,, — 22 + 6y + 1la,y® + 22y + Ayt — 2xl,y4)

+4 (42, + 2 + 2y° — 32,y°) € + et (D.116)
0q(1,2) = —24y° (5xl, + 722 + Ty + 122,97 4+ 22 + oyt — a:Vy4)

+ 24y (4% + 22 4y — 2xyy2) €2 4 24x,1% et (D.117)

The coefficient functions for polarized part of the real emissions in the decay t — b+/{+ 1,
in system 3a are the following:

pp(—2,0) = (—x?j + 8 + 3x,y% — 22297 — 24" + 3:,,y4) €

1- v
(17102)2 (x?, —3z,y% + 22y + 2yt — xl,y4) et (D.118)
z,(1—y
1
pp(—1,0) = — (—x,% + 8 + 3x,y% — 22297 — 24" + :c,,y4) — (=32 + 22}
xu(l - y2)
+ 112,y — 1422y + 429 — 8y* + 163,y — T22y* — 49° + 32,9%)€?
1
ﬂ(—élxz + 323 + 1da,y? — 1822y* + 8x3y* — 10y*
Ty -y
+ 15z,y* — 12202y* + 23y* + 62,1° — 22295 — 20° + 2,1%) €t (D.119)

po(0,0) = —4 (22, — ¢?) (D.120)
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pb(07 1) =

pb(07 2) =

1
pb(0> 3) =

pb(17 1) =

Pb(1> 2) -

pb(L 3) =

ab(O, 0) =

m [(1- y2)4(—12xl2, + 723 — 62,97 — 94a2y® + 11a3y?
— 46y — Tyt — 2402yt — 2005 + Ta,0%) — 2(1 — o) (1422 + 323

— Az’ — 6:1:,2,y2 + 4xiy2 — 14y* + 58z,y" — 1O$§y4 + 53:,?jy4 + 2x,y°

— 1822y% — 10y® + 42,9®)e* + (1622 + 72> + 301,y* — 1822y

+ 2123y% — 220" 4 59x,y* — 9622y + 1723y* — 169/ + 332,9°

—22%9% 4+ 3229° — 69° + 21w,9° — 1222y° — 4y + xl,ylo)eﬂ , (D.121)

1

=57 [2(1 — 4?)*(62% + 362,4> — 622y* — 6T2’y® — 6y* — 195,y

— 34822 y* — 64x3y* — 108y° — 2582,1° — 622y° + 523y° — 6y° + 572,1°)

— 4(1 — y?)*(62% + 362, — 6622y* — 3123y® — 24y* — 1052,y*

— 722%y* + 5yt — 3495 + 452,9°%)€® + 2(623 + 36x,y° — 12622y

+ 1723y% — 42y* + 33z,y* + 12022 y* 4 1223y* 4 40y° + 18x,,9/°

— 11422y’ + 523y° — 38y° + 33z,4%)€] (D.122)

— [120(1 — y2)2y2 (z) + 3z, + 62y” + z0y” + 2y* + 3z,y7)

— 240z, (1 — y?) %2 (22 + 3¢%) &

+ 120y (23 + 3z,y* — 6aiy” + aly® — 2y* + 3z,y") €'] (D.123)
1 4

m |: — (1 — y2) (7373 + 34:61,3/2 - 6x3y2 — 6y4 + 737,/3/4)

+2(1 - y2)2(—2x3 + 2 4+ 8x,y* — 622y + 227y — 4yt

+ 32yt — dxiy* — 208 + 4w,0%) e — (—4a® + 327 + 147,y

— 182232 + 823y* — 10y* + 15z, 9" — 122%y* + 23 y*

+ 62,y° — 227y° — 2° + 2,9°)€"] (D.124)

m [—2(1 — y?)?(62% + 362,17 + 10222y + 2323y
+ 30y* + 1772,y" + 12022y* + 523y* + 529 + 572,4°)

+4(1 = y?)? (623 + 362,47 + 4222y + 5ady® + 12y + 452,y") €

— 2(623 + 361,y — 182%y* — 229* — 6y* — 39x,5"

— 1222y" + 5adyt — 4y° + 33z,3°)€'] (D.125)

1
— [ — 120y2(x3 + 3x,y° + 121712,y2 + Gxin + 4yt + 18z,y* + 12x12,y4 + x3y4

+ 4y°® + 32,9°) + 240y° (2 + 3z,y” + 622y” + 20y” + 2y* + 3z,y?) €
—120z,y° (27 + 3y%) €'] (D.126)

4 [ (2] + 227 + 8x,y” — daly® — 2y + 22,y") + 4z, (z, — y°) €], (D.127)

Ty
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4
0u(0,1) = —~ [(3z7 + 14w,y + 68z,y” + 10z3y” + 26y + 922,y + 27z)y*

+ 223yt + 1295 + 142,9° — 22295 — 2¢°%) — 4(822 + 523 4 40x,,9/°
+ 35229% + 322y® 4 14y* + 26z,y* — 322y* — 2¢%)é

+ 4z, (5% + 22 4+ 10y* — IVyQ) 64] , (D.128)
24

0p(0,2) = — [ — (2 + 6x,* + 822y — 1123y* + 2y* — 282,9* — 9822y* — 31a3y?
Ty

—30y°% — 1122, — 3822y% + 23y® — 16y® + 14,® + 822¢® + 4¢')
— (=22 — 12z,9% + 422y* + 1923y* + 2y* + 632,y + 7022y
+ 323yt + 2495 + 92,9° — 1422y° — 64°)® + (—a — 62,9°
+ 1222y + dady® + 4y + 15x,y" — 62y" — 2¢°)€'] (D.129)
1
0(0,3) = —[ —240(1 — y2)2y2 (z) + 3z, + 922y” + 3aiy” + 3y* + 9z,y" + 32y’ + ¢°)
Ty

+480(1 — y2)2y2 (2 + 3z,y” + 322y + ') €

+240 (2 + 3z,y° — 322y” — y*) (= +y') €'], (D.130)
op(1,0) =4 (22, — y*) , (D.131)
1 .
op(1,1) = —[4 (322 + 3ad + 24x,y° + 1522y” — 2dy® + 6y* + 102,y" + 227y" + 2¢°)
Ty
+4 (—dzl + 2} — 8z,y° — 30y’ — 2y*) € + 4’|, (D.132)

1
op(1,2) = - [24(z) + 62,y + 2620y” + 11zdy* + 8y* + 61z,

+ 6022y + 623y + 22¢° 4 432,15 + 822y + 44°)
— 24 (22 + 122,97 + 32207 + Taly® + 10y" + 4la,y* + 14y’ + 64°) €
+ 24 (23 + 63,y° + 622y* + 2y*) €'] (D.133)
1
0y(1,3) = —[240y°(w; + 3w,y” + 152,9° + 102y° + 5y
+ 30m,y" + 3022y* + 5x2y* + 10y° + 152,9° + 3229° + »°)
— 480y? (3 + 3z,4% + 922y® + 3a3y? + 3yt + 9a,y* + 322yt + 1) €
+ 240¢> (xfj + 3,7 + 322y + y4) 64] . (D.134)

D.6 Basic integrals for the azimuthal calculation

The basic integrals for the x—integration are defined by

w4

Xy = /dac\/(l—x) (x —y?) —zz = %W)\(l,yQ,z) : (D.135)

w—
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w4

Xy = /dmx\/(l —z) (v —y?) —xz = %7? (1+y*—2) A (1,97 2), (D.136)
vy a1 (”;_ v ez %w [(1—y)*—2]. (D.137)

The basic integrals for the z—integration in the azimuthal calculation are defined by

_ = )\(1,3/2,2) n) = > )‘(172/2>Z>
U(n)—/d [<1+y)2_4nyp, V(n) /d [(1_y)2_z]nyp. (D.138)

Calculating these indefinite integrals one has

y N 7T—dy+y°
5(1+y) [1+y)?—2]" 30(1+y) [(1+y)" - 2]
B (15— 5y + 5y + y*) In (1 +y)* — 2) B (1—9y)*(1+8y+¢%)Inz

60 (1+1v)° 12092 (1 + y)°
Gy +yt+6y(1 —2)+ (1= 2)" =22 (T+2)

— psY,, (D.139)
30y [(1+y)° — 2]
U(3) = — 2y _(3+y2)ln((1+y)2—z)_(1—y)3lnz
3(1+y) [(1+y)* - 2] 6(1+1y)° 12y (1+y)?
) el SV, D.140
0y o
8yln ((1+y)* —2) + [4—4y+ (1 +y)1ny2} In 2
U(2) = 4(1+vy)
+§@mmq+mmLﬂ+(a:%%j;—xQY@ (D.141)

) = 5[z = (14 y—9?) 2] —y[Lia() + Liop)] ~ 2ps — 9 a) ¥y, (D142)

U(0) = L (42 — 22) 1 (1 —2y* +4%In y2) Inz — y? [Liz(er) + LiQ(p,)]

8 1
+20°Y,Y, — (1 +y° — 2) psYy, (D.143)
Syln (1—y)* — 2) — [4—1—43/ (1—y) 1ny2] In 2
o 4(1-y)
1. . ) 4p3
+—[L1 +Li _}+<7—YM)Y, D.144
5 | Li2(p+) + Liz(p-) 11y’ b (D.144)

V() = % [z —(1-y—¢) z} +y [Li2(p+) + Liz(p_)} 2 +yY.)Y,. (D.145)



Appendix E

Some technical notes on the
semileptonic hyperon decays

E.1 T—-—odd contributions

In the main text we have assumed that the invariant form factors and thereby the helicity
amplitudes are relatively real. If one allows for relative phases between the helicity am-
plitudes one will obtain so—called T—odd contributions in the angular decay distributions.
They appear in the azimuthal correlation terms as can be seen by the following example
taken from the joint angular decay distribution in Sec.6. One of the azimuthal correlation
terms derives from the helicity configurations (A = —1/2, Ay = 0; N, = 1/2, A}, = 1)
and (A = 1/2, \p = 1; N, = —1/2, \};, = 0). Picking out the relevant terms in the master
formula (5.60) one has

H;lHilOei(”_X) + H_1,H7, e = _9 cosyReH1 H" , | — 2sinyImH:,H* , /. (E.1)
2 P 2 b 2 2 2 2

The cosy dependent term already appears in (5.61) whereas the siny dependent term
has been dropped in (5.61) because of the relative reality assumption for the helicity
amplitudes. Adding the relevant 6 and 6 dependent trigonometric functions in the above
azimuthal correlation term one has the two angle dependent T—odd terms (sin 6 siny sin 6
ImH, 1 H* 1) and (cos @sin @ siny sin 0 ImHélH*_lO) proportional to siny.

Next we rewrite the product of angular factors in terms of scalar and pseodoscalar
products using the momentum representations in the (z,y, z)-system (see Fig.5). For the
normalized momenta one has (p* = 1)

pi- = (sinfcos,sinfsiny, — cos ) (E.2)
pw = (0,0,-1)
ps+ = (0,0,1)

pp = (sinfp,0,cos6p) ,

where the momenta have unit length indicated by a hat notation. The above angular
factors can then be rewritten as

sinfsin xsinfp = pw- (P X Dp) (E.3)
cosfsinfsinxsinfg = (p- - dpw) [Pw - (D1- X Dp)]
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Under time reversal (t — —t) one has (p — —p). Since the T-odd momenta invariants in
(E.3) involve an odd number of momenta they change sign under time reversal. This has
led to the notion of the so—called T—odd obsevables. Observables that multiply 7T—odd
momenta invariants are called T-odd obsevables. They can be contributed to by true
C P—violating effects or by final state interaction effects unless either or both change all
helicity amplitudes by a common phase. One may distinguish between the two sources
of T—odd effects by comparing with the corresponding antihyperon decays since phases
from C' P-violating effects change sign whereas phases from final state interaction effects
do not change sign when going from hyperon to antihyperon decays.

From the above example it should be clear how to obtain the T—odd contributions
from the master formulas for the other cases. In practise what one has to do is to add
terms where the real part of the bilinear forms of helicity amplitudes is replaced by the
corresponding imaginary part and the cosine of the azimuthal angle is replaced by the
sine with a possible sign change.

E.2 Full five-fold angular decay distribution

In this section we write down the full five-fold angular decay distribution for the semilep-
tonic cascade decay of a polarized hyperon. There are now altogether three polar angles
0, Op and Op, where Op describes the polar orientation of the polarization vector of the
parent hyperon as shown in Fig. E.1 (which is directly taken from [76]). Since there are
now two planes in the cascade decay, there is one more azimuthal angle which we choose
as ¢y as shown in Fig. E.2. It is important to note that Fig. E.2 shows a special configu-
ration where the momentum of the proton lies in the first quadrant and the momentum
of the lepton lies in the second quadrant. It is clear that, for this special configuration,
the three azimuthal angles ¢y, ¢ and x add up to m (¢py + ¢ + x = 7). For other config-
urations it may happen that the three angles add up to = + mod(27) if the rotation sense
of the angles in Fig. E.2 is kept. This will be of no consequence for the angular decay
distribution which is invariant under azimuthal 27 shifts.

The full five-fold angular decay distribution can be directly taken from [76] after in-
cluding the appropiate sign changes going from the (¢, 1) to the (¢7, ;) case!. We have
simplified the corresponding expressions in [76] by assuming as before that the helicity
amplitudes are real. For completeness we shall also write down the decay distribution in
explicit form using Wigner’s d”—functions as before. One has the master formula

W<97 ePa 637 ¢B> ¢f) X Z (_1)J+J, ‘hl)\ZAV:il/Q ‘261’()\‘/‘/7)\;/‘/)(” (E4)
Ao AW Ny o J A2, NG, As
!
/?/\Q—AW,A’Q—/\’WdiW,,\PAy (9>d§;,v,,\g—,\y (G)H)\z)\WH;’QM/V

. / l l
67’()‘2 A9)¢B d)2\2>\3 (93)d§/2>\3 (QB) |h§30 |2

! Apart from listing angular decay distributions [76] contains much additional useful material as e.g. a
discussion of the statistical tensors of the processes and their bounds, HQET results for the form factors
etc..
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Figure E.1: Definition of the three polar angles 6, 05 and fp in the semileptonic decay of a polarized
20 into Xt + ¢~ + 1, followed by the nonleptonic decay X+ — p 4+ 7%, The polarization vector of
the parent baryon P lies in the (z, z)—plane with positive P, component.

For the normalized five-fold angular decay distribution one finds

2

ar 1 G?

=B(By — B3+ M)— Vis|?
dq?d cos Opd cos 0d cos O pdxdap, (B2 = By + )12 (27?)5| |

—m;)*p
8 M3 >

(g

bo + 3 cos 8 by + cos O by (E.5)
3 1
+(§ cos® ) — 5) bos
—3v/25sin 6 cos ¢y b}
—2sinfp cos ¢p b%g
3
———sin 20 cos ¢y b
V2
+3cosf cosfp by

1
—l—(g cos® 0 — 5) cos O byg

3
-3 2sinfsinfpg cos y bﬁ
3
-5 2 sin 6 sin 26 cos x bia
3
+§ sin® 0 sin O cos(x — ¢r) b}%

: 11
—6cosfsinfp cos¢p by,

—3v/2sin 6 cos O cos ¢y byt
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X| XB

Figure E.2: Definition of the three azimuthal angles ¢y, ¢p and x (¢¢ + ¢ + x = ) in the
semileptonic decay of a polarlzed =0, Fig. E.2 is a view of Fig. E.1 from the right along the negative
z—direction. pz and pp denote the transverse components of the momentum of the lepton and
proton, respectively.

3
—ix/ﬁsin 20 cos 05 cos ¢y by
—sinfp(3cos®§ — 1) cos ppbis

It is important that the rotation sense of the azimuthal angles in Fig. E.2 is kept. We
have used the relation ¢y, + ¢p + x = 7™ + mod(27) to rewrite cos(¢p + ¢¢) = — cos x and
cos(¢pp + 2¢ys) = —cos(x — ¢¢). Note that (E.5) contains the redundant angle ¢p. As
before one can reexpress cos ¢p as cos ¢ = — cos(¢py + X).

The coefficients b}} in (E.5) are given by ?

(E.6)

11
22

boo = ((L+e)([H 1 y|* + [Hiol?) + 3 Hy,[*) p
)P

H((L+ ) (|Hyy |* + [H_10*) + Bee| H_ 1,

D=

1
2

1
boo = 5(FIHu —de HoyoH_y)p_

=
N[

1
——($|H 1| + 4e, H10H1 )p%%

boo = (_(1+€€)(|H—10|2 [Hoy ") = Becl H_ 3, [*) poy s
tap((L+e)(=[H_y 4* + [Hyol*) + 3e Hy,[*) p1s
1—2e¢

by = — f<—2|H_%o|2+|H%1|2>p_%_%

1— 263

+ ([H_ 31l = 2Hy[*) pys
1

boy = 5(265H_%tH_%_1iH_%OH_%_1

2The coefficient bi} takes twice the value as compared to the corresponding coefﬁment in [76] Also in
(43) of [76] concerning the overall normalization one has to do the replacement ¢> — (¢* — m?)?/(24¢?).
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—QQH%IH%t + H%IH%O) PL_L,
bio = —apBeH, H 1, + (1+e)HigH 1) p_

1-2
2 — EZ(H_%OH_%_l_HélH%O)pl 1s

NI

1
2

2 272
by = “—B<:F|H;1|2+4ez H osoH 3)p 3 s
(3F|H 1 —de HygHyy) pay
b = 7<1—2ez><2|H,;o|2+\Hmpféfé
— (1= 26)(|H_y Ly [* 4+ 2{Hy ) py
by = O‘B(2€€H11H 1 FHLH 0)/) 11
+ap(—2¢Hy H 1:FH10 1) P

b%% = QB<1—2€£)(H%1H_%OP_§_% _HloH—%—lp
bg == —OéB(l —264)H%1H_%_1 p%_%,
by = ape (H%OH_%t—f—H%tH_%O)p

11
323’

aB
bor = o (2eH_y H oy FH_H 4,
_QEKHélH%tiHélH%O)p%—%v
ap
bt = _7(1_256)(H750Hf%f1+H%lHéo)péféa
M = an(l =26 HyH g0

23’

We have introduced the abbreviation ¢, = m?/2¢? for the leptonic flip suppression
factor. As in the main text the upper signs in the coefficients bf! hold for the case (¢~ )
relevant to the cascade decay =° — Xt (— p+ 7°) 4+ ¢~ + Iy treated in this thesis. The
lower signs hold for the case (£*,1;) as was discussed in [76]. Finally, p, », 1s the spin
density matrix of the parent hyperon given in (5.54).

We have performed various checks on (E.5). First we found it to agree with the
angular decay distribution derived from the master formula (E.4). We further checked
that (E.5) reduces to the decay distributions listed in the main text after integration
or after setting the relevant parameters to zero. We thus checked that (E.5) reduces to
(5.61) when setting P = 0. There is a factor of 47 from the integration over cosfp and
¢¢. Further (E.5) reduces to (5.56) when setting ap = 0, dropping the branching ratio
factor B(By — Bs + M) and replacing ¢, by (m — x). Also there is a factor 47 from
the integration over cosfp and ¢p. Finally, (E.5) reduces to (5.59) when integrating over
¢¢ and cos @. As mentioned before we have assumed that the helicity amplitudes (or the
invariant amplitudes) are relatively real. Nonzero relative phases between the helicity
amplitudes could arise from final state interaction effects or from extensions of the SM
that bring in C' P—violating phases (see e.g. [113, 114]). In such a case one would have to
keep the full phase structure contained in the master formula (E.4).
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