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Abstract. In the hyperradial adiabatidi(A) treatment of the three-body problem the total wave function is
expanded a¥ua(R. &, 1) = R™%2 3, xi(R)¢i(RI€, n),whereR denotes the hyperradius angl#f) are internal hy-
perangles. Integration ovérandn converts the Sclidinger equation into a system of coupled hyperradial equa-
tions. It is a well-known fact that, within thelA approach, the non-adiabatic corrections that couple channels
converging to the same asymptotic configuration can show an unphysical long-range behairThough

the latter is of purely kinematic origin and arises from the use of the hyperradius instead of the pertinent Jacobi
variables, it is nevertheless the source of the consideraffieutties inherent in this approach. Here we propose,
following the analysis of [1,2], to define appropriate hyperradial-distorted free incoming and outgoing waves
(HDFW) that incorporate these unphysical long-ranffeas. Using them the physic&matrix can be found

in a straightforward manner.

1 Introduction as

1 d? d
The standard approach to nonrelativistic scattering consists “omare Lt ER + 2R R + W(ﬂ)]’\/ (R) = Ex(R).
in solving the Schiidinger equation and comparing its so- (2)
lution with that of the corresponding free equation (incom- The elements of the matric&3(R) and W(R) that con-
ing and outgoing plane or spherical waves, respectively). stitute the so-called non-adiabatic corrections are given as
This allows extraction of th&-matrix and with it the in- usual by
terpretation of experimental data.
. A_s is yvell known such a straightforward procedure is Qj(R) = 1 <S0i (RIE, ) ‘i%(ﬂg’ 77)> ©)
ill-suited if long-range correlations are present. One way 2M dRr
out consists in taking resort to a distorted-wave picture.
Herein, the intended comparison is made with the solu-and
tion, not of the free, but of an appropriate "distorted-free” 1 &
Schiddinger equation. In order that this approach be of (R = ——— | o = )
practical use the latter must take care of the undesired long- WiR) = ~2m <¢I (R ‘d’RZ PR 77)> )

range correlations, and its solution must either be analyti- i ) )
cally known or at least be easily calculable. Moreover, e(R) denotes the diagonal matrix of the adia-

: ; ; batic eigenvalues ang(R) the column vector solution. It
In the hyperradial adiabatic treatment of the three-body is awel?known fact trt?il(t \)Nithin thel A approach, the non-

problem the hyperradiug and two internal hyperangles : . ) X
(&, 1) are chosen as the basic variables. Then the total wav adiabatic corrections that_coupl_e channels converging to
’ She same asymptotic configuration can show an unphysi-

function is expanded as cal long-range behavior 1/R [1-3]. Its occurrence is a
N purely kinematic ffect, arising from the use of the hyper-
52 ‘ ‘ radius instead of the appropriate Jacobi variables.
Pua(R.€.1) = R ZX i(R)gi(RIE. 1)- 1) Traditionally the asymptotic form of the scattering so-
: lution of (2) is then searched in the form [4,5]

After integration overt andn one arrives at a system of _ [ariKRy _ dKR
coupled hyperradial equations which in matrix form reads X(R) [e 1-¢ S] B, forR = oo, ©®)

yielding the S-matrixS (B represents suitable normaliza-
@ g-mail:amatv@theor. jinr.ru tion factors). Because of the above mentioned long-range
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correlations such a procedure represents, however, an ill-

posed problem and is the origin of the considerabig-di
culties encountered in practical applications.

To enhance the usefulness of this approach we propos
the following strategy which is inspired by the classical
distorted-wave picture outlined at the beginning of the sec-
tion.

— Firstfind an appropriate auxiliary ("distorted-free”)
scattering equation corresponding to (2) but with
the property that its solutions account for the long-
range correlations and are readily accessible.
When the full equation (2) is solved subsequently,
in order to define the physical S-matrix the asymp-
totic comparison is then made with the solutions
of the above auxiliary equation instead of with the
standard incoming and outgoing spherical waves as
in (5).

In more detail, following the analysis of [1,2], we first
have to find from the auxiliary scattering equation so-called
hyperradial-distorted free incoming and outgoing waves

(6)

(see below) that incorporate the above mentioned unphys
ical long-range ffects and include an auxiliary scattering
matrix S. The latter then allows to calculate the physical
scattering matrixS as

e—iKR§—1/2 and eiK'R§1/2

S= §—1/2 ~1/2 (7)

which can strongly dfer from the standar8-matrix (5).
Thus, in a first step a procedure to define and then to

calculate the auxiliary S-matri® has to be outlined.

2 Hyperspheroidal Hamiltonian

We consider three charged particles having masggso-
sition vectorss, (i = 1, 2, 3), and charge&,Z, > 0,2;73 <

0. Unitsu = e = h = 1 are chosen. Introduction of the fa-
miliar prolate spheroidal coordinatése [1, ) andn €
[-1, 1], defined by

ri=RE+n)/2, r2=RE-1)/2, (8)
with
R=1X2=Xal, r1 = X1 = Xal, r2=X2=Xal,  (9)
and of the hyperradius
R = Ryp(é,1) = RyJ1+ (r/R2u/M (10)

yields (for non-rotational states) the hyperradial Hamilto-
nian depending on three variables

_ 119 50
H=hREnN = 5w ] ar 1)
2
hRig) = L E Mo EDV®RED.  (12)

2uR?

1

27,7 2757
V(RE ) = 2 |21Z2 - 1080

] . @3
E+n -1
The volume element idr = (¢2 — ?)dédn/p?(£, 7). Here,

§he following abbreviations have been used:

gL |02 9 9 20
= g € - Vg + 5,005 |
o1 P P
= g | (€~ € - D) + (n—Kf)(l—nz)%],
(14)
plEn) =1+ &(E +n° - 2uén + k> - 1),
« = p/(4M),
K = (mp — my)/(mp + my), (15)
I/M =1/m +1/my,
Yp  =1/mg+1/(my + my).

The hyperradial adiabatic eigenvalue equation

h(RIE, m)gi(RIE, 1) = & (R)ei(RIE, 1) (16)

can be interpreted as describing the motion of a quasi-
particle with masg/p?(£, ) in a renormalised interaction
potential \/o(¢, )V (cf. (12)). As indicated, the hamilto-
nian h(R|¢, ) depends parametrically on the hyperradius
R resulting in a IR-behavior of the eigenvalueg(R)

for large R, a fact established both numerically and ana-
lytically [3]. Moreover, asR tends to infinity implying the
disintegration of the system into atom plus nucleys, n7)
approaches appropriate constant values such that the spec-
tra with the proper values of the atomic energies are recov-
ered.

3 Asymptotic behavior

In order to assess théieiency of theHA approach it is of
importance study the asymptotic behavior of the various
quantities occurring in (2) for larg® [3] (in contrast to
the opinion advanced in [7]). This is illustrated in detail at
the example of the specific physical three-charged particle
system consisting of antiproton, electron and proton in Fig.
1 (see also [8]). There we show our calculated hyperradial-
adiabatic potentiati1(R) (i.e., the 11-th eigenvalue) and
the correspondingfiective potentiale;1(R) + Wi111(R)
which includes the diagonal nonadiabatic corrections, cf.
(4).

Indeed, both curves tend asymptotically to the proper
energy level of antiprotoniump(),-s. But the speed of
approach is dramatically fierent. The reason is that while
£11(R) clearly displays the unphysical attractivgRt-like
tail the latter is, however, for a large region ®fvalues
compensated with giicient accuracy by that of the diago-
nal matrix elemenW;111(R) of the non-adiabatic correc-
tions. Obviously, for this particular system the size of the
corrections is substantial and is thus expected to strongly
influence the convergence rate of the scattering observ-
ables (see, e.g. [5]). But it is important to keep in mind
the established fact that, within thA approach, also non-
diagonal corrections that couple channels converging to the
same configuration but containingfidirent states of the
atom can show a similar long-range behawdd(1/R).
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-0,016 4

00174 and for (19) as
— -0,018 4
‘g -0,019 4 Xt‘ui(R) ~ [e_IK(R — eIK(RS(/f] Bt‘ui, forR — . (21)
g oo efecive As was demonstrated in [1], the "eigenvalues” and "non-

-0,021 -

adiabatic corrections” for these auxiliary reactions closely
hez ] I resemble those of the physical problem (17) and, what is
00231 to be particularly stressed here, the lagbehavior of the
0,024 4 corresponding matrice®% ", Q% , W%, andW% repro-
w0 100 400 as0 0 2000 duces that for the corresponding quantities of the original

Hyperradius R physical problem (17). That is, in tHeéA approach these
two free-motion problems look like a multichannel scat-

("adiabatic”) and with ("é€fective”) nonadiabatic correction. Both tering problem where two fierent fragmentation channels

curves approach the proper energy of tip@)(atom (in units ~ are described using the same hyperradius
u = 1), shown as a horizontal line, but at distictlyfdrent values _Thus, the basic idea is to construct incoming and out-
of the hyperradiu®. going spherical waves that produce a unit S-matrix for the

auxiliary problems shown above, and use them in the phys-
ical problem (17). In a first step we combine the solutions

Lowest-lying n:

Fig. 1. Lowest adiabatic potential of the £8)-subset without

4 Example of hyperradius-distorted free x% andy% into a common wave function, taking care of
waves (HDFW) the energetic ordering of the asymptotic states,
In order to enhance the convergence and to minimize the — (x%
range ofR that should be used in the numerical solution of X = X (22)
the hyperradial scattering equation (2), the following ro-
bust procedure is suggested. which asymptotically behaves as
To be specific consider the physical reaction
- - Y(R) ~ [eR1 - XRs|A 23
(s +t = (G )as + 17) ¥R ~| S| (e3)

which has been thoroughly investigated in earlier days, seewith the S-matrix

e.g. [4—6]. The asymptotic form of the solution of (2), if -

searched in the traditional way according to (5), includes S= (Sd 07 ) (24)

the standard incoming (epiK R}) and outgoing (extK R}) 0 s*

spherical waves and @+matrix S (together with a col- )

umn matrixB of arbitrary cogficients). Clearly, the S-matrix L€t US rewrite (23) as

defined in this way must be expected to be rather sensitive _ e 4

to the long-range kinematidfects introduced by using the X(R) ~ [e KRG e.mgl/z] S (25)

hyperradius instead of the appropriate Jacobi variables. = [{OR) - ,\7(+)(R)] A (26)
This fact suggests to first solve two auxiligiyA prob-

!ems that physically represent the m”otior? of ,t'he.correspond-l-hen all unphysical couplings inherent in tHé approach

ing atoms with respect to a neutral "particle” with mass of 4e seen to have been incorporated in the distorted incom-

the remaining third particle, namely ing and outgoing waveg")(R) andy*)(R). We call them

(du )1+ My — (du)1s + My (18) hyperradius-distorted free waved DFW), cf. ( 6). And
. we have arrived at a unit S-matrix as required for physical
with reasons.
V= Vd;f,vdt = Vt;f =0,
and
(tu )1s+ My = (tu )1s+ My (19) 5 Definition of the physical S-matrix
ith
W V = Vi, Vit = Vg, =0 For the physical problem (17) we rewrite the asymptotic
= Vo = Vdum =Y

L . .. solution (5), introducing now the hyperradius-distorted free
These processes are trivial in the appropriate Jacobi variyavesy®), as

ables since the corresponding wave functions are just prod-

ucts of hydrogen-like functions and plane waves. But when _ TariKRS L2812 _ jkrGli2g-1/2

studied in theH A approach they gter from the same kine- XR) [e_(_) S_I/ZS _(f ill/zs SiB

matic inadequacy as the original reaction (17). (RS —x iﬁ)/z __lS/]ZB__l/Z (27)
For these two reactions tHeA ansatz (1) leads to a WO(R) - xH(R)S “sST7]s B

system of equations similar to (2). Asymptotically the so- = O(R) - Y (R)SIB,

lution for the reaction (18) behaves as

) . . ) ) so that for the physical scattering matSxwe find the re-
X (R) ~ €K% - KRS BH forR — 0,  (20)  sult (7).
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Table 1. Elastic cross-section (in units of 2cn?) for (du )15+
t — (tu")1s + d collisions. The center-of-mass incident energy is
E = 102 eV . Various two-state approximations are compared.

Elastic cross-section

BA [6] 2.13
HDFW (7) 2.21
HA [5] 2.39

The advantage of such an approach is evident: all un-
physical long-rangefects of theH A approach have been

eigenvalues;(R) may behave asymptotically likgR. This
at least allows one to follow the distorted-wave strategy of
formal scattering theory presented here, which is distinctly
different from the usual practice [4,5]. A first application
has now been provided for the physical problem (17).
Here it should be noted that the matrix elements of an-
gular couplings which are not discussed here are of a sim-
ilarly long range, both irHA and in theBO approaches,
i.e., untractable by conventional methods. In [2] we dis-
cuss two methods of how to circumvent this problem and
give references.
In conclusion we expect that thdA approach, sup-

incorporated in the similar but numerically much simpler plemented with the elimination of long-range parts of the
auxiliary problems (18) and (19). Consequently, the phys- unphysical couplings along the lines developed in this pa-
ical values of scattering observables for the interesting re-per, i.e., usingd DFW, will turn out to be rather ective.
action (17) are expected to be reached at much lower val-The numerical example from the previous section supports

ues of the hyperradius than in the original version of the
method which is, of course, a very desirable feature.

This expectation is borne out by calculations of the
elastic cross-section for the reaction (17) for the energy
E = 102 eV. In Table 1 we compare three available two-
state results. The best adiabati®A) calculations of [6]
utilized an adiabatic expansion in which molecular states

are constructed in (appropriate) Jacobi coordinates. Our re-

sult (second line of the Table 1) demonstrates the notice-
able improvement over the traditiondlA approach (third
line of the Table 1). We mention that the multi-st&ié
approximation of [5] produced the valuel® x 10-2%cn?.

6 Conclusions

The hyperradial-adiabatic approach is extensively used in
solving various three body scattering problems, see for ex-
ample [4,5]. Though convergence of the scattering results
is usually claimed, it is not always as clear-cut as desir-
able. Here we propose for the first time to substitute the
traditional way of calculating the scattering matrix using
(5) by the following more elaborate but much more reli-
ably looking procedure:

— As a first step solve the appropriate hyperradial-
distorted free scattering equation yielding the aux-
iliary S-matrix S.

— After that the conventional scattering matrix S is to
be calculated using (5).

— The true physical scattering matrix S is then found
via expression (7).

. . . 3
We mention that a related problem arises in the Born-

OppenheimerBO) adiabatic approximation. In [9] bound-
ary conditions for the radial multichannel Sédinger equa-
tion were discussed, with the suggestion that the corre-
sponding scattering theory "requires serious investigation”.
The reason for this warning is that here some matrix el-
ements of the non-adiabatic couplings asymptotically ap-

proach even non-zero constant values. Clearly standard scat

tering theory is not applicable in such a case since free-
motion states can not be introduced.
In contrast, in theHA approach matrix elements of

the nonadiabatic corrections (3) and (4) and the adiabatic™

this conjecture.
Finally, we note the following two features of our main
result (7)
§=5"ss2,

— If the system of coupled hyperradial equations (2)
is not large enough, bothS and S represent for the
same numberN of equations diferent approxima-
tions.
— On the other hand, if N is so large as to yield a con-
verged physical S-matrix, the auxiliary matrix S
will approximately reduce to a unit matrix, result-
ing in
S~S
Thus, a resulS ~ 1 provides an easily obtainable inde-
pendent and critical check of the convergence of the cal-
culated scattering observables with respect to the number
N of states taken into account, without having to solve the
full physical scattering equation (2).
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